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Let a and s denote the inter arrival times and service times in a GI/GI/1 queue. Let 
a (n), s (n) be the r.v.s, with distributions as the estimated distributions of a and s from iid 
samples of a and s of sizes n. Let w be a r.v. with the stationary distribution lr of the 
waiting times of the queue with input (a, s). We consider the problem of estimating 
E [w~], tx > 0 and 7r via simulations when (a (n), s (n)) are used as input. Conditions 
for the accuracy of the asymptotic estimate, continuity of the asymptotic variance 
and uniformity in the rate of convergence to the estimate are obtained. We also obtain 
rates of convergence for sample moments, the empirical process and the quantile 
process for the regenerative processes. Robust estimates are also obtained when an 
outlier contaminated sample of a and s is provided. In the process we obtain 
consistency, continuity and asymptotic normality of M-estimators for stationary 
sequences. Some robustness results for Markov processes are included. 

Keywords: Continuity; rates of convergence; robust estimation; queueing systems; 
simulation; regenerative processes. 

1. Introduction 

Suppose we model  a queueing system as a GI/GI/1 queue. One of  the main 
performance parameters  o f  interest for  the system is the mean waiting time Ew 
under  stat ionari ty and the stat ionary distribution 7r. Since closed form expressions 
for Ew are not  available for a general GI/GI/1 queue, usually one obtains Ew via 
simulations. For  this, one first needs the distributions of  the inter arrival time a 
and the service time s. Invariably, for  any practical system these distributions 
need to be estimated f rom raw data. The problem of  estimation o f  distributions 
f rom iid data is a classical one. Either one assumes that  the unknown distributions 
belong to a parametr ic  family with the parameter  belonging to a subset o f  a finite 
dimensional space or one estimates the probabil i ty density or cumulative distribu- 
tion function in a nonparametr ic  way. For  the parameter  estimation problem see 
Lehmann  [29] for  an extensive t reatment  and references therein and for the non- 
parametr ic  problem see Bean and Tsokos [8] and Prakasa Rao  [34]. Once estimates 
of  the distributions of  a and s are obtained, these can be used in the simulation to 
obtain Ew. 

The problem of  simulation of  queueing systems has received increasing 
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attention recently (see Asmussen [2], Glynn and Whitt [16], Whitt [43] and the 
review papers by Pawlikowski [32] and Lavenberg and Welch [27]). These papers 
address the problem of determining the simulation length required for certain 
accuracy and how to improve the accuracy for a given run length. The problem 
of parametric estimation for queueing systems is reviewed in Bhat and Rao [10]. 
Some other recent references are Basawa and Prabhu [6] and Thiruvairaya and 
Basawa [39] and Whitt [44]. 

In this paper we address the problem of  estimating the stationary distribution 
and moments of the waiting time when estimated distributions of  a and s are used in 
the simulation. This problem does not seem to have been addressed till now. We 
point out the requirements on the estimates of distributions of a and s so that we 
obtain good estimates of the distribution and the moments  of  waiting times. The 
main performance indices for estimators are rate of convergence to the asymptotic 
value, the asymptotic bias and the asymptotic variance (see Lehmann [29] and 
Glynn and Whitt [16]). Then the question arises when can we make sure that these 
efficiency parameters for estimators of  Ew will not be affected if the distributions 
of a and s differ some what. Our results indicate that the goodness of fit using 
Kolmogorov-Smirnov distance may not provide satisfactory estimates for distribu- 
tions of a and s but the empirical distribution function does satisfy all our require- 
ments. Incidently using empirical distribution functions for a and s in simulation 
makes our simulations a boot strap method, very popular in the recent statistics 
literature (see Lepage and Billard [30]). 

Next we consider the problem of estimating Ew and 7r when the distributions 
of a and s are estimated from a "contaminated" sample of a and s. Contamination 
of data by "outliers" and round off errors is a much more common problem than is 
generally believed (see chapter 1 in Hampel et al. [18]). This is the problem of 
"robust" estimation and has been addressed in the context of parametric estima- 
tion from iid sample in Huber [20] and Hampel et al. [18]. We will consider this 
problem in the context of queueing systems and regenerative processes in general. 
This problem has not been studied in the literature so far. 

Although we address these problems in the context of  estimating Ew '~ and 7r 
for a GI/GI/1 system, these problems and the solutions we propose are relevant in 
simulation of other performance indices and for other queueing systems. We also 
obtain some general results on rates of convergence for regenerative processes 
and robust estimates for Markov processes. 

The paper is planned as follows. In section 2 we obtain the continuity and rates 
of convergence of estimates from an iid sample of a and s. General results on regen- 
erative processes are also presented. Section 3 provides continuity of estimates from 
a contaminated sample of a and s. For this we also obtain consistency and asymp- 
totic continuity of M-estimators. Robustness of estimates from a contaminated 
sample of  a Markov process are obtained in section 4, where we also obtain asymp- 
totic normality of M-estimators. These are useful when stationary distributions 
and moments  of  w are estimated from a contaminated sample of waiting times. 
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2. Estimation based on iid sample 

Assume we have an iid sample of  size n available for the interarrival times a 
and service times s. We can estimate the means Ea and Es by the sample means and 
verify for the stability condition Ea > Es. If  the system is stable we want to estimate 
Ew ~ (if it exists) and cr. Let a (n) and s (~) be r.v.s, with the distributions as the 
estimated distributions of  a and s from this sample (the estimated distributions 
are r.v.s, and hence in the following results the conditions on the distributions 
of  a (n), s (n) and on E[(a(n))c~], E[(s(n)) a] will be in the a.s. sense; but we will not  
mention it). Then we can use simulation with the inter arrival times and service 
times generated as iid sequences with the distributions of  a (n) and s (n). We denote 
the estimates so obtained as Ew (~) and 7r (n). The estimates Ew (~) and 7r (n) not  only 
depend upon the distributions of  a (n) and s (n) but also on the simulation length. 
Since we are interested in finding the requirements on the estimation of  a (~) and 
s (n) to obtain satisfactory estimates for Ew and 7r, we denote by Ew (n) and cr (n) the 
asymptotic values of  consistent estimates of  the mean and the distributions and 
hence the actual quantities corresponding to input (a ('), s(~))w To obtain accurate 
estimates we obtain conditions for E(w(n)) a ---* Ew ~, and 71 "(n) > 7r a.s. ( w ~ denotes 
weak convergence) and the effect of  estimates a (~) and s (n) on the rates of  
convergence in the simulation and on the asymptotic variance of  the estimates of  
Ew (n). We shall also consider asymptotic loss under  more  general loss functions. 
For  reference, we will use the sample mean of  waiting times as an estimator of  
E w  (n). This estimator has also been considered by Whitt  [43] and Asmussen [2]. 
We have in fact obtained the rates of  convergence results for general regenerative 
processes. 

Let us denote by -r (n) the regeneration length for the waiting time process 
(the regeneration epochs are the arrival instants finding the system empty) when the 
r.v.s a tn) and s (n) are used in simulation. The following result f rom Kalashnikov 
[23, pp. 130-131] will be repeatedly used in this section. 

LEMMA 1 
Let there exist a > 0, A > 0, b < oo a n d p  > 1 such tha t  E[s (n)] < E[a(~)], 

sup E[S (n) - min (a, a(n))] < - -A 
n 

and SUPn E[(s(n)) p] < b. Then supn E[(T(n)) p] < r []  

F rom Lemma 1, if E[s] < E[a], S (n) w S, a (n) w a, SUpn E[(s(n)) p] < OO and 
E[s p] < ~ then supnE[(z(n)) p] < c~ and E[T p] < oo. 

We will also be interested in exponential moments  of  7-. F rom Kalashnikov 
and Rachev [24, p. 279] if in addition to the conditions of  Lemma 1, we also 
have SUpn E[exp (fls(n))] < C, for some positive/3 and c then SUpn E[ex p (q,r(n))] < 
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exp (2aT/A) where 

7 = m i n ( (  A2~2 \ ~  exp ( - ~ ) ) , f l ) .  

Since we will be interested in estimating 7r and E [w ~ ] from simulations, we also 
need conditions for 7r (n) w 7r and E w (n) ~ ~ E w ~ w [(w ) ] [ ]. From Kalashnikov [23, 
p. 256] we obtain that i f s  (n) ~s, a (n) -----~a, E[s] < E[a] and {s (n)} are uniformly 
integrable then 7r (n) w,Tr. Also, from Kalashnikov [22], we obtain the following 
lemma. 

LEMMA 2 
Let a (n) w a, s (n) w In) l+a' ,s ,  E[s] < E[a] and SUpn E[(s  ) ] <  co for some 

a '  > a > 0. Then E[(w(n)) c~] ~ E[w ~] < co. [] 

Now we obtain upper bounds on I E(w) - E(w')[ where w and w' denote r.v.s. 
with the stationary distributions of waiting times corresponding to the iid inputs 
{an, sn} and {a'n,Sln} respectively. These can provide rates of convergence in the 

! I ! above convergence result. Let xn = s n -  an, X~n = S n -  an and  w n and w n denote 
the corresponding waiting times and let "r and -r' be the first time after n = 0, 
wn, w~ are zero (taking w 0 = 0 = w ~ ) .  If E x l < O ,  E x ] < O ,  E[-r ~ ] < c l  and 
E[('r ') ~] < Cl for some a > 1 and some cl < co, we can compute a constant c and 
a r.v. # such that "~ is a common regeneration epoch (when wn = 0 = w~) of {wk} 
and {w~:} and E [(~)~] _< c (Kalashnikov [23]) (actually one may have to redefine 
the stochastic processes appropriately). Now we have 

E [ ? ] [ E [ w ] -  E[w']] = E[~ll.k=, [wk-w~]]  

= E [X n - -  X . 

[k=l n=0 

Also, {Yk, n > 1} is a martingale with respect to the natural filtration of {(Xn, X'n)} 
where 

Xn,) 
~" n = l  

Thus, e[E =l = _< E[ 2]l/2E[(ye)211/2= E[?2]l/2(var(xl- x~)E?) 1/2. 
Also, 

E ~ IXn - Xtnl = (E[('r) 2] - E[?])E[Ix l  - x~ 11/2 
Lk=l n=l 

when the second moments of s, s ~, a, a', r, "r' are finite. 
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F r o m  Kalashnikov [23, chapter  5], one can explicitly obtain upper  bounds  on 
E [(7-)P] and  then f rom Kalashnikov [23, chapter  6] on  [E (4)P]. One can also obtain 
upper  bound  on [Ew - Ew'[ using the upper  and lower bounds  on Ew available in 
Shan th ikumar  [37]. Similarly one can obtain upper  bounds  on [E(w) = - E ( w ' ) ~ [ ,  
a > 1. Kalashnikov [21] and Kalashnikov and Rachev [24] provide bounds  on 
d(w, w I) where d can be one of  the various probabili ty metrics provided there. In 
fact, f rom Kalashnikov [23] one can obtain explicit bounds  on supkd(wk,  w~) 
which can be very useful in our  simulation context. 

It  would  be rather unpleasant  if using estimators a (n) and s (n) would lead to 
different rates of  convergence in the simulation experiment for different n. N o w  
we obtain sufficient condit ions for certain minimal  un i form (w.r.t. n) rates of  
convergence to stat ionary distributions in the simulation experiments. First, for 
the rate of  convergence of  7r(k n) (the distr ibution of  w (n)) t o  71 "(n), we use L e m m a  1 
and a result of  Kalashnikov [23]: denot ing by d the total variation metric, under  
the condi t ions of  L e m m a  1 with some a > 1, supn d (Tr(k n), 7r (n)) < Cl k 1-~. But for 
the est imation purposes,  more  impor tan t  are the rates of  convergence of  the strong 
laws of  large numbers  (SLLN). One way to obtain these rates is f rom the following 
funct ional  central limit theorems and functional  laws of  i terated logar i thm for 
regenerative processes that  we have obtained in Sharma [38]. Let {zk} be a real 
valued regenerative sequence, 7- its regenerat ion length, and let U1 = ~--]~[_--~ zk 
(k = 0 is a regenerat ion epoch). 

T H E O R E M  1 

Let 0 < Var(U1), E [(Y~'~[ -1 Izkl) 2] < o~ and E[7-] < pc. Then {Zk} satisfies the 
functional  central limit theorem and functional  law of  iterated logarithm�9 Further ,  if 
E[[UI[ rl] < ee andE[7- r2] < cc for some rl > 2, r2 > 2 then we can redefine {Zg} o n a  
probabil i ty space along with a s tandard Wiener process W such that  

sup 
0 < n < m  

(  oZk n z)/O a.s .  

where O = v a r U 1 / E z +  (E7-Ez)Evar7-/(E7-) 3, p is any constant  greater than  
5/12 + max (1/r l ,  1/r2)/6 and Ez is the mean  of  zl under  stationarity. []  

Sharma [38] has proved the above result for a cont inuous  time regenerative 
process also and the regeneration cycles can be m-dependent  for m some 
nonnegat ive  constant  with the constant  0 appropriately mod i fed .  

Using Theorem 1 (see also Asmussen [1]), we provide condit ions for 
asymptot ic  normal i ty  of  our  estimates and then show the continui ty of  the 
asymptot ic  variance. These two facts imply that  the accuracy of  the estimates 

(n) (n) of  Ew,_ at finite s imulat ion time will be comparable  if n is large Since Iw,_ ~ is a 
�9 �9 ( )  n �9 regenerative process, f rom Theorem 1, if E[(7-(n))] < cc and E [(y']~:= 1 w~ ))2[k = 0 IS 
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a regeneration e p o c h ] < c ~ ,  then (~=, (w(n ) -E[w(n) ] ) ) /m  '/2 W,N(0,(0-(n))2) 
where N(0, o2) is a r.v. with normal distribution, mean zero and variance ~ .  
Also, taking k = 0 as a regeneration epoch (see Asmussen [1]), we obtain 

+ 
(tT(n)) 2 ~. L k=l 

[k=l  
COY T (n), E W~) (E[T(n)])-I. 

k=l 

Now, 

E w(k') 
[ \k=l 

~ E[(T(n))a( m a x  w(kn)) ~] 
L \ l<k<T(n) 

I( (kn)2all/2) <_ E[('r(n))2a]l/2E max w 
1 < k < ~  -(n) 

1/2 

<-- E[('r(n))2a]l/2E \ k = l  (Wk ) ) 

Using Lemma 1 we find that E [(T (n))4] ( (X3 if E [(s (n))4] < C~. Also, it is known that 
~' r ~ -'~7"(n) {, (n) "~4q E[r(n)]E[(w(n)) 4] = ~tZ. ,k=l~,k : j < C~, if E[(s(n)) 5] < c~ and hence we obtain 

central limit theorem if E[(s(n)) 5] < c~. 
Next we obtain the conditions for continuity of  (or(n)) 2. We denote by {Wg} 

the waiting time sequence and by a 2 its asymptotic variance corresponding to (a, s). 

THEOREM 2 
Let a (~) W ~ a, s (~) ---~ s, Es < Ea and SUPnE[(sln)) 5+a] < cx) for some a > 0. 

Then (a (n))2 ~ 0.2 ( OO as n --* c~. 

Proof 
We will p r o v e  (o'(n)) 2 --~ 0 .2 by providing these limits for each component  in 

(1) separately. 
We note that under  our conditions 

(wl ~ w(~"),..., C )) ~(w,,  w2,..., w~) 
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for all k > 1 if w~ n) ~ Wo. This implies that 

(wl ") w(; ), w(") ~-<"))-~(w, w2, . .  ~) �9 . . ~ T ( n )  ~ ~ �9 ~ W T ~  

because T (n) and T are the stopping times and hence 

T (") T 

Z Z 
k=l  k=l  

From Lemma 1, since ~_(m) w ~ -i-, because of uniform integrability we obtain 

E[(T(n))/~] --+ E[(T) ~] 

for 0 _< /3 _< 4, and hence using Lemma 2 

(3) 

Again as in (2) we obtain 

E 
2~ \2+~I 

<~ g[ (T (n ) )4+2e] l /2  g [ (w(n ) )4+2e] l / 2E[T(n ) ]  1/2 (4) 

and hence using Lemma t and the fact that E[(w(n)) 4+2c] ---+ E[w 4+2E ] for c < o~/2, 
we obtain 

sup E w (n) 
n L \ k =  1 

< ( x )  

under our conditions. Now (3) implies that 

E --+ W k �9 



176 V. Sharma/Reliable estimation via simulation 

Finally, since 

[ E ((T (n) -- E (T (n ) ) )  �9 \k=l 
[T (')] E [w(n)])/3 ] 

E [ ( T  (n) -- E(T(n) ) )2] l /2E  w (n) _ E[T(n)]E[w(n)] 

L\k=l 

1/2 

again using (4) and Lemma 1 we obtain uniform integrability and hence 

COY 7"(n)' E W(kn) ---+ r '7", W k . 
k=l k=l 

This proves the result. [] 

Theorem 2 also provides the continuity of asymptotic variance of other loss 
functions. Let T, be an estimator of 0 (the parameter to be estimated) based on 
a sample of size n and let L ( T n -  O) be the corresponding loss. Also let 
( Z  n O) P ,  0, v/-n(Tn w 2 - - 0) ~ N(0, cr ), L(0) = 0 and let L be twice continuously 
differentiable. Then by Taylor series 

(T n - 0) 2 L,,(yn) L ( T n - O ) = L ( O ) + ( T n - O ) L ' ( O ) +  2 

where l Ynl < lTn-Ol" Since ITn O I p P -- ~ 0, Yn ' 0 and hence L " ( y n )  P ,  L"(O). 
Also v/-n(Tn - O) --~ N(O, cr 2) implies that v~(T,  - 0) 2 P~ 0. Therefore 
v/-nL(Tn- O) w L,(0)N(0, o.2). Thus, under conditions of Theorem 2, we will 
have continuity of the asymptotic variance of a loss function for the estimators of 
the waiting times. 

Now we provide certain rates of convergence for regenerative processes 
which can be directly applied to the GI/GI/1 queue. Thus we will be able to obtain 
conditions for estimating a and s such that these rates of convergence are not 
affected. 

We use the following notation in addition to the notation in Theorem 1. Let 
T i be the regeneration epoches (T~ ~kO) ~ -1 and N(n) the number of regenerations 

- E T k - 1  till time n. Also let U0=0,  Uk= n=Tk_lZn, k_> 1 and Uk= n=T,,_l [Z,I" Then 
we obtain 
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THEOREM 3 
Let there be constants  r and a with r > 1, �89 < a < 1, a r  _> 1 such that  

E[(U1) r] < ~ and E['r r] < ~ ,  then, for any e > 0, 

E nar-2p (Zk- >nae 
n=l k=l 

< ~ .  

Proof 
Since, for UA(n) A_~ E~C=TN(n)+ 1 Zk ~ ~-fN(n)+l, we obtain 

n 

E (Zk - E(z)) 
k=l 

< 

N(n) 
E u~ + uA(.) - ne[z] 
k=l 

N(n) 
(u~ - e y ] .  e[z]) 

k=l 
+ [N(n)E[T]E[z] - nE[z]l 

+ IUN(.)+ll- 

Therefore,  

O0 
E nar-2p 
n=l 

I n 
Z (z~ - e[z]) 
k=l > n~163 1 

-< Z e ~ (u~-e[~]e[z]) 
n=l k=l 

> n%/3] 

+ P[IN(n)E[m]E[z]- nE[z]l > n%/3] 

+ P[[ UN(,)+I[ > n =e/3]}n ~'-2 

and hence it is sufficient to show that  the three summat ions  on the right side are 
finite. 

Since E[T r] < co, f rom Gut  [17, p. 103], we obtain,  for all 5 > 0, 

CK) 
n~r-Zp[IN(n) + 1 i n/E[T][ > n=5] < ~ .  (5) 

n=l 

Also, 

P[IN(n) - n / E [ T ]  l > n'~5] <_ P[IN(n) + 1 - n / E [ T ]  [ + 1 > n~5] 

<_ P[IN(n) + 1-n/E[T][ > n"5/2] 
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for all n large enough. Thus we obtain 

o o  

n~r-2p[lN(n) - n/E[~-][ > n~5] < oc 
n= l  

for all 6 > 0. Also from Gut [17, p. 43], we obtain 

Next we show 

For this, since 

E n~'-2P (Uk-  E['rlE[z]) 
n= l  k= l  

> n%/3] < c o .  

o o  

y~ n~'-ZP[Ou(,)+l > n ~e/3l < ~ .  

n = l  

O0 

n~'-ZP[Ou(n)+l > n%/3] 
n = l  

O0 

E rlar-2p[~fN(n) +1 > g/as IN(n) + 1 - n/E[T]I > n~6] 
n = l  

cx) 

+ E ?lar-2p[ON(n) +1 > rtas IN(n) + 1 - n/E[~-]l ~ n~6] 
n = l  

using (5), we only need to prove the finiteness of the second summation on the right. 
But this summation is not greater than 

Z n~ max Ok > n%/3 
n = l  L-n'~ 6+n/ Er < k < n~ 6+n/ Er 

o o  

<_ 26 E na(r+l)-ZP[On > na e/3] 
n=l  

where the right side is finite when E[O(] < oo. This completes the proof of the 
theorem. [] 

Under the conditions of the above theorem we also obtain 

[ [nt] tEz ] nar-2p sup ~ Z k - -  > n %  <co .  
n= l  [ 0 < _ t < l  k= l  
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For  this, note  that  for each t, the above relation can be obtained f rom the theorem. 
Then  using monotonici ty ,  the result can be shown uniformly over t, for nonnegat ive 

+ and Zk where + z k. For  general Zk obtain it separately over z k z k = max (0, Zk) and 
z ;  = -m in  (O, zg). 

We can also obtain exponential  rates of  convergence in the above theorem 
for a = 1 when E[e tv~] < c~ and E[e t~-] < c~ for some t > 0 using the following 
facts: 

(i) F r o m  Heathcote  [19], for e > 0, e[I  Y~'~=I(Uk -- E[TIE[z])I > en] converges 
exponentially. 

(ii) F r o m  Tiefeng [40], for e > 0 ,  P [ I N ( n ) / n - 1 / E T I > e  ] converges 
exponentially. 

(iii) . .. N(~) F r o m  (1) and  (11) we can show that  P[[ ~-~k=l (Uk -- E[T]E[z])[ > eN(n)] and 
then P[I E )-nl)(Uk - > converges exponentially. 

(iv) p [[ A Unl > en] goes to zero exponentially fast. 

Thus  we obtain that  

where a can be explicitly calculated. N o w  of  course we also obtain 

P [sup 
Lm_<. 

n 

Z ez) 
k = l  

> nc] < e-C~m/(1 --e-S) .  

Theorem 3 can be used to obtain estimates of  rate of  convergence of  the 
sample moment s  of  Wg to E[w'~]. L e m m a  1 provides condit ions for 
SUpn E [(~_(n)),~] < ec and sufficient condit ions for E [(U1)~] < oe are obtained f rom 
(2). 

The following lemma is useful for exponential  convergence. 

LEMMA 3 
Let {x~} be an iid real valued sequence, 7- a positive integer valued 

s topping time w.r.t. {xn} and let E[e txa] ~c<oo and E[c ~] < c o .  Then 
E[exp( t /2  }--~=1Xk)] < c~. 

Proof  
Since {exp (t }--]~=l Xk)/cn, n > 1} is a martingale,  by opt ional  sampling theo- 

rem {exp(t'-- '~An , -  TAn'~ 2..,k=l Xk)/C ~ is also a martingale.  Therefore,  E[exp (t ,-An E :l x )l 
c '-An] 1. Since l i m ~ e x p ( t  "-''-A~ , ,  ~A,- = 2.~k=l Xk)/C = exp (t ~-'~;=I Xk)/Cr a.s., Fa tou ' s  
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lemma implies E [exp (t ~-'~=1 Xk)/C'c] ~ 1. Now 

provides the result []  

Now we obtain rates of convergence for empirical and quantile processes. For 
this using results for lid r.v.s., as in Theorem 3 is not suitable. To be able to use the 
results for stationary sequences, we will use the following lemma. We denote 

c~(n) = sup  {IP(AB) - P ( A ) P ( B ) I , A  E o-(z1, . . .  , Z m ) , O  E cr(Zm+n, . . . ) } .  
m>_l 

Sequence {Zk} is called strongly mixing if c~(n) --. 0. 

LEMMA 4 
Let {Zk} be a zero delayed regenerative sequence and {~k} its stationary 

version if it exists. Then the c~(n) for {zk} and {zk} satisfy o~(n) < c/n r (c may be 
different for {zk} and {Zk}) w h e n e v e r  E[7 -r+l] < oo, r > 0. 

Proof 
Let A C ~r(zl,...,Zm), B E o-(Zm+n, Zm+n+l,...) and C = {a regeneration 

occurs in time m , . . .  ,m + n - 1}. Then P(AB[ C) = P(A[C)P(B[ C). Therefore, 

[P(AB) - P(A)P(B)I = IP(AIC)P(BIC)P(C) + P(ABC C) 

- P ( A I C ) P ( C ) P ( B  ) - P(ACC)P(B)I 

<_ P ( A I C ) P ( C ) I P ( B I C )  - P(B)I 

+ IP(ABC)  - P(ACC)P(B)I 

<__ IP(BIC) - P(BIC)P(C)I  + P ( B C )  + P ( C )  <_ 3P(C). 

When E[7 -r+l] < ec, then from Gut [17, p. 59], SupmE[R(m) r] < oo, where R(m) is 
the time to next regeneration at time m. Thus 

P(C c) < sup E [ R ( m ) r ] / n  ~. 
m 

In case of {Sk}, {R(m)} is stationary and E[(R(m)) r] < oo when E[~ -r+l] < oo. []  

The above lemma directly generalizes to continuous time R d valued 
regenerative processes with paths in D[O, ec). 
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The examples of  countable  state ergodic M a r k o v  chains which do not  
converge to stat ionary distributions exponentially show that  we may  not  obtain 
for {zk} or {zk} the C-mixing or C-mixing proper ty  where 

r = sup {IP(BIA) - P(B)I,A e o(z1, . - .  ,Zm),B �9 o-(Zm+n...)} 
m > l  

r = sup { P(AB)-P(A)P(B),A } 
m>_l P(A)P(B) e O ' ( Z 1 , . . .  ,Zm),B e o'(Zm+n...) 

when E[7- r+l] < ~ for some r > 0. 
The above lemma extends to the case (for {~k}) when the regeneration cycles 

are m-dependent  (general Harris ergodic M a r k o v  chains are 1-dependent) if we 
define the set C = {there are m + 1 regenerations in time l , . . . ,  l + n - 1}. Now 
to obtain P(C C) <_ C1/n r when E['r~+l], we can use Janson [21, Theorem 3.1]. 

Next  we use L e m m a  4 to obtain an approximat ion  result for the empirical 
process of  {zk} and {Sk}. 

THEOREM 4 
Let F be the marginal  distr ibution of  51. Assume E [./+1] < c~ for some r > 4, 

if F is cont inuous,  otherwise let r > 6. Then  we can redefine (if necessary) on a 
probabil i ty space {~k} and {Bk} where Bk is a Brownian bridge such that,  for 
some A > 0 (depending only on r) 

s s SUPs k=l (l{Sk _< S} -- F(s)) - k=l Bk(F(s)) = O(nl/Z(logn) -~) a.s. (6) 

Also, if "r is aperiodic then we can define on a probabil i ty space {zk}, {Sk} and {Bk} 
such that  (6) and 

sup 
s 

n n 

( l{z k < s} - F(s) ) -  ~ Bk(F(s)) 
k = l  k = l  

= O(nl/2(logn) -~) a.s. (7) 

hold. 

Proof 
F r o m  L e m m a  4, a(n)= O(n-r). N o w  using results for strongly mixing 

stationary sequences (Philipp [33, p. 254]) we can construct  {zk} and {Bk} satisfy- 
ing (6). When  "i- is aperiodic and E [7-r] < ec, we can construct  on a probabil i ty space 
sequences {z~} and {5~} with {z~} gist {Zk}, { ~ }  dist {zk} and{z~} and {5~} have a 
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coupling epoch ? with E [?r] < e~ (Kalashnikov [23], Chapter  6). Then for any 
e > 0, denot ing 

nl /2( logn)_;  ~ > e , 

P +_< P _~ ? > m  I " m I 
Taking m = [eN1/2( logN)- ) ' ] ,  P[An; ~ _< m] = 0 for each n > N and hence 

P[ U An] < P['f> m] <_ E[(?)r]/mr --+ O 
kn>_N J 

as N ~ ec. Thus  we have 

~ s} / n l / 2 ( l o g n )  -'~ SUPs k=l l{z~ _< s ) -  k=l 1(5~ <_ ~ 0 a.s .  

N ow since {z~}, {~}  and {Bk} a r e  r.v.s, with values in Polish spaces, we can 
simultaneously define ({z~'}, {5~}, {B~'}) on a probabili ty space such that  ({z~}, 
{~r~ct }) dist t ~t {B~t}) dist = ({Zk,Zk}) and ( { g } ,  ({Sk}, {Bk}) and hence this construct ion 
satisfies (6) and (7). []  

The above result extends to the case when {zk} are R a valued if we take 
r > 3 + d for F cont inuous  and r > 4 + 2d for the general case in the above 
theorem (see Philipp [33]). Also, f rom Phillip [33, p. 258], we note that  Theorem 4 
remains valid if in (6) and (7) we replace the empirical process by quantile process, 
which at times can be more  interesting to estimate than F. 

The results of  Theorems 1-4 indicate that  for estimating distributions of  a 
and s it is not  sufficient that  a (n) w > a and s (n) w ~ s but  rather certain moment s  of  
s should also converge. Then we can not  only estimate E w  ~ and 7r accurately but  
the rates of  convergence will also be comparable  to the case when the distributions 
of  a and s were available. There are more  demands  on the estimates of  s than on 
that  of  a which in fact is for tunate  because in many  practical systems, such as all 
communica t ion  networks designed - Arpanet ,  Ethernet,  A T M  etc., the packet  
lengths (and hence service times) are bounded  and hence all the m o m e n t  condit ions 
are satisfied. In the general case if we take the empirical distr ibution function of  s 
then all the assumptions are satisfied. But if we take for example, m in imum 
distance estimates f rom a family of  distributions (e.g. a parametr ic  family) where 
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the distance chosen is Prohorov or Kolmogorov-Smirnov distance, then the 
moments  of  the estimates will not converge and the estimates Ew (n) and 7r (n) 
obtained can be arbitrarily bad (see for instance Donoho  and Liu [14]). 

3. Estimation with contaminated l iD sample 

Usually an available sample of  a and s is contaminated with outliers or round 
off errors in the data (see Huber [20] and Hampel et al. [18]). The amount  of con- 
tamination can be quantified by the Prohorov metric dp defined as 

dp(P, Q) = inf{e > 0[P(F)  _< Q(F ~) + e for all F closed sets} 

where P and Q are probability measures on a Polish space (X, d) and 

F ~ = {x  C X l d ( x , F )  < e}. 

The round-off errors in the data are taken care of by F ~ and the outliers by +e term 
in the definition of  dp. One also notices that even a small amount  of contamination 
by outliers can make the moments  of the distribution arbitrarily large. Thus the Pro- 
horov distance dp (which metrizes weak convergence) is ideally suited to model con- 
tamination by outliers and round off errors but any other metric which also implies 
convergence of some moments  is entirely unsuitable (for more motivation and dis- 
cussion see Hampel et al. [18] and Huber [20]). 

This is in direct contradiction to the requirements needed in Theorems 1-4 
because with contaminated data Es cannot be accurately estimated even when the 
contamination is small. Therefore, in this section we suggest some ways to take 
care of  this very real problem. Theorem 5 and Lemma 4 of this section are of 
interest for the general robust estimation problem also. 

Let F a and F s denote the distributions of a and s respectively while let the 
contaminated sample of  a and s be iid with distributions Ga and Gs. The most basic 
requirement for a GI/GI/1 queue is the stability condition Ea > Es. Now we suggest 
how we can check this stability condition and other conditions of section 2. 

In many realistic situations, the service times are upper bounded by a known 
constant. Then the contaminated sample of  service times can be truncated at that 
upper bound. Thus if dp(G~, Fs) is small (G~ denoting the distribution of truncated 
contaminated service times), then moments  of G~ are close to that of F~. Let 
al, a2, . . ,  be an lid sample with the distribution G a. We estimate E[min (c,a)] for 
a suitably large c and compare with the estimate of  Es. Other conditions of section 
2 are also satisfied. 

Next we consider the unbounded service times. If s has an exponential distri- 
bution with its rate # unknown then an MLE (maximum likelihood estimator) from 
an uncontaminated sample satisfies our requirements. For a contaminated sample 
one may use M-estimators in Huber [20] which unlike MLE are dp-continuous. 
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For s having an Erlang distribution, a similar solution suffices (now Theorem 5 
below provides dp-continuity). Further assume that the distribution of s is from 
the family of (finite) mixtures of Erlang distributions. Estimation of parameters 
in mixture families has been extensively studied; for a review see Redner and 
Walker [35], who however, do not discuss mixtures of Erlang distributions. But 
we can apply the general results of Lebroux [28] to the family of finite mixtures 
of Erlang distributions 

k xn(i)-I 
E OLi(~n(i) 
i=1 (n( i)-  1)! 

-6x e 

where k is a finite known constant and the parameters to be estimated are 
0 < 6 < c~, 0 < o~ i _< 1, ~--]~-lai = 1, and 0 < n(i) < c~, i = 1 , . . . , k  where n(i) 
are integers. If we upper bound n(i), then the conditions, in Lebroux [28] are 
satisfied and we obtain (without constraining k to be finite) the existence and a.s. 
convergence of MLE and maximum penalized likelihood estimators even if we 
upriori arbitrarily restrict the value of k. 

These estimators are not robust. For robustness we may use the M-estimators 
obtained by solving i n f ~  ~b(X/, 0) or ~ ~)(Xi, O) = 0 where ~b and ~ are appropriate 
bounded continuous functions, {Xi} is the sample and 0 is the parameter to be 
estimated. But the consistency, asymptotic normality and continuity conditions 
for M-estimators provided by Huber [20] or Hampel et al. [18] do not cover this 
case. Therefore, we now show consistency and dp continuity in greater generality 
(asymptotic normality for Markov {Xi} is provided in the next section). 

For the next theorem we need the following notation and definitions. Let O 
be the parameter space which is a closed subset of a metric space with metric d. Let 
Po be the distribution on the sample space X (considered a separable complete 
metric space) corresponding to parameter 0 E O. Let 7:' = {Po, 0 E O}, and let .A// 
denote the family of all probability distributions on X. 

Let ~b: X x O --* R and ~): X x O -+ X be measurable functions. We denote 

f (o ,P)  = 

•(e) = 

A,(P) = 

Z(e )  = 

Z , ( / ' )  = 

J O(x, o) aP, g(O, P) = J~(x,  al ~ 
f 

O) 

{00: f(Oo, P) = inf f(O,P)}, 

{00: f(Oo, P) < inf f(O,P) + e}, 

(0: g(0, P) --- 0}, 

{O:llg(o,e)ll < e}, 
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where e > 0 and for Z,(P) we assume X to be a Banach space with norm I]" II. We 
use the following definitions from Bank et al. [4]. 

DEFINITION 
A point to set valued map P,--, B(P) is called usc-B if for any open set 

U D B(P) there exists a (5 > 0 such that B(P') c U for all P '  with dp(P', P) < (5. [] 

DEFINITION 
A point to set valued map P ~ B(P) is called lsc-B if for each open set U 

s.t. U M B(P) ~ ~, there exists a (5 > 0 such that U N B(P') ~ ~ for all P '  with 
dp(P,P') < (5. [] 

If a set-valued map is actually point-valued (i.e. image of each point is a 
singleton), then both the above definitions are equivalent to continuity of the 
function. Usc-B and lsc-B of the above sets of optimal points and zero sets will 
imply the qualitative robustness of the corresponding estimators. 

THEOREM 5 
Let O be a closed subset of a metric space. 

(a) Let ~ ~(x, On) dPn ~ ~ ~b(x, 0) dP whenever 0n ~ 0 and Pn w p. Then 

(i) if tin E A(Pn), On ~ O0 and en w p, then 00 E A(P). 
(ii) ifPn ---~P and there is a compact set K c O such that A(Pn) MK ~ q5 

then inf0 ~[ ~(x,O)dPn ~ inf0 f ~(x,O)dP. 
(iii) A(P) is usc-B ifA(Q) c K for all Q E .M, for some compact K. 
(iv) A,(P), for any e, is lsc-B under conditions of part (ii). 

(b) If II f~(x ,  On) dPn - f (x,O) aPl[ --, o whenever On ~ 0 and Pn w p, then 
(i)-(iv) hold under the same conditions with A(P), A(Pn) and A~(P) replaced 
by Z(P), Z(P,) and Z,(P) respectively. 

Proof 
(a) Suppose OoEA(P). Then there is an e > 0  s.t. fqS(x, Oo)dP> 

into f ~b(x, 0) dP + E. Let 0' E O such that ~ c~(x, 0') dP < inf0 ~ qS(x, O) dP + 
e/2. But f ~(x, Ot) dPn ---+ f ~(x, Ot)dP and f ~(x, On) dP n -----r ~ ) ( x ,  Oo) dP n > 
fO(x,O'))dP, which is a contradiction because On E A(Pn). Parts (ii) 
and (iii) follow now from theorem 4.2.1 and (iv) follows from theorem 
4.2.4 of Bank et al. [4]. 

(b) Notice that if Z(P) is nonempty then Z(P) = argrnin0[I f~(x ,  O) dPll. Also 
II f x, On) dPnll II .f O) dell whenever Il I ~( X, On) dPn - O)de ll --, o. 
Now use part (a). [] 

A sufficient set of conditions for f q~(x, On) den --4 f ~)(X, O) de whenever 
w 

Pn ~ P and On --+ 0 is 

(i) q~(x, On) ~ q~(x, 0) uniformly (for x) over compact sets and 
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(ii) there exist measurable functions h, and h such that h~(x) ~ h(x) uniformly 
over compact sets, I~(x, On)[ <_ hn(x) for all x and f hndP, -~ f hdP. 

If we replace Pn --~ P by the somewhat stronger condition: Pn(E) ~ P(E) for 
all measurable sets E then the condition of uniform convergence over compact sets in 
the above assumptions can be replaced by pointwise convergence (see Serfozo [36]). 

Results related to Theorem 5 have been recently obtained by Wets [42] and 
King and Rockafellar [26]. They assume X to be finite dimensional and do not 
study A~(P) and Z~(P) (see next paragraph). They also obtain asymptotic distribu- 
tions for iid sample which are applicable to our mixtures of  Erlang model. Under 
the conditions of Wets [42], we can show that Theorem 5(a) (iii), (iv) also hold if 
we further assume the existence of a compact set K mentioned in Theorem 5(a) 
(iii) and (iv). If we assume that f q~(x, 0)dP is a quasiconvex function of 0 and 
O c_ R n is convex and closed then we do not require the existence of compact K 
in Theorem 5. 

As against A~(P) and Z~(P), lsc-B of A(P) and Z(P) holds under rather 
stringent conditions. One of the advantages of lsc-B over usc-B is that if in 
addition, A~(P) and Z~(P) are convex for each P (a sufficient condition for this is 
that ~ and ~ are convex functions of 0), O is a subset of a Banach space and .Ad 
is a countable union of compact sets then we can have a continuous selection 
of A~(P) and Z~(P) (see Aubin [3, p. 355]). Using a continuous selection in the 
estimation algorithm, we can obtain unique robust estimates. 

In addition to asymptotic robustness, Theorem 5 provides the consistency of 
the M-estimators under general conditions. Let X1,Xz,.. . ,X~ be a stationary 
ergodic sample with marginal distribution 7r and let P~ be the empirical measure 
obtained from this sample. Then P~ w>Tr a.s. and hence results of Theorem 
5 hold a.s. (measurability conditions can be taken care of as in the above references). 
In addition, the following holds. Let b~ be the empirical measure obtained from an 
iid sample of size n with distribution Pn and let Pn w p then dp(Pn, P~) ~ 0 in 
probability (see Beran et al. [9]) and hence dp(b~, P) --+ 0 in probability and our 
results still apply. 

If in addition to the assumptions of Theorem 5, A(Po) = {0} and Z(Po) = 
{0} for all 0 E O (Fisher consistency) then A(P~) --+ {0} and Z(Pn) ---+ {0} and 
the estimators are strongly consistent. But it would be nice if A~(P) and Z~(P) are 
in a nbd of 0 when dp(P, Po) < e for e small and the Fisher consistency is satisfied. 
Lsc-B of A~(P) and Z~(P) guarantees that in any 6-nbd of  0, A~(P) and Z~(P) will 
have a point. If we further, assume that for any t5 > 0 there exist an el > 0 s.t. 
d(O, Oo) > 5 implies t h a t  If(O, Poo)[ > el(g(O, Poo) > el) then we can ensure that 
A~(P)(Z~(P)) will be in a small nbd of 00 when e and dp(P, Poo) are small enough. 

Consider a further generalization. Suppose s has a general distribution Fs on 
R + and let J" x m dFs(x) < ~ for some m > 0. Then there are distributions F (n) in the 
family of mixtures of Erlangs such that F (~) W,F, and ~[xmdF(n)--+ ~xmdFs 
(Asmussen [1]). We can also define a metric d~ such that the above convergence is 
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equivalent to ds(F (n), Fs) ~ O. Suppose for a given e > 0, we know a family of  finite 
mixtures of  Erlangs such that  there is a G in this family with d~(F~, G) < e. Then the 
following lemma provides condit ions for robust  estimation. Let T:A4 4 ,  
O(3,t ,  O, 79 are as in Theorem 5 corresponding to the mixtures of  Erlangs) be a map-  
ping which will denote  our  estimator. By T(F) we will also denote a distr ibution 
corresponding to the parameter  T(F). 

LEMMA 5 
Assume that  

(1) for all On, 0 E O, ds(Po., PO) ~ 0 if d(On, O) ~ O, 
(2) (robustness) d(T(P,) ,  T(P)) ---+ 0 if dl,(Pn, P ) ~ 0 and 
(3) if d~(F, 79) < e then d~(F, T(F)) < e + e2, for some e2 > 0. 

Let F E AA be such that  d~(F, 79) < e, then for any e 1 > e 2 there exists a 6 > 0 such 
that  G E 34, dp(F, G) < 8 implies that  d~(F, T(G)) < e + q.  

Proof 
F r o m  assumpt ion  (3), 

ds(F, T(G)) < ds(F , T(F))  + ds(T(F), T(G)) 

_< e + e2 + ds(T(F), T(G)). 

F r o m  assumpt ion  (1), given q > 0 we can find e3 > 0 s.t. if d(T(F) ,  T(G)) < e 3 
then ds(T(F), T(G)) < q - e2. Again by assumpt ion  (2) we can find a 8 > 0 s.t. 
if dp(F, G) < 8 then d(T(F) ,  T(G)) < e3 and hence we obtain the result. []  

The class of  min imum distance (w.r.t. ds but  not  w.r.t, dp) estimators (see 
D o n o h o  and Lin [13] for robustness of  these estimators) satisfies (3) in Lemma 5. 
Also, as seen f rom Theorem 5, the M-estimators satisfy (2) and (3) if 7:' is taken as 
a finite family of  mixtures of  Erlangs ment ioned above. This family also satisfies (1). 

N ow suppose we have a iid sample of  size n with distr ibution G. Let G (') be 
the empirical distribution. Then  SUpx I G(n ) (x ) -  G(x)[ ~ 0 a.s. and hence if 
dp(Fs, G) < 8 then ds(T(G(n)), F~) < e + q a.s. for n large enough.  

Since F~ is unknown,  for a given family 79, ds(Fs,79) is not  known.  But 
choosing ds such that  d~(F, G) > dp(F, G) for all F,  G (see for example page 76, 
Asmussen [1]), by (3) in Lemma  5, 

ds((F, P) >_ ds(F, T(F)) - e2 

>_ as(F, T(G)) - as(T(G), T(F))  - e2 

> alp(F, T(G)) - ds(T(G), T(F)) - e 2 

>_ dp(a, T(a))  - dp(F, a )  - ds(T(a),  T(F))  - e2. 
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Therefore, by (1) and (2) in Lemma 5, ifdp(F, G) is small, then a large dp(G, T(G)) 
will imply that d~(F, 79) is large and hence the class 7:' does not approximate F well. 
Then we will have to enlarge 79. Of course it is also possible that ds(F~, 79) is large but 
dp(G, T(G)) and dp(Fs, G) are small in which case we can consider estimating the 
parameters in the full family of mixtures of Erlang distributions. This is an infinite 
dimensional non locally compact parameter space. Then Theorem 5 can still be 
applied but the important assumption (1) in Lemma 5 may not be satisfied. 

4. Estimation from contaminated regenerative processes 

This section is concerned about estimation of parameters when instead of an 
lid sample of a and s, a contaminated sample of waiting times is available. We 
consider it in the general setting of a regenerative sample. 

Let {Xk}, { Yk}, {Zk} and {Rk} be jointly stationary ergodic real valued (or 
regenerative with finite mean regeneration period) processes where Zk is {0, 1} 
valued and let 

Yk = Xk(1 -- Zk) + ZkRk. 

We want to estimate the stationary distribution, stationary moments or certain 
parameters of {Xk} based on the observation of { Yk}. In this model {Rk} repre- 
sents the outliers. For motivation, other examples and results for this 
model, see Martin and Yohai [31]. Let P[Zk = 1] = e. Let us denote the stationary 
measure of the various processes with P~[...]. Then estimating P~(X1 = i) by 
n-1 ~--~c=1 1{ Yk = i} we obtain by strong law of large numbers (SLLN), 

1 ~ l{Yk i}--+P=[Yk i]=P~[Xk i, Zk=O]+P~[Rk i, Zk 1] a.s. 
/'/ k = l  

and hence 

Z [P~[Yk = i] - P~[Xk = i]l <-- e, (8) 
i 

which is the robustness property of the estimator. Similarly, the influence functional 
defined in Martin and Yohai [31], can be shown to be bounded for the above 
estimator. This result of course holds if the state space of the processes is a Polish space. 

Now if {Xk} is also a countable state Markov chain then denoting by 
P(i,j) the transition matrix, the maximum likelihood estimate (MLE) of 
P(i,j) from a sample of {Xk} is given by ~-]~-~ l{Xk = i, Xk+l = j} /n  i where 
ni = ~ = 1  l{Xk = i}. For a contaminated sample {Yk} 

l{yk = i} l{Yk = i, Yk+l = J }  ~ P~[Y2 =J, Y1 = i]/P~[Y1 = i]. 
k = l  k = l  
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Also, we can easily show that 

Z IP~[Y2 = j '  Y1 = i ] -  P,~[X2 =j,  X1 = i]l _< 2e. 
i , j  

(9) 

From (8)and (9) we obtain the continuity of the estimate of P(i, j)  and an explicit 
upper bound. Similarly we can show that the influence functional of the estimator is 
bounded. These estimates hold for Polish space valued Markov chains and imply 
robustness. Of course, even for arbitrarily small e, these results do not guarantee 
the ergodicity or positive recurrence of chain for the estimated P in general unless 
P satisfies uniform ergodicity (Kartashov [25]). 

Of course as in the iid case, sample mean of { Yk} as estimator of E~X1 is 
not robust but one can resort to other estimators (e.g. M-estimators) which are 
continuous functions of above perturbations in the parametric situation (use 
Theorem 5). 

The asymptotic normality (and other asymptotic behaviour) of M-estimators 
in Wets [42] and King and Rockafellar [26] is obtained for an iid sample while 
Basawa [5] obtains it for time series. We use the method of Basawa [5] (which is 
similar to the iid case) to obtain asymptotic normality of M-estimators for Markov 
chains. Consider a sample Xi, . . . ,  Xn of a countable state Markov chain with 
transition probability P(i, j, 0), 0 ~ 0 where O, an open subset of R m, is a 
parameter set from which the parameter has to be estimated. We assume 
P(O) = (P(i, j ,  0)) to be ergodic, aperiodic and irreducible for each 0 E O with 
regeneration length "r(0). The M-estimator On is obtained as a solution of equations 
Sn(O) n-1 = Y':~k=l~b(P(Xk, Xk+l;O))=0 where the true parameter for the sample 
X1,... ,Xn is 00 and the corresponding stationary distribution is 7r. Assume 
~b(x, 0) has continuous partial derivatives w.r.t. 0 for almost all x. Then under 
various sufficient conditions we can show that for On close to 00 (this holds if {On} 
forms a consistent sequence of estimators and n is large enough) 

n - 1 / 2 ( S n ( O n )  - S n ( 0 0 ) )  = n-1/2(S~n(O0)(O, - 00)) + Op(1) (10) 

where S , ~ ( 0 y ! - 0  and Sn I denotes the matrix of derivatives of Sn w.r.t. 0. If 
liOn- votl-----.O,, n-a/2Sn(O0) W,N(O,I(O0)) and Stn(Oo)/n P--~J(O0) where I(00) 
and J(O0) are deterministic matrices, 1(00) symmetric positive definite and J(O0) 
nonsingular then (On -- O0)n 1/2 w N(O, (J(Oo)-l)T l(Oo)J(O0)-l). 

Now we obtain sufficient conditions for the above asymptotic normality 
result. Notice that {(xk, xk+l),k >_ 0} is also an irreducible, aperiodic ergodic 
Markov chain on the state space {(i, j)}:  e(i, j,0) r 0} (assumed independent 

On 2_ p . . 
of 0) with regeneration length -r(0). Then II 0011--*0 is obtained from 
Theorem 5 by taking ~b((xk, Xk+l), 0) = ~b(P(xk, xk+~, 0)). Also, if 

ETr OOj < oo,  ~3 (~31, ~32,""",//Jm), 0 = ( 0 1 , . . .  , Om) , 
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then SLLN provides S~(Oo)/nP-~J(Oo) and if E[('r(00)) 4] < o~ and 

E~[(~i(P(Xl,X2,O)) 4] < oo, i= 1,... ,m we obtain n-1/ZSn(Oo) w N(O,I(Oo)) (for 
J(Oo) and I(0o) appropriately defined) (Sharma [38]). 

One sufficient condition for op(1) in (10) is that S, has continuous second 
order partial derivatives Sff and n-1/2SPn~(O ) are bounded in probability in a 
neighbourhood of 00 (or have a uniformly bounded (in a nbd of 00) moment).  

The above conclusions hold if {Xk) is Harris ergodic with general state space. 
The results can be extended to a stationary process {Xk} satisfying some mixing 
conditions. 

Finally we consider continuous time processes { Yt}, {Xt}, {Zt} and {Rt}. 
Under  the above mentioned assumptions we can again show the robustness of 
i'd 1{ Yt = i}/t  for P~{Xt = i} with the error bound (8). 

If  {Xt} is a countable state Markov process with infinitesimal generator 
Q = (q(i, j)) then given observations {Xt, t, < T}, M L E  of q(i, j)  is (see Basawa 
and Prakasa Rao [7]) Nr(i, j ) /Ar(i)  where NT.(i, j) is the number of transitions 

of {Xt} from i to j in time [0, T] and At(i) = f f  l{Xt = i)dr. For finite state 
processes this MLE is shown to be strongly consistent and asymptotically normal 
in the above reference. But the following example shows that it is not a robust 
estimator even for a finite state Markov process. 

Example 
Let_{Xt} be a Markov process with state space {0, 1} and Q matrix 

r[_l 1 - - ' 1 .  Also let {Zt} and {Rt} be independent of {Xt} and defined on 
k 1 - 1  J 
f~ = [0, 1] as follows. Zt(O) = 0 when t ~ [k,k + 1] where k = 0, 2 , . . . ,  and Zt(O) 
alternates between 0, 1, N times in the time intervals [k,k+ 1], k =  1 ,3 , . . . , .  
Also, Zt(w) = Zt+w(O) where w c [0, 1] and Rt = 1. Then Nr(0,  1)/Ar(O) ~ 1 a.s. 
Let Nr(0 ,1)  and At(0)  denote the corresponding quantities for {Yt} while 
N'(t) denotes the number of arrivals in time t in a Poisson process with 
rate 1. Then [-Nr(0, 1) - (N'(T/4+ (1 - 2e)/2)) +NT/4)I/T ~ 0 a.s. and hence 
Nr(0,  1 ) / A t ( 0 ) ~  (1 + N / 4 )  a.s. where P~[Zt = 1] = e. Since N can be taken 
arbitrarily large, for any e > 0, Art(0 , 1) /At(0)  can provide arbitrarily bad 
estimate. []  

Thus for a contaminated process, we suggest the following procedure. 
Consider the observations of  {Y t} at discrete steps kh, k = 0, 1 , 2 , . . . ,  where 
h > 0 is fixed. Since {Xkh} is a Markov process with transition probability matrix 
(say) eh, denoting its estimators from n observations of { Yk} as /Sh,n from (8) 
and (9) we obtain a robust estimate of ph(i, j) with explicit bounds. We also 
know that tP~/h](i,j) -Pt(i ,  j)[ ~ 0 as h ~ 0, uniformly over t in compact sets, 
where {et} is the transition probability function of {Xt}, [x] is integer part of x 
and p h is n step transition probability matrix of {Xkh}. Also if {Xh(t)} is a process 
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defined from {Xkh} as f(h(t) = Xkh where k <_ t/h < k + 1, and {Xt} has a finite 
state space then we can form versions of Xh(t) and {Xt} with {Xt h} -Y--~{Xt} 
in D[0, c~) (see section 5, Van Dijk [41]). In addition, ifQ h = (qh(i, j ) )  is a generator 
corresponding to {Xt h} then qh(i,j) ~ q(i,j) for all (i,j) as h ~ 0 (Ethier and 
Kurtz [15, Chapter 1, Theorem 6.1]). Thus we can obtain a robust estimate of q(i, j).  
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