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S T A B I L I T Y  A N D  P E R F O R M A N C E  A N A L Y S I S  O F  R A T E - B A S E D  F E E D B A C K  
F L O W  C O N T R O L L E D  A T M  N E T W O R K S  

V. S h a r m a  (Bangalore, India) a n d  3. K u r i  (Montreal, Canada) UDC 519.2 

Motivated by the A B R  class of service in A T M  networks, we study a continuous-time queueing system with a 
feedback control of the arrival rate of some of the sources. The feedback regarding the queue length or the total 
workload is provided at regular intervals(variations on it, especially the EPRCA algorithm, are also considered). 
The propagation delays can be nonnegligible. For a general class of feedback algorithms, toe obtain the stability of the 
system in the presence of one or more bottleneck nodes in the virtual circuit. We also obtain rates of convergence 
to the stationary distributions and finiteness of moments. For the single bottleneck case, we provide algorithms 
to compute the stationary distributions and the moments  of the sojourn times in different sets of states. We also 
show analytically (by showing the continuity of stationary distributions and moments) that for  small propagation 
delays, we can provide feedback algorithms which have higher mean throughput, lower probability Of overflow, and 
lower delay ji t ter than any open-loop policy. 

1. I n t r o d u c t i o n  

Recently, at an ATM forum, a new service category, available bit rate (ABR), was announced. Earlier, ATM net- 
works were standardized for constant-bit-rate (CBR) and variable-bit-rate (VBR) services, where the network provides 
an explicit guarantee of service. These services require an a priori declaration of certain traffic descriptors. But for 
data traffic it may be difficult to announce these descriptors at the time of connection. Therefore, for such traffic ABR 
service has been developed, where the network provides the source the best-effort service. However, to provide a certain 
upper bound on the probability of packet loss, the network may require such a source to flow-control its traffic. The 
two main proposals discussed at the forum for flow-control for this service were rate-based and credit-based flow control 
[6]. The credit-based scheme, which is similar to window flow control, has been analyzed in [24]. However, finally the 
rate-based mechanism has been approved [6]. This has resulted in a flurry of research activity on this problem. Some 
earlier studies on this problem, motivated by the analysis of congestion control in datagram networks, may be found in 
[10, 17, 18, 25]. More recent studies, motivated by high-speed networks, include [2, 3, 7, 13, 14, 16, 19, 21, 28]. Siu and 
Tzeng [21] provide a general survey of the different proposals discussed at ATM forums for the flow control of ABR 
traffic. Most of these studies use a deterministic or a fluid model of the network. Kawahara et  al. [16], Altman et al. [3], 
and Wang and Sengupta [27] model the system as a discrete-time queue. Analysis of such systems in the standard 
continuous queueing framework, although of obvious practical interest, is still not available. This paper provides such 
a study. Our methods and results differ from the previous studies. 

Our main model is shown in Fig. 1. A single queue with infinite buffers is provided with two input streams. 
This queue may represent a bottleneck node on the virtual circuit of an ABR source. One of the input streams, the 
uncontrolled stream (called stream 2), is a Poisson arrival process with rate ,~ and represents all the other traffic of 
the network passing through that node. The ABR source (stream 1) is represented by an infinite data source, and the 
packets from this source are extracted as a Poisson process (we also consider packets extracted at regular intervals) with 
instantaneous intensity at time t as ),(t). The intensity A(t) is controlled based on the feedback information available at 
regular intervals of length T (this is not really required by our analysis; these intervals could be time varying but upper 
bounded). Below, we will consider one more variation. We denote the queue length at t ime t by q(t) and the total 
workload by V(t).  For exponential service times the feedback information is q(nT) = qn, while for general service times 
it is V(nT)  = V,~. In high-speed networks, there can be considerable propagation delay of  traffic in both directions. 
With a delay of time Db the feedback information reaches the ABI~ source. At that time, based on q,~ and the previous 
rate, the controller changes the rate of the ABR. source. In between feedback instants, the rate )~(t) remains the same. 
The propagation delay of packets from the source to the bottleneck node is denoted by D l . We assume D], Db, and 
T to be constants. The service times of the two traffic streams will be independent identically distributed (i.i.d.) with 
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general service time distributions s(1) and s(2), respectively. Our model is flexible enough to include the 1-bit feedback 
as well as the explicit-rate feedback schemes proposed more recently. 

We obtain the stability of this system under a natural rate condition. We also obtain algorithms and analytical 
expressions of the stationary distributions of the queue lengths, waiting times, and moments of various passage times. 

To obtain a good feedback control, one needs to consider some appropriate performance indices. Commonly used 
criteria for high-speed networks are maximizing mean throughput,  minimizing delay ji t ter and mean delay, and (in the 
case of finite buffers) minimizing stationary probability of overflow. In order to optimize these contradictory criteria, 
recently, minimizing a new criterion, the distance of stationary queue length from a fixed constant No, B > No > 0 (B is 
the buffer length), has been attempted (see, e.g., [27]). Intuitively one sees that choosing No appropriately will provide 
a good balance between the three criteria. We show analytically that for our model, optimizing this criterion (distance 
from No) will indeed provide better system performance (with respect to all three criteria mentioned above) as compared 
to any open-loop policy (i.e., fixed arrival rate for the ABR source) if Db, D I, and T are sufficiently small. In order to 
show this, we prove the continuity of stationary distributions and moments of {q(t)} and { V(t)}, which is of independent 
interest. These results will be further corroborated by the computational result we provide at the end. 

We will also consider a variation of this system which will make our model close to the Enhanced Proportional 
Rate Control Algorithm (EPRCA) [6]. For this system, instead of sending the packets as a Poisson process with rate 
,~,,, the ABR source sends packets at regular intervals of time 1/)~n- Also, instead of sending feedback at intervals of 
length T, the feedback is sent after every N (a constant) packets of the ABR source have been sent. In addition, A,~ 
can be a function of A~_I , . . . ,  )~ . . . .  V~, V~-I, .  -. ,  V,~-,~+t. 

The basic model described above will be generalized in various ways. We prove the stability if the stream 2 is a 
Markov-modulated Poisson arrival stream. The infinity data source can be replaced by a local queue at the ABR source 
where the packets joining the local queue are being generated by another Poisson stream. There can be more than 
one ABR controlled source feeding the bottleneck node. The buffer length at the queue can be finite. Instead of one 
bottleneck queue, there can be several (bottleneck or otherwise) queues on the virtual circuit of the ABR source (see 
Fig. 2). 

To save space, we have omitted the main proofs in the paper. They will appear elsewhere. We have also obtained 
extensive numerical and simulation results on our basic model. 

The paper is organized as follows. In Sec. 2, all the stability results are provided. Section 3 provides the algorithms 
for stationary distributions, comparison of open-loop and closed-loop policies, a continuity result, and several results 
on passage times. 

2. S tab i l i ty  

Let us first assume that the propagation delays D! = Db = 0. Then at time aT, the workload V,~ (for exponential 
service, it could be q,~) becomes available to the rate controller. Now the controller updates its rate to )~,~: 

~~ = / ( v . ,  ~._~), (1) 

where f is some measurable, deterministic function (generalization to a random function will be considered later on). 
In the basic model of Fig. 1, because of infinite data source assumptions the ABR source will input data  to the queue 
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during time faT, (n + I)T] as a Poisson process with rate Am. Now because of i.i.d, service times, {(Vn, An-l)} is a 
Markov chain. 

If the propagation delays D I and/or  D~ are not zero, then the queue length (workload) information will reach the 
controller Db times later and the traffic arriving at the queue will arrive D I time after being sent from the controller. 
Therefore, (1) will have to be appropriately modified. But the stability argument provided in the next theorem will 
continue to hold. 

For the stability of the system {(V,,  ) , ,-1)},  we further make 

ASSUMPTION A. (i) There are NI and -21 such that ifVn = 0, V~+I = 0 , . . . ,  V~+N1 = 0, then A~+N, = A1 for any 
A~-I; 
(ii) there is a -f >_ 0 such that A,~ <_ X for all n; 
(iii) there are N >__ 0 and N2 > 0 such that i f  V~ > -N, Vn+l > -N, . . . , V,,+m > -N for m > N2, then "~n+m ~ ~2, where 
A2 is a constant with 

A2E[s(1)] + AE[s(2)] < t. (2) 

Assumption A is quite general and most of the algorithms considered in the literature for (1) satisfy it. Furthermore, 
assumptions (ii) and (iii) are obviously necessary for the stability to hold. We will consider one specific case in the 
next section. 

THEOREM 1. Let the system in Fig. 1 satisfy Assumption A. Then {(V~, A~-1)} has a unique stationary distribu- 
tion and starting from any initial conditions, the system will converge in total variation to the stationary distribution. 

If we assume that  E[s(i) m] < ~ ,  i =  1,2, for some  m > 1, then we obtain (e.g., see [15])n " - 1  [[(V,,, A ,~- I ) -  ~ll - -*  0 
as n --~ oo, where 1[ -1[ denotes the total variation norm. Also, by the regenerative theory ('7- denotes the regeneration 
length), 

n~- V2 < E[/-(~T)m] 
~ k = l  

and hence E , [ V  m] < c~ for m > 1 i fE [e  "~+1] < c~. We can further obtain the central limit theorem for {V,~} (see [23]) 
by ensuring that  

E(0,L ) Vk _< < oo. 

If in (1) f is not deterministic but random, i.e., the distribution of Am depends upon (V,~, A,~_~)(independent 
of anything else), then Theorem 1 still holds even if Assumption A(i) is generalized to have A,~+N~ having a specific 
distribution. 

If the queue in Fig. 1 has a finite buffer, then Theorem 1 holds without the rate condition in Assumption A(iii). 
As remarked earlier, if the service times are exponential, instead of total workload information Vn, the queue 

length information would be sufficient. For the case of general service times, the above proof would hold for the process 
{(an, Am_ 1)} under some extra conditions (to take care of residual service times). 
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If the propagation delays D I and D~ are nonzero, then by keeping track ~f the arrival rates to the queue and 
the workload information available (see next section for an example) during any interval [nT, (n + 1)T], the proof of 
Theorem 1 will continue to hold (just replace N2T by N~T + Db + D I in (2)). 

Now we consider a variation on the modeling assumptions of the system in Fig. I which will make this system 
closer to the EPRCA algorithm proposal for the ABR service(see, e.g., [6]). For simplicity, we will call this class of 
systems EPRCA algorithms. We assume that  when the ABR source is assigned the rate A,~, instead of sending its 
packets(cells) as a Poisson process with rate A~, it sends packets at  regular intervals of t ime 1/An. Also, after it has 
sent a fixed number (say N) of cells, it receives feedback on the total  workload or the queue length. Thus, now the 
feedback is not received at regular intervals of t ime T but rather, the interval between nth and (n + 1)st feedback is 
N/An. In addition to the assumptions of Theorem l, now we further assume that  there is an upper bound T on the 
feedback interval, i.e., if A,~ becomes very small, then, instead of sending the next feedback after t ime N/A  n, it will 
be sent after t ime T and P{Xs(1) < 1] > 0. If we denote the workload at  t ime of nth  feedback by V,~ and the rate 
of the ABR source immediately after it by A,~, then the stabil i ty of the Markov chain (V,~, An) can be obtained as in 
Theorem 1. In the next section, we will also indicate how to obta in  the transit ion probabil i ty  matr ix  and the s ta t ionary  
distributions for this system. 

We consider one more variation which is needed for the EPRCA algorithm. Instead of (1), consider A,~ = 
g(Vn,Vn-1, A~-l ,A~-2) ,  where g satisfies Assumption A. Then proceeding as in Theorem 1, we can show that  
the mean intervisit t ime to the s ta te  sequence (V~, V~-l,An-l,A,~-2) = (0,0, Al,A1) is finite. Since such epochs 
make the process {(V~,A~_I)} regenerate, the conclusions of Theorem 1 hold. The generalization to the case A,~ = 
g(V~, V,- i  . . . . .  V~-m+l, A~-I,  A~-2, . . - ,  A,~_,~) for some finite m is obvious. 

Now we consider the case where the uncontrolled stream (stream 2) is a Markov-modulated Poisson process mod- 
ulated by a finite-state, irreducible Markov chain {X(t)} (i.e., at time t if X(t) = i, then the instantaneous arrival 
rate will be A2(i)). Let its intensity at time t he A~(t). Then Xk =- X(kT)  is also a finite-state, irreducible, aperiodic 
chain with a s ta t ionary distr ibution ~r. Let Assumption A be satisfied with A replaced by E~[),2(t)]. S tar t  Markov 
chain {(V~,A~_I,X~)} in s ta te  (O,-A~,i) at t ime 0 with i being a fixed s ta te  of {X,~}. Then,  as in Theorem 1, we 
can show that  (V~, A~-l)  = (0, At) at a finite mean t ime(say k) ( in  (2), A will now be replaced by maxi A2(i)). Since 
{Xk} is finite and irreducible, there is a 0 < kl < e~, such that  from any s tate  j ,  Xk can reach i in kl steps with a 
positive probability. Therefore, when (V~, A,,-1) = (0, A~), within k~ steps (V,~, An-t ,  X,~) = (0, Ax, i) with a positive 
probability. This shows that,  by star t ing the chain {(V,, An_t,X~)} in s ta te  (0, A'I, i), in a finite mean t ime it will 
revisit the state. Also, the intervisit  time has an aperiodic dis tr ibut ion.  Therefore, Theorem 1 holds for this case. The 
nonzero propagation delays can be taken care of as above. 

Next we consider the case of more than one (say m) ABR controlled users sharing the queue. Let the controlled 
rates be A~ 1 2 = ( A , , A , , . . . , A ~ )  and let 

A~ =fk(v.,~._~), k= t,.. . ,m. (3) 

The service-time distr ibutions of different users can be different. We assume tha t  Assumption A is satisfied with the 
following modifications (in the terminology of Assumption A): there is an N~ (common for all ABR sources) such that  

k - - k  if V,~ = 0 , . . . ,  V,~+N~ = O, then A~+N, = A l ,  k = 1 , . . . ,m .  There is a A upper bounding all the rates. There is an 
- -  - -  - -  k - - t :  
N >__ 0 and N2 such that  if Vn > N . . . . .  Vn+,n > N for rn >__ N2, then An+N, _< A2, k = 1 , . . . , m ,  where 

~A-~2E[sk(1)] + A[s(2)l < 1, (4) 
k - - - - I  

sk(1) being a generic service time of the kth ABR source. Then Theorem 1 continues to hold. The propagat ion delays 
can be included as before. 

Next we consider the system in Fig. 2. We assume that  there is one ABR source and the interfering traffic entering 
at  each queue leaves the system after service at  tha t  queue. Let A(i), i = 1,2, be the arrival rate  of the interfering 
source i + 1 and let s(i) be its generic service time. Also, let V,~(i) be the workload at t ime nT at queue i and let 
V, = max,(V,~(i)). We use this Vn in (1) for the update  of the arrival rates. Also, let A upper bound all rates and let 
A2 in Assumption A(iii) be such that  the total  intensity at each queue is less than one. This is in conformance with 
the proposals discussed at the ATM forum [21]. 

THEOR.EM 2. For the system in Fig. 2, let Assumption A (with the above-mentioned modifications) hold for each 
queue. Also, let E[s ( i , i ) l  > 0 for i = 1 , . . .  ,m - 1. Then the Markov chain { ( V , ( 1 ) , . . . ,  V,(m) ,A ,_ t )}  has a unique 
stationary distribution and starting in any initial conditions, the chain converges to the stationary distribution in total 
variation. 
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As before, we can include the propagation delays in the above analysis to obtain the stability result under the 
same conditions. 

3. P e r f o r m a n c e  A n a l y s i s  

Once we have the stability of tile system, it is important to obtain some quantitative and /or  qualitative estirnates 
of the various performance indices: transient and stationary moments and distributions of the queue lengths, waiting 
times, probability of overflow (for the finite buffer case), and waiting-time ji t ter  for the various classes of traffic. In this 
section, we obtain some algorithms to compute the above quantities and provide comparison and continuity results 
for the system in Fig. 1. For example, we will identify an optimal closed-loop policy in a class of policies when the 
propagation delays and T are zero. We will show that this policy is better than an optimal open-loop policy when the 
propagation delays and T are small. We will also indicate a method for computing an opt imal  feedback policy when 
T > 0 while Db = D.t = 0. In the next section, we will consider some specific examples and provide numerical results. 

For the system in Fig. 1, the transition probability function of the Markov chain {(V,~, An-l)} is given by (when 
D/ = Db = O) 

P{V,+lcA,  A, =f (v ,A ' ) lV , ,  : v,A=_l = A'} 

The probability that the workload at time T in an M [ GI [ 1 queue is in set A given 

that at t = 0, the workload is v and the arrival process is Poisson with rate f (v,  A') + A 

= and service times a mixture of s(1) and s(2) (in the ratio of f (v,  A')/(A + f (v ,  A')); (5) 

0, otherwise. 

If the service times are exponential, then, as mentioned in the last section, V~ can be replaced by the queue length 
q= at time aT. The Markov chain {(q~, A,,-1)} has a countable state space(if AT, takes values in a countable set). Then 
the transition matrix for {q,,, k,,_t)} involves knowing the transient probabilities of an M [ M [ I queue. Unlike the 
M [ GI [ 1 case considered above, the transient probabilities of an M [ M [ I can be more easily calculated. For a 
specific f (to be described below), we have calculated these probabilities (using efficient formulas in [11, 22]) and then 
obtained the stationary distribution of the Markov chain {(q,,, A,,_~)}. 

Once we have the stationary probability 7r of {(q,~, An-l)},  E , [An- t ]  provides the mean throughput of the ABR 
source. Now we obtain the stationary distribution of the continuous-time process {(q(t), A(~))} (or {(V(t), A(t))} as the 
case may be). Since the regeneration epochs of (q,~, A,-a)  are also the regeneration epochs of  {(q(t), A(t))}, Theorem 1 
provides the existence and uniqueness of the stationary distribution and convergence to the stationary distribution 
starting from any initial distribution. Also one can show, using the arguments in [8, Chap.  4], that  the stationary 
distribution of {(q(t), A(t))} is given by 

1 

I f P[(q(u), A(u)) E A] du ~'(A) = 

0 

if (q0, A-l)  has the stationary distribution ~r. Thus, by PASTA, the arrivals of the uncontrolled source 2 see the number 
of customers in the queue with distribution ~'. The waiting-time distribution of these customers can be calculated 
using the fact that any customer in the queue is of the ABI~ source with probability E,[A,,] /(E,[A,,]  + A) (this way we 
can calculate the distribution of all the customers in the queue at the time of arrival). Also, using Little's law, from 
~" we can calculate the mean sojourn time of all the customers in the system. This provides the mean delay E W  of 
the customers. Since we know the mean delay E{W(2)} of the uncontrolled customers, the mean delay E[W(t)]  of the 
ABR source is given by 

n w  = n[W(l ) ]  n , [~ , ]  + ~ + E[W(2)] E(A,)  + ~ 

If the queue has a finite buffer length, then in (5) we need the transient probability of a finite queue. Again, for 
exponential service time, we can explicitly calculate the transition probabilities and the s ta t ionary distributions. Then 
P~(q > 0) provides the mean throughput of the system while E~[A~]E[s(1)] + AE[s(2)] is the mean input intensity. 
Thus, the stationary fraction of information loss for the system is P~(q > 0)/(E~[A,,]E[s(1)] + AE[s(2)]). Also, using 
PASTA, the stationary probability of packet loss of type 2 is P~(q = B), where B is the buffer length. Now one can 
also calculate the stationary probability of packet loss for the ABR source. 

If the sampling interval T is also zero and at any time t, A(t) = f(q(t)), then for the exponential service time #, 
{q(t)} becomes a pure birth-death process whose stationary distribution is explicitly available. By continuity results 
to be provided later, this can approximate the distributions for small Db, D], and T. 
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Now we consider the case where the propagation delays Db and D I are nonzero. First consider the case where 
Do + D 1 < T. Assume that the feedback is being sent back at time instants nT, n > 1. During the time interval 
[nT,(n + 1)T], the traffic of the uncontrolled source(assuming there is no propagation delay - -  although it can also 
be taken care of) arriving at the queue is Poisson with rate A generated in the time interval [nT, (n + 1)T]. During 
time [(n - I )T + D l + Db,nT + Db + D]], the ABR. traffic arriving at the queue has rate )~,-t and during time 
[nT + Db + D I, (n + 1)T + D! + Db] it has rate s  This information can easily be incorporated in calculating the 
transition probability matrix in (5). Now it is easy to see how to take care of the situation when Db + D/ > T. 

Using transient probabilities of the M I M I 1 queue, one can also construct a procedure for calculating the 
transition probability matrix and the stationary distributions for (q,,, A,) for the EPR.CA systems, described in Sec. 2. 
Then one can also calculate the time stationary distributions, mean throughput,  and the waiting-time distribution of 
the two types of customers. 

Next we consider a particular feedback policy in more detail. The motivation for this policy is the desire to keep 
the queue length (workload for the general service times) within a certain interval [No - 6, No + 6] for some specified 
No and 6. As discussed in the introduction, this criterion satisfies the following conflicting performance indices: it 
provides good mean throughput (when No - 6 > 0) by making the probability P~(q =- 0) low, provides low probability 
of overflow by making P~(q = B) low(if No + 6 is small compared to B), and reduces delay jitter by increasing the 
probability P#(q E [No - a, No + 6]). To increase P , ( q  E [No - 6, No + 6]), we consider the following policy: 

A,-1 + &l if q,~ < N0 - 6, 

A, = A,,_ ~ if q E [No - 6, No + 6], 

A n - ~ - A 2  i fq ,  > N 0 + 6 ,  

(6) 

where A1 > 0 and A 2 > 0 are appropriately specified. This feedback policy is close to the various proposals discussed 
at the ATM forum. We can modify (6) by ensuring that )~,~ _> )~mi, and A, < )~m~x- If we make sure that ,~, in (6) is 
upper bounded, then this policy satisfies the requirements of Theorem 1. We will also consider a simpler form of (6): 

{ i + A ~  

M = i 
^ 

A - As 

i fq ,  < N 0 - 6 ,  

if q,, E [No - 6, No + 6], 

ifqn > N 0 + 6 ,  

(7) 

where ~ is appropriately specified (we will discuss it further later on). If A2 is chosen to satisfy the rate condition in 
Assumption A(iii), this algorithm also satisfies the conditions in Theorem 1. As mentioned above, for general service 
times, in (6) and (7) we will replace q, by V,. 

Now we will show analytically that the feedback policy (7) is strictly better than the open-loop policy A, ~ 
for any A1 > 0 and A 2 > 0(with the mentioned restriction on As) whenever Db = D! = T = 0, simultaneously 
with respect to the following criteria: mean throughput, stationary probability of overflow (when No + 6 < /3) and 
that P~(q E [No - 6, No + 6]) is higher in the case of (7). Then with the continuity result to be provided later, it 
will also indicate that for small positive Db, D l ,  and T, the policy (7) will still be strictly better than the open-loop 
policy. Some of these results have been shown by others (see the references in the introduction) using simulations and 
numerical examples for the fluid flow and discrete queue models, but not analytically. Since we will consider general 
i.i.d, service times, instead of queue length, we will consider V,, in (7) and now the buffer length B will indicate the 
maximum amount of work that can be stored in the buffer. Also, since T = 0, we actually consider V(t) and A(t) 
with the obvious modifications in (7). The process {(V(t), A(t))} corresponds to the algorithm (7), while {V(t)} will 
correspond to the open-loop policy A(t) = A. 

To obtain the above-cited result, we form the following construction. First, construct Poisson arrival streams 
with rates A and ~ + A 1. The service-time sequences for the two kinds of traffic are {sk(1)} and {sk(2)}. Now, by 
thinning the arrival process with rate i + A 1 we first form a Poisson process with rate i and then by thinning this 
thinned process we obtain a Poisson process with rate ~ - As. Form the process {V'(t)} by using the above Poisson 
streams with rates )~ and ~ and the service streams given above. From the process {V'(t)} we construct another process 
{V"(t)} as follows. First assume that V'(0) E [No - 6, No + 6]. Let ~'1 be the first time V'(t) ~ [No - 6, No + 6]. If 
V ' ( r  +) > No + 6, then form {V"(t)} as follows: V"(t) = V'(t) for t _< rl and at time rl use the Poisson stream with 
rate ,~ - As constructed above. Let v 6' be the time after rt when V"(t) comes back to the set [No - 6, No + 6] (then 
V"(r~') --- No + 6). Also, let r2 > rl be the first time V'(t) returns to the set [No - 6, No + 6]. By construction, 

- r~ > v~' - r~ for each sample path. Again, let v3 > T2 be the time when V'(t) next exits the set [No - 6, No + 6]. 
Now we define V"(t + r")  = V'(v2 + t) for 0 < t < v3(w) - r2(w). In this way, by patching and shifting we construct 
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the process V"(t). If V ' ( r  +) < No - 6, then of course instead of using the Poisson stream with rate A - A2 we would 
have used the stream with rate A + A~. One can easily show that the distribution of {V"(t),  t > 0} is same as that of 
{ V(t)}. Also, we have the following inequalities, sample pathwise: 

t 

/ l { V ' ( s )  E[No-5 ,  No-t-6]}ds< / l { V " ( s )  E[No-6 ,  No+6]}ds, 
0 0 

and 

t t 

f tv'(s) : 0 ds > f : 
0 0 

(8) 

t t 

/ 8)ds >_ / 
0 0 

for all t _> 0. When A1 > 0, A2 > 0, if we take the expected value in the above inequalities, these become strict (we 
have a strict inequality even in stochastic ordering with respect to < st). Also, if we divide by t and take t --~ c~, in the 
limit we get strict inequalities. This proves all the claims we made above and in fact also shows that these inequalities 
are valid for any time t. 

The proof of the above result also shows the following fact. If in (7) we replace Al  and A2 by A] _> A1 and 
A~ >_ A2 and denote the corresponding workload process by {I)'(t)}, then the process {~'(t)} will be better than the 
process {V(t)} with respect to all the above criteria and the corresponding inequalities in (8) continue to hold. Thus, 
in the class of algorithms of the type (7), with A fixed, the unique optimal algorithm will be to make A2 and Al as 
large as is allowed. In fact, the optimality holds for all algorithms (1) with A(t) = f(q(t)) if we impose the restriction 
that A(t) = A for q(t) E [No - 5, No + 5]. There is the question of choosing the optimal A (with respect to maximizing 
P , ( V  E [No - 5, No + 5])). If the service times of the two types of traffic are exponential (can have different means), 
then {q(t)} corresponding to (7) is a birth-death process. Choose A~ and A2 to be the largest possible and then 
calculate the stationary probability P , (q( t )  E [No - 5, No + 5]) (explicitly available, as mentioned before) as a function 
of A and maximize it. One additional advantage of this optimal algorithm is that  it minimizes the frequency of change 
of rate of the ABR source, which is useful in practice. If we do not impose the restriction that  f(q(t)) = constant for 
q(t) E [No-6, No+6], the following algorithm willincrease P,[q(t) f i  [No-5, No+8]]: f(q(t)) =_min(A) for q(t) > No+5, 
f(q(t)) = A for q(t) < No - 6, and f(No - 5) = A1, f(Uo + 5) = A2, where Ax (and similarly A2) is chosen to optimize 
the mean sojourn time of q(t) in the set [No - 5, No + 5] when q(0) = No - 6 (we will calculate these quantities in 
what follows). The frequency of change of rate of the ABF( source will also be less than the above-mentioned optimal 
algorithm. At the cost of increasing the frequency of change of rate, we can further improve the algorithm: f(q(t)) is 
same as above for q(t) ~ [No - 6, No + 6], but f(i) = Xi, where Ai maximizes the mean sojourn time of q(t) in the set 
[No - 6, No + 5] when starting in the state i E [No - 5, No + 6]. 

The above discussion studies the optimal value A" of ,~ given No and 5. But even No and 5 need to be properly 
chosen. Start with No = B/2 (for finite B; otherwise with a value close to the number of  customers served in time 
Db + D I, as proposed in [27]). Then, using some iterative optimization (e.g., steepest descent), calculate optimal A*, 
No, and 6 with respect to maximizing P , [q  E [No - 6, No + 6]] or some other function of mean throughput,  probability 
of overflow, mean waiting time, and variance of waiting time. We will report elsewhere the stochastic approximation 
algorithms we have used to obtain such optimal policies. 

Now we calculate the mean sojourn time of q(t) in various sets of states for a given algori thm in (1) with A(t) = 
f(q(t)), using the theory of birth-death processes (when again, Db = D! = T = 0). These can be used to obtain better 
algorithms, as mentioned in the previous section, but they are also of interest in themselves for any given algorithm. 
The mean sojourn times of a process in any set of states can of course be calculated from the stationary distributions, 
but the following analysis provides more detailed results. It will also be relevant for nonzero Db, D I, and T because of 
the continuity result to be provided. 

To obtain the sojourn times in different subsets of states we use the results in [26] for the passage times in birth- 
death process. Let T~n be the first passage time from state m to n for our queueing process and let ~T,,~,n be the 
conditional first passage time from m to n given that state r is not visited in the meanwhile. For our purposes, the 
quantities of most interest are the distribution and moments of the sojourn time in the set [No - 6, No + 6] starting in 
states No - 6 or No + 5. Of course, for the finite buffer case with buffer length B, T/,B+I, the first time to overflow, 
starting in state i < B will also be very useful. 
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From [26], we have the Laplace-Stieltjes transform (LST) of the distribution and moments of T/,i+l. This provides 
(by taking i = No + 6) the mean intervisit time to the congested set of states of queue length >No + 6, a quantity of 
interest to us. From this we can also obtain the moments of the sojourn times in the set [0, No - 6 - 1] starting in the 
state No - 6 - 1. Now we calculate the moments of sojourn time in the set [No - 6, No + 6], starting in the state No + ~. 
We have again from [26], the LST, and the first two moments of No-Z-tTNo+6,No+~+I and the probability that starting 
in state No + 6, we reach No + 6 + 1 before reaching No - 6 - 1. We fitrther need the moments of N~ 
But by [26], 

No+6+l TNn+6,No_6di_~stNo-~TNo_~+l ,No +6+1 

and also, 

N o - 6 ~  N o - 6 + 2 , N o - 6 + 3  + "'31- N ~  N ~  = I N o - 6 + l , N o - 6 + 2  + N ~  " I No+6,No+6+l  , 

where each term on the RHS can be taken independent of others. Also, the LST and moments of each term on the 
RHS is available in [24]. The above results provide the LST and moments of the sojourn time in the set [No - 6, No + 6], 
starting in the state No + 6. 

Next we calculate the LST and moments of the sojourn time in the set [No - 6, No + 6], starting in the state 
No - 6. We have already obtained the information for N~ We also have available the probability 
that starting in the state No - 6, the process reaches No - 6 - i before reaching No + 6 + 1 [24]. Again from [24], as 
above we can calculate  N~ and now we obtain the desired result. 

It is also of interest to calculate the sojourn times in the states [No + 6 + 1, cx~). If from state i upward the arrival 
rate stays same, then the distribution of the sojourn time in the set [i, oz) is same as that of the busy period in the 
corresponding M ] M [ 1 queue. In fact, using the busy period of an M ] GI ] 1 queue, we can also obtain the sojourn 
times in congested states for the {V(t)} process with general service times. Similarly, we can calculate the distribution 
of the first time to reach the state 0 from the state No - 6 - 1. It is possible to obtain other sojourn times for the 
general service time distributions, using the results in the literature, but they can be substantially more complicated 
to compute. 

The above results can be used as approximations when Db, D I, and T are small, using the continuity results to 
be provided in Theorem 3. But we can also use these techniques directly for nonzero (not necessarily small) Db, Dj,  

and T to obtain useful information and also to select a good set of No, 6, ~,l, A2, A in algorithm (7) (or other similar 
algorithms). For example, at time nT( taking  Db = DI -- 0 for now), we know (q,,, A,). This allows us to calculate 
moments of sojourn times in various states in time [nT, (n + I)T]. We can also calculate various probabilities: for 
example, if q, E [No - 6, No + 6], the probability that q(t) will cross over the boundary No + 6 during this time. 

Now we provide the promised continuity of the process {q(t)}. We consider the case of only nonzero T; the 
propagation delays can be included with minimal changes. We consider a sequence of feedback intervals Tm ~ 0 (taken 
to be 1/m in the following proof), and the corresponding sequence of workload processes is denoted by {Vm(t), t > 0}. 
Also, we restrict ourselves to the case of algorithms of the type Am = f(V,~), where f satisfies the conditions in Theorem 1 
because only for these algorithms did we identify the optimal policy. We denote the stationary distribution of {vr~(t)} 
by 7r "~ and that of the limiting process {V(t)} by ~r. All these processes are assumed to have sample paths in the 
space D[0, oo) which is considered with the Skorokhod topology (see [5, Chap. 4] and [12, Chap. 3]). The following 
continuity result is more complicated than usual because {Vm(t), t >_ 0} are not Markov processes ({V'~(0,  Am(t)} is 
a nonhomogeneous Markov process) and the limiting process is not a Wiener process. 

THEOREM 3. Under the notation and the assumptions given above, ifVm(O) ~ V(O), f is uniformly continuous, 
A m ---* A, Sin(i) =:~ s(i), i = 1,2, and E[sm(1) + Sin(2)] < M1 < o3 for all m large enough, then {V(m)(t),t >_ 
0} ~ {V(t), t  > 0 } ( ~  denotes weak convergence). If, in addition, (AE[sm/1)] + A'~E[sm(2)]) / (A+ A m) < 1 and 
E[sm(i)] --* Else)l ,  i = 1,2, then 7r m ::~ 7r. Furthermore, ifsuPmE[(sm(i)) t+c' ] < 0% i --= 1,2, a '  > 0, then f u r s  < a '  
the ath moment of the stationary moments also converges. 

In the above theorem, we could easily have also included continuity with respect to the function f ,  i.e., if the 
function f corresponding to system m is fro, then we would have the contimlity result if supt [fm(t) - f(t)]  --* 0. 
Similarly, instead of T,~ I 0 we could have take T,n ~ T > 0. Of course, as mentioned above, for system m we could 
include the D 7 > 0 and D 7 > 0 with Dp  ---* O, D}" --* 0. 

The above continuity result shows that, under the conditions provided, the optimal stationary probability of being 
in [No - 6, No + 6] is a continuous function of (Db, a / ,  T) (see [4, Theorem 4.2.2]) and the set of optimal policies is 
upper semicontinuous. Furthermore, by Theorem 4.2.4 of [4], the set of G-optimal policies is lower semicontinuous. 
Since at (Db, D I, T) = (0, 0, 0) we have a unique optimal policy (we do not know about the uniqueness for nonzero Db, 
DI, T), we obtain the continuity of the optimal policy at (0, 0,0). 
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Now we show that { v m ( t ) ,  t _> 0} ~ {V(t), t > 0} also implies the convergence of distributions and moment of the 
various passage times we have considered earlier in this section. We show the convergence for the sojourn time in the 
set [No - 6, No + 6]; the others will follow in the same way. Let Vm(0) = y -- V(0), y E [No - 6, No + 6]. Then, denoting 
the respective sojourn times by r m and r, I{T m > 27} = l{sup0<t<a ~ vm(t) ~_ No + 6}l{inf0<_,<~ Vm(t) > No - 6}. 
From [12, Problem 26, p. 153], the functions f / :  D[0, oo) --~ D[0, oc), i = 1,2, defined by fl(x)(t) --- sup ,< tx(s  ) 
and f2(x)(t) = inf,_<,x(s) are continuous in the Skorokhod topology. Since {V(t),t >_ 0} is piecewise contTnuous 
and at any t, V(t) is continuous for almost all samples paths, 1{7- > x} is a hounded continuous function and hence 
Ply  (~) > x] --~ P [ r  > z] for each x. Also, since for V(t) <_ No + 6, the arrival intensity is lower bounded (away from 
zero), the first time to cross No + 6 from i is stochastically upper bounded (with the upper bound having all moments) 
for all {vm(t)} and {V(t)} and hence so are {7 -m, m > 0}. Therefore, all moments of 7 -(m) also converge to that of 7-. 

The above continuity results are for {Vm(t), t > 0}. If the service times are exponential, we can obtain all these 
continuity results for the processes {q'~(t), t _> 0} in the same way (in fact, the proofs will be some what easier). 

In Theorem 3, for 7/"m 2:~ 71" we have assumed ~E[s"(t)] + AmE[sm(2)] < A m @ A. This is harmless in practice 
because even when the workload is low at a time, because of the nonzero Db, Df ,  T, it may be desirable not to overload 
the system. However, this condition can be removed by imposing extra conditions on sin(i). 

The continuity of the optimal probability in [No -6 ,  N0+6] shows that for small Dj, Db, and T the optimal closed- 
loop policy will be strictly better than an optimal open-loop policy. Now let us consider the case where Df -- Dr, = 0 
but T is large. Then, as T --* oo, irrespective of the value of q,~, qn+t will have a distribution close to the stationary 
distribution of the queue with arrival rate A + An. If in the interval [nT, (n + 1)7'] the steady-state performance 
dominates, which will happen for large T(for  exponential service times, it will happen even at moderate T), then, 
obviously, the optimal open-loop policy will be the best. The effect of nonnegative DI and Db can only enhance the 
arguments. 

In the framework of algorithm (7), instead of sending feedback at regular intervals nT, one may just send feedback 
at the times the queue length crosses the boundary of [No - 6, No + 6], informing only in which region the queue 
has entered. This is the system studied in [27] for discrete time queues and in fact is closer in spirit to the several 
actual proposals considered at the ATM forum [21]. The analysis of this system is actually simpler than the system 
we have studied till now, and when Db = D 1 = 0, it is just a birth-death process. Thus, the stability (in Theorem 1), 
comparison and optimality results of this section, and the passage-time calculations hold exactly. Even with Db and 
DI nonzero, the stability of this system follows just as in Theorem 1. Also the continuity of Theorem 3 (as Db ---* 0 
and D! --* 0) holds without the extra condition for convergence of the stationary distributions. 
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