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t : In this paper we study the stability and performance of a system involving several TCP con-
nections passing through a tandem of RED controlled queues each of which has an incoming exogenous stream.
The exogenous stream, representing the superposition of all incoming UDP connections into a queue, has been
modeled as an MMPP stream. We consider both the TCP Tahoe and the TCP Reno versions. We start with the
analysis of a single TCP connection sharing a RED controlledqueue with an exogenous stream. The effect of the
exogenous stream (which is almost always present in large networks) is to cause the system to converge to a sta-
tionary distribution from any initial conditions. This stability result holds good for any work conserving discipline.
We also obtain the performance indices of the system; specifically the goodputs and the mean sojourn times of the
various connections. The complexity involved in computation of performance indices for the system is reduced by
approximating the evolution of the average queue length process of the RED queue by a deterministic ODE. Then,
by using a decomposition approach of two time scales, we reduce the study of the system to that of a simplified
one for which the performance measures can be obtained understationarity. Finally, we extend the above results to
the case when multiple TCP connections share a RED controlled queue with an exogenous stream and to the case
when a TCP connection passes through several RED controlledtandem queues each of which has an incoming
exogenous stream. We also consider an example of multiple TCPs passing through a tandem of queues. A number
of simulation results have been provided which support the analysis.Keywords: TCP protocol, two time scale decomposition, performance analysis, RED control.1 Introdu
tionThe TCP/IP (Transmission Control Proto
ol/ Internet Proto
ol) based Internet hasemerged as the dominant networking te
hnology today. Though there are 
ongestion
ontrol me
hanisms in
orporated in TCP's sliding window proto
ol, yet it is bene�
ialto 
omplement these with queue management me
hanisms in routers. The re
ommendeda
tive queue management me
hanism for Internet routers today is Random Early Dete
-tion (RED) [9℄, [17℄. Many router manufa
turers have already in
orporated it in theirprodu
ts. The RED algorithm helps alleviate problems of global syn
hronization of TCP
onne
tions and redu
es the bias against bursty 
onne
tions. For bulk data transfer inthe Internet, TCP is the most used proto
ol. Therefore to analyse the end-to-end per-forman
e of a TCP 
onne
tion engaged in bulk data transfer, it is ne
essary to study asystem with TCP 
onne
tions and RED 
ontrolled routers.In this paper we obtain the stability and the performan
e of a system involving TCP
onne
tions sharing RED 
ontrolled queues with exogenous streams. The basi
 modelstudied involves the output queue of a bottlene
k router on the path of a TCP 
onne
-tion. This bottlene
k queue is also shared by an exogenous stream, whi
h represents the1



superposition of all UDP traÆ
 streams 
oming into the queue. This re
e
ts a typi
als
enario in tomorrow's Internet where router queues are expe
ted to be shared by datatraÆ
 as well as by multimedia traÆ
. The exogenous stream has been modeled as anMMPP stream. The pa
ket lengths of both the streams are assumed i.i.d with generaldistributions. Later on we also study the systems with multiple TCP 
onne
tions passingthrough one router or a tandem of routers, ea
h with RED 
ontrol and exogenous streams.For the di�erent systems des
ribed above, we �rst prove the stability of the systemand show the existen
e of a unique stationary distribution. We also obtain rates of
onvergen
e to the stationary distribution. We observe that the presen
e of exogenoustraÆ
 signi�
antly alters the behavior of the system. Sto
hasti
 assumptions on the natureof the exogenous stream traÆ
 and the random drop of pa
kets of in
oming streams byRED destroy the periodi
 evolution of TCP window size as observed by earlier studies[27℄. This stability result is not available so far in the literature. The proofs for ourstability results are valid for any work 
onserving dis
ipline.Next we obtain the performan
e indi
es for the system; spe
i�
ally the mean sojourntimes and the goodputs of the various streams. Computing these quantities even for the
ase when the in
oming traÆ
 has exponential interarrival times and pa
ket lengths, isextremely intensive. Therefore, it is ne
essary to evolve a simple pro
edure. Following [38℄,we observe that the average queue length bqn 
omputed by the RED algorithm evolves mu
hmore slowly than the a
tual queue length fqng and the 
ounter f
ng pro
esses. Then, usingthe de
omposition approa
h of two time s
ales as in [38℄, we approximate the evolutionof bqn by the solution of an ODE (Ordinary Di�erential Equation). The de
ompositionapproa
h then fa
ilitates the redu
tion of the study of the system to a simpli�ed one forwhi
h the performan
e indi
es 
an be obtained under stationary 
onditions. These 
anthen be used to obtain the performan
e of the original system under stationary andtransient 
onditions. The analysis has been 
arried out for all the di�erent systems
onsidered. We have validated all our approximations via simulations. Our analysismethods 
an be used for some other a
tive 
ongestion management algorithms where thesystem has two time s
ales.In most of the theoreti
al studies on the performan
e of TCP 
ongestion 
ontrol me
h-anisms, the fo
us has primarily been on predi
ting the throughput of TCP 
onne
tions invarious s
enarios like lossy links ([1℄, [25℄, [31℄), long haul networks ([27℄) and lo
al areanetworks ([25℄). In all these works one or more TCP 
onne
tions pass through a singlebottlene
k link. There is no exogenous (UDP) stream in these studies. Also stability hasnot been proved. Altman et al: [2℄, Ba

elli and Bonald [5℄, Bonald [7℄, Ba

elli and Hong[6℄ are among the few papers that have a
tually 
onsidered exogenous 
ows. Stabilityresults are available in [5℄ and [6℄. However, we show stability when the window size isadaptively 
hanging a

ording to the Tahoe or the Reno algorithm, and we spe
i�
ally
onsider the e�e
t of the exogenous stream. We also prove stability for the system withRED 
ontrol whi
h has not been 
onsidered in any of these studies.Considerable resear
h e�ort has been dire
ted re
ently towards analysing systems withTCP 
onne
tions passing through routers employing a
tive queue management (AQM).Some papers (for e.g., [13℄, [22℄ and [30℄) have proposed modi�
ations to extant AQMme
hanisms like RED whereas others (for e.g, [14℄, [21℄, [22℄, [23℄, [28℄ and [29℄), fo
us onan analysis of RED and its intera
tion with TCP. Misra et al:[29℄ is 
losest to our work.They 
onsider multiple TCP 
onne
tions passing through tandem routers. They use 
uid2



models for the TCP 
onne
tions and assume that loss indi
ations from the network arriveba
k to the sour
e as a Poisson pro
ess. We do not make any spe
ial assumptions onthe loss behavior, ex
ept that the losses are assumed to be only due to the RED dropme
hanism. Also we 
onsider a
tual pa
ket-level behavior instead of 
uid models. Thepapers by Hollot et al: [21℄, [22℄ employ 
ontrol theoreti
 prin
iples in order to analysegeneral AQM s
hemes. Both the papers use a 
uid model. In [23℄, ODE approximationis used as we do in this paper. However, they form a 
uid model and our model is mu
hmore realisti
. Also, they approximate the TCP rate pro
ess with an ODE while we willapproximate the average queue length pro
ess of the RED algorithm by an ODE. Furthermore the stability issue has not been addressed in [23℄.A preliminary version of this paper, without proofs was presented in [37℄. Sin
e then,we have extended this approa
h in various dire
tions. [19℄ analyses the system whenweighted round robin (WRR) s
heduling poli
y is used on the TCP and UDP 
onne
tions.[19℄ and [35℄ also study the system where the UDP streams have priority (preemptive andnon-preemptive) over the TCP 
onne
tions. In the present paper TCP 
onne
tions arepersistent. But, [19℄ and [20℄, extend this approa
h to the system where some of theTCP 
onne
tions may be short lived and they arrive at the system as a Poisson pro
ess.[33℄ des
ribes an approa
h to use this analysis to provide the desired quality of servi
e todi�erent TCP and UDP 
onne
tions.The paper is organised as follows. In se
tion 2 we study a single queue with one or moreTCP 
onne
tions. We des
ribe the model and provide the stability and the performan
eparameters. In se
tion 3 the system involving a tandem of routers is analyzed and all thestability and performan
e results are obtained. Se
tion 4 
ontains simulation results andtheir dis
ussion. The few appendi
es atta
hed provide proofs for the ODE approximationsand also study those ODEs.2 The single queue 
aseThis se
tion studies a single RED 
ontrolled queue shared by one or more TCP sessionsand an exogenous stream. Se
tion 2.1 introdu
es the model, se
tion 2.2 proves the stabilityof the system with and without RED 
ontrol. Se
tion 2.3 
arries out the performan
eanalysis. Se
tion 2.4 analyses the system with multiple TCP 
onne
tions.2.1 The ModelThe basi
 single queue model (see Fig. 1) studied here involves a �nite bu�er outputqueue of a bottlene
k router in the path of a TCP 
onne
tion. An exogenous streamshares the queue with the TCP 
onne
tion. The exogenous stream, whi
h represents thesuperposition of all UDP streams 
oming into the queue, is modeled as an MMPP sour
e.The MMPP model enables us to allow for the variability in the number of 
onne
tions asalso their burstiness. This is a 
ommonly made assumption. The TCP sour
e is assumedto transmit a long �le (e.g., a long FTP session). Both the Reno and the Tahoe versionsof the TCP proto
ol are 
onsidered. The pa
kets of the TCP session arrive at the queuewith a time delay of �1 se
s whi
h in
ludes the propagation and pro
essing delays alongthe path as also the queueing delays in the intermediate nodes (later on we will expli
itly3



study multiple queues). Thus it has a deterministi
 
omponent �01 and a random queue-ing delay 
omponent �001. Be
ause of the queueing at intermediate nodes, the followingrealisti
 assumption will be madeP (interarrival time between two 
onse
utive TCP pa
ketsarriving at the bottlene
k queue > Æ) > pT (1)where Æ and pT are two (small) positive 
onstants. Similarly the a
knowledgments (ACKs)from the destination to the sour
e take �2 se
s time, with �2 = �02 + �002, �02 beingthe deterministi
 
omponent and �002 the random 
omponent. We assume �001 and �002independent of ea
h other and also of all other variables 
onsidered here. For the �nitebu�er queues 
onsidered here, �001 and �002 are both bounded and so are �1 and �2. Forstability arguments we shall assume that the server at the queue serves at a unit rate.The servi
e times (pa
ket lengths) of the TCP and the MMPP streams will be assumedrandom, i.i.d. with general distributions. Let sT and s be generi
 pa
ket lengths of theTCP and the MMPP streams. The queue 
an store upto B bits of data. If a pa
ketarrives and �nds that the queue does not have enough spa
e to store it 
ompletely, it willbe lost. All the pa
kets are served in an FCFS (�rst 
ome �rst serve) fashion. A
tuallyfor stability we need only a work 
onserving dis
ipline.
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ACKsFigure 1: The basi
 modelFor the basi
 model 
onsidered above, let at any time t, wt be the window lengthof the TCP sour
e, vt the workload in the queue, ht the slow start window threshold ofthe TCP sour
e and qTt the number of TCP pa
kets in the queue. Also let tk be thetime the TCP window is updated for the kth time. We denote by (wk; vk; hk; qTk ) thepro
ess (wt; vt; ht; qTt ) at times t+k . Let Wmax be the maximum window size di
tated bythe re
eiver. Then wk � Wmax, vk � B, hk � Wmax and qTk � Wmax. We will showin the next se
tion that the pro
esses f(wk; vk; hk; qTk )g and f(wt; vt; ht; qTt )g have uniquestationary distributions.We brie
y des
ribe here the window 
ontrol me
hanisms of TCP Tahoe and TCPReno. For details, see [40℄.For TCP Tahoe when new data is a
knowledged (new ACKs are re
eived) the senderre
omputes its window size as: 4



wk+1 = wk + 1 if wk < hk (slow start phase)wk+1 = wk + 1=wk if wk � hk (
ongestion avoidan
e phase).If the sender re
eives a dupli
ate ACK, then the window size is not in
reased.When a pa
ket loss is dete
ted (either by the re
eption of 3 dupli
ate ACKs or by atimeout) the sender immediately retransmits the lost pa
ket and setswk+1 = 1, hk+1 = max(wk=2; 2) .TCP Reno is an improved version of TCP Tahoe and follows the window adaptationalgorithm des
ribed below.When a new ACK arrives the window update is done as in Tahoe. When a pa
ketloss o

urs Reno rea
ts to it depending upon whether the loss indi
ation is due to threedupli
ate ACKs re
eived or due to a timeout. When 3 dupli
ate ACKs are re
eived Renosets in motion the fast retransmit and fast re
overy me
hanisms:(1) When the third dupli
ate ACK arrives, sethk+1 = max(wk=2; 2), wk+1 = hk+1 + 3and retransmit the missing pa
ket.(2) Ea
h time an additional dupli
ate ACK arrives (requesting the same pa
ket)wk+1 = wk + 1:and transmit a segment if allowed by the window.If three dupli
ate ACKs do not arrive ba
k at the sour
e by the time the timer timesout wk+1 = 1, hk+1 = 2and reinitiate slow start.The retransmission timeout (RTO) is 
al
ulated dynami
ally based on measurementsof both the mean and the varian
e of the RTT (round trip time) measurements (see [40℄for various s
hemes). Every time a pa
ket is sent a timer waits for the amount of timeequal to the most re
ently updated RTO value for the ACK to 
ome ba
k, before de
idingto retransmit the pa
ket.2.1.1 The RED AlgorithmConsider the queue with a �nite bu�er of size B as in Fig.1. In this se
tion we employthe RED algorithm to 
ontrol the queue. The RED algorithm is explained below.Let qn be the total queue length at the time of the nth pa
ket arrival to the queue.Let bqn be the average queue length (to be de�ned below) at the nth pa
ket arrival. Thenth pa
ket will be dis
arded with probability pn, whi
h depends upon bqn and the pasthistory. By de�ning pn appropriately, the RED algorithm 
ontrols 
ongestion in the routerbefore its queue over
ows. Fix the 
onstants pmax, Tmax and Tmin appropriately su
h that0 � Tmin � Tmax � B. Then pn is de�ned asIf bqn < Tmin, pn = 0, 
n = �1.If bqn > Tmax, pn = 1, 
n = 0.If Tmin � bqn � Tmax, 5




n = 
n�1 + 1,Cn = (Tmax � Tmin)=[ pmax(bqn � Tmin) ℄,pn = 1=(Cn � 
n).With probability pn, dis
ard the pa
ket and set 
n = 0. With probability 1�pn, queuethe pa
ket.The average queue length bqn is de�ned asbqn = (1� �)bqn�1 + �qn, if qn > 0bqn = (1� �)mbqn�1, otherwisewhere m = (idle time during the interarrival time of the nth pa
ket)/�s�s = typi
al transmission time for a small pa
ket.and 0 < � < 1 is an appropriately �xed 
onstant. Typi
ally � is 
hosen relativelysmall, e.g. Floyd and Ja
obson[17℄ propose using � � 0:001 and use � = 0:002 in theirsimulations.In the above algorithm it is possible that pn 
an be
ome negative or greater than 1.In that 
ase we set pn = 0 or 1 as the 
ase may be. Also, it is possible that the algorithmde
ides that an arriving pa
ket should be admitted but the workload ex
eeds B. In that
ase the pa
ket should be dis
arded and we set 
n = 0.2.2 StabilityIn this se
tion we obtain stability results for the models des
ribed in the previous se
tion.In se
tion 2.2.1 we provide stability proofs for the single TCP, single queue 
ase whenthe queue is not RED 
ontrolled. In se
tion 2.2.2 we provide stability proofs for thesystem with RED 
ontrol. Our proofs hold for any work 
onserving queueing dis
ipline.In parti
ular the system with time priority to TCP or UDP is allowed. We 
an also givehigher spa
e priority to the UDP stream (but not to the TCP in following proofs).2.2.1 Stability without RED 
ontrolConsider the 
ase when the bu�er size B (Figure 1) is in�nite. Be
ause there are nopa
ket drops, the window size after some initial 
hange stays 
onstant at Wmax. Thestability of su
h a queueing system with �xed window size sour
e is shown in [8℄, [36℄ andappendix A.In both the theorems below we prove stability when the exogenous stream is Poissonwith rate � and the bu�er is �nite (
an hold B bits at a time). Immediately thereafterwe extend the arguments to the MMPP 
ase. RTO is a random variable whi
h denotesthe generi
 retransmission timeout of a TCP sour
e pa
ket. It is 
hanging with time andwe assume that it is upper bounded by some �xed 
 <1. Be
ause the exogenous streamrepresents the superposition of all other UDP streams 
oming into the queue and be
auseea
h UDP stream 
an have varying pa
ket sizes, the distribution fun
tion of its pa
ketsize 
an be assumed to be absolutely 
ontinuous with respe
t to Lebesgue measure in theinterval [0; �℄ for some �xed � > 0. (It will be espe
ially true for high speed networks). Inthe following we will make a some what weaker assumption.Theorem 1 proves the stability for the Tahoe version while Theorem 2 proves thestability for the Reno version of TCP. The details of these proto
ols are available in [35℄,6
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packets  in  queue  are  flushed  outFigure 2: Diagram illustrating the sequen
e of states in stability proof: of Theorem 1some of whi
h are used in the proof (e.g., exponential ba
k o�). We also obtain the ratesof 
onvergen
e to the stationary distributions.Theorem 1 (Stability for the TCP Tahoe 
ase) Assume(1) the distribution fun
tion of s has an absolutely 
ontinuous 
omponent with respe
tto the Lebesque measure in the interval [0; �℄ for some �xed � > 0,(2) the bu�er size B < 2�0 where �0 = �01 +�02,(3) P [sT � �min℄ > 0 for some �min > 0.Then the pro
esses f(wk; vk; hk; qTk )g and f(wt; vt; ht; qTt )g have unique stationary distri-butions. Also, starting from any arbitrary initial state, these pro
esses 
onverge to theirstationary distributions in total variation.Proof. Whenever (wk; vk; hk; qTk ) = (1; 0; 2; 0) and a TCP pa
ket is transmitted fromthe sour
e and no TCP pa
kets or ACKs are propagating, the system 
an be 
onsidered toregenerate (in fa
t we 
ould require the queue to be empty only when the transmitted TCPpa
ket has propagated for time �0� Æ1 where Æ1 is a �xed small 
onstant de�ned below).Thus if we show that the intervisit time � to this state satis�es E[� ℄ <1, by regenerativepro
ess theory the pro
ess f(wk; vk; hk; qTk )g has a unique stationary distribution �. Also,if we show that � has an aperiodi
 distribution, then this pro
ess 
onverges to � in totalvariation starting from any arbitrary initial state (Asmussen [4℄, Chapter V).We start with showing E[��℄ < 1 for any � > 0. By the geometri
 
oin tossingargument, it is suÆ
ient to show that starting in any arbitrary initial state (w; v; h; q)in a �nite (upper bounded) time the state (1; 0; 2; 0) 
an be rea
hed with a positiveprobability (lower bounded away from zero).Let, at time tk1 , the system be in state (w; v; h; q) (w � 1; v � 0; h � 2; q � 0) andthe sour
e transmits a pa
ket 
alled the tagged pa
ket (in any 
ase within a �nite time� 
 a pa
ket will leave the sour
e). Let Æ1 = Æ=3 (where Æ is de�ned in (1)).In the following, �1 will be any �xed realization of the forward propagation delay. Attime tk1 + �1 � Æ1 let x be the workload in the queue. With probability � pT no otherTCP pa
ket arrives at the queue during time [tk1 +�1� Æ1; tk1+�1℄. If x� Æ1 > B��min(for the 
ase when �min > Æ1) then with probability � P [sT � �min℄:pT > 0 the tagged7



pa
ket is dropped on arrival at the queue. Now assume x � B � (�min � Æ1)+ (for both
ases when �min > Æ1 and �min � Æ1). Choose an integer N0 su
h that B+Æ1N0 < �. Thenby assumptions (1) and (3) the tagged pa
ket gets dis
arded on arrival at the queue withprobability lower bounded byp �= f inf0�x�B�(�min�Æ1)+ P [B � �min � (x� Æ1)+N0 < s � B � (x� Æ1)+N0 ℄gN0 : e��Æ1(�Æ1)N0N0! :P [sT � �min℄ :pT > 0:The se
ond term on the right in the above expression is the probability that N0 > 0exogenous pa
kets arrive to the queue during time [tk1 +�1� Æ1; tk1 +�1℄. The �rst termis a lower bound on the probability that they together o

upy the spa
e in the bu�er su
hthat at time tk1 +�1 the spa
e left is less than �min. The term inside the inf is stri
tlypositive be
ause of (1) and be
ause we have 
hosen N0 large enough that B+Æ1N0 < �, andthe inf is also stri
tly positive be
ause by assumption (1) we are taking in�mum of astri
tly positive 
ontinuous fun
tion on a 
ompa
t set.Thus within a �nite time (upper bounded by the retransmission timeout of the taggedpa
ket denoted by RTOT � 
), say at time tk2, 3 dupli
ate ACKs arrive at the sour
e ora timeout o

urs (whi
hever is smaller) and the system state be
omes (1; v2; max(wt�k22 ; 2);q2) for some v2 � 0 and q2 � 0. It is possible that wt�k2 > w be
ause of su

essfultransmissions before the tagged pa
ket during time [tk1 ; tk2 ℄. In the mean time, be
ause ofsu

essful pa
ket transmissions before the tagged pa
ket, RTO 
ould have been updatedto RTOT 0. Due to exponential ba
ko�, the RTO for the tagged pa
ket now be
omes2RTOT 0. The tagged pa
ket is immediately retransmitted. The retransmitted taggedpa
ket on arrival at the queue after time �1, will again be lost with a probability � p.Thus, after time 2RTOT 0 � 
 (timeout o

urs), the system goes to state (1; v3; 2; 0) (attime say tk3), for some v3 � 0, with probability � p. TCP pa
kets get 
ushed out of thebu�er be
ause of assumption (2) and be
ause RTOT 0 � �0. The tagged pa
ket (RTOis now 4RTOT 0 (exponential ba
ko�)) is again retransmitted and with a probability � pis lost. Also with probability e��(4RTOT 0��1) � e��(
��01) no exogenous stream arrivalo

urs in time 4RTOT 0 ��1. Thus by assumption (2), after time 4RTOT 0 � 
 we rea
hthe state (1; 0; 2; 0) from (1; v3; 2; 0) with probability � e��(
��01)p (exogenous pa
kets are
ushed out of the bu�er be
ause of assumption (2) and be
ause RTOT 0 � �0). Thuswe have shown that starting from any initial state (w; v; h; q) in a �nite upper boundedtime (� 3Wmax) we 
an obtain a regeneration with a positive (bounded away from zero)probability. Therefore, by a geometri
 
oin tossing argument, we obtain E[e�� ℄ < 1 forsome � > 0.Next we show the aperiodi
ity of the distribution of � . Spe
i�
ally, we show that withpositive probability we 
an rea
h (1; 0; 2; 0) starting from (1; 0; 2; 0) within any numberof steps � 3. We have shown above that, starting from (1; 0; 2; 0) we 
an rea
h the samestate in three steps with a positive probability. Arguments for the other 
ases (say forfour steps) are exa
tly similar.Next let us 
onsider the 
ontinuous time pro
ess f(wt; vt; ht; qTt )g. Sin
e the delays �1,�2 and the RTT, RTO involved in the system are upper bounded, and the queueing delayin the queue is � B, tk+1 � tk is upper bounded as well. Therefore, taking the renewalepo
hs of f(wk; vk; hk; qTk )g as the renewal epo
hs of f(wt; vt; ht; qTt )g also, the regeneration8
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Figure 3: Diagram illustrating the sequen
e of states in stability proof of Theorem 2length b� for this pro
ess also satis�es E[e�0� ℄ < 1 for some �0 > 0. Also, we have seenabove that a regeneration length involves several interarrival times of the exogenous stream(whi
h has exponential distribution). Thus b� has a spreadout distribution. Hen
e fromAsmussen[4℄, p.126, we obtain a unique stationary distribution b�. The 
onvergen
e to b�,starting from any initial 
onditions, also holds. 2Next 
onsider the generalization when the stream 2 is an MMPP with the modulating
hain fytg a �nite state irredu
ible Markov 
hain. This implies that the probabilityPt(i; i0) of the event that yt rea
hes from any state i to any other state i0 in time t ispositive for all i and t > 0. When yt = i, the instantaneous arrival rate for stream2 is denoted by �i. Assume that �i > 0 at least for some state i. Fix a state i0 ofyt. Let yk = ytk . Then the pro
ess f(wk; vk; hk; qTk ; yk)g has a regeneration whenever itrea
hes (1; 0; 2; 0; i0). Consider the epo
h tk of f(wk; vk; hk; qTk )g when the pro
ess rea
hes(1; 0; 2; 0). Then as mentioned above irrespe
tive of the state ytk we 
an ensure ytk+Æ = i0with a positive probability for an arbitrarily small �xed 
onstant Æ > 0 and that noexogenous arrivals o

ur during time [tk; tk+ Æ℄. Su
h an epo
h tk+ Æ 
an be taken as theregeneration epo
h for the pro
ess (wk; vk; hk; qTk ; yk). This provides us with the �nitenessof the �th moment of the regeneration length of the pro
ess (wk; vk; hk; qTk ; yk) for any� > 0. Similarly we 
an obtain the result for the 
ontinuous time pro
ess.From Kalashnikov[24℄, E[e�� ℄ < 1 for some � > 0 provides us with the rate of
onvergen
e supA ���P [(wk; vk; hk; qTk ) 2 A℄� �(A)��� < 
:e�k�� (2)where � is the unique stationary distribution of the pro
ess and 
 and �� are some positive
onstants. Also sin
e all the 
omponents of the pro
ess are bounded, we obtain a Fun
-tional Central Limit Theorem (FCLT) and other strong limit theorems (see Sharma[34℄).Similarly, we also obtain the rate of 
onvergen
e (2) and the FCLT for the 
ontinuoustime pro
ess.Theorem 2 (Stability for the TCP Reno 
ase) Under assumptions (1) and (3) ofTheorem 1 and the assumption(20) B < �0 where �0 = �01 +�02, 9



the pro
esses f(wk; vk; hk; qTk )g and f(w(t); vt; ht; qTt )g have unique stationary distribu-tions. Also, starting from any arbitrary initial state, these pro
esses 
onverge to theirstationary distributions in total variation.Proof. As for the TCP Tahoe 
ase we show here that starting in any arbitrary initialstate (w; v; h; q) in a �nite upper bounded time the state (1; 0; 2; 0) 
an be rea
hed witha positive probability.As in Theorem 1 we 
onsider an epo
h in the system evolution, tk1 , when the systemis in state (w; v; h; q). The 
ase when w = 1 
an be easily argued following the lines ofreasoning in Tahoe (with a window size of 1). We now 
onsider the 
ase when w > 1. TheTCP sour
e transmits a tagged pa
ket whi
h arrives at the queue �1 se
s later. With aprobability � p (just as in arguments for the TCP Tahoe 
ase) this pa
ket on arrival seesthe bu�er full and is lost. Within a �nite time (upper bounded by RTOT � 
) we eitherget 3 dupli
ate ACKs for the tagged pa
ket or a timeout o

urs. If a timeout o

urs,after time RTOT , the system rea
hes the state (1; v2; max(wt�k2=2; 2); q2) where v2 � 0and q2 � 0. Then by arguing as we have been doing for Tahoe (with a window size of 1)we 
an ensure that we rea
h the state (1; 0; 2; 0) within a �nite upper bounded time witha positive probability.If 3 dupli
ate ACKs are re
eived at the sour
e, at time say tk2 , we rea
h the state(h2 + 3; v2; h2; q2) where v2 � 0, q2 � 0 and h2 = max(wt�k2=2; 2). It is possible thatwt�k2 > w be
ause of su

essful transmissions before the tagged pa
ket during time [tk1 ; tk2℄.The TCP sour
e retransmits the tagged pa
ket (the RTO of the tagged pa
ket is nowRTOT 0) whi
h sees a full bu�er with a probability � p and again gets lost. We des
ribenow the general sequen
e of events that take pla
e in the RTO period (RTOT 0) of thetagged pa
ket a

ording to the Reno algorithm. With additional dupli
ate ACKs for thesame segment (owing to pa
kets and ACKs in the round trip pipe and in the queue),the 
ongestion window in
reases by 1 per additional dupli
ate ACK re
eived for t > tk2.When the 
ongestion window regains its original value, wt�k2 , and in
reases beyond, newerpa
kets are transmitted by the sour
e (the number of su
h pa
kets is � wt�k2 � Wmax,being limited by the number of additional dupli
ate ACKs re
eived) and with the samepositive probability (� p as above) ea
h su
h pa
ket is lost. At the queue, the interarrivaltime between these pa
kets is at least Æ with probability� pT , and by 
hoosing Æ1 as in thearguments for Tahoe, the stated lower bound probabilities 
an be obtained. Then on
etime out o

urs, say at time tk3 , we rea
h the state (1; v3; max(wt�k3=2; 2); 0) (where v3 � 0)(TCP pa
kets are 
ushed out by assumption (20) and be
ause RTOT 0 � �0) and slow startis initiated. Thus from state (h2 + 3; v2; h2; q2) we rea
h state (1; v3; max(wt�k3=2; 2); 0)within time RTOT 0 � 
 with probability � pwt�k2 : p � pWmax+1. At tk3, the TCP sour
eretransmits the tagged pa
ket (RTO is now 2RTOT 0). With probability � p this pa
keton arrival at the queue also gets lost. With a probability e��(2RTOT 0��1) � e��(
��01) noarrival o

urs from the exogenous stream in time 2RTOT 0 � �1. Using assumption (20)(exogenous stream pa
kets are 
ushed out of the bu�er), with probability � e��(
��01)pwe rea
h the state (1; 0; 2; 0) (starting from the state (1; v3; max(wt�k3=2; 2); 0) after thetimer times out.Aperiodi
ity arguments are exa
tly the same as for the TCP Tahoe 
ase. The argu-10



ments for the 
ontinuous time pro
ess f(wt; vt; ht; qTt )g are also the same as for the Tahoe
ase. 2The generalization to the 
ase when the input traÆ
 is MMPP is handled the sameway as for Tahoe. The rates of 
onvergen
e to the stationary distribution for the pro
essesf(wk; vk; hk; qTk )g and f(wt; vt; ht; qTt )g hold as in Tahoe.2.2.2 Stability with RED 
ontrolIn this se
tion we show the stability of the system in Fig.1 when the queue is RED
ontrolled. We assume that there are no pa
kets lost ex
ept when allowed by RED. We
onsider the pro
ess f(wk; vk; hk; qTk ; bqk; 
k)g at times tk (there is a slight abuse of notationas 
ompared to se
tion 2.2.1 where bqn and 
n were at nth arrival epo
h to the queue).We showed in se
tion 2:2:1 that intervisit times to the epo
hs when f(wk; vk; hk; qTk )gvisits state (1; 0; 2; 0) and a TCP pa
ket is being transmitted from the sour
e and noTCP pa
kets and ACKs are propagating, has �nite moments. Now we 
onsider theintervisit times to the epo
hs when f(wk; vk; hk; qTk ; bqk; 
k)g visits state (1; 0; 2; 0; 0;�1)and a TCP pa
ket is being transmitted from the sour
e and no TCP pa
kets and ACKsare propagating.Let the pro
ess be in state (1; 0; 2; 0; bq; 
) at time t0 = 0, where bq, 
 are any permissiblevalues. We show that state (1; 0; 2; 0; 0;�1) will be visited in a �nite (upper bounded) timewith a positive probability (lower bounded away from 0). A TCP pa
ket is transmittedby the sour
e. If no stream 2 pa
ket arrives, this pa
ket will rea
h the queue at time �1,will be transmitted (with probability 1 � p(bq)) and its ACK rea
hes the sour
e at time�1 + �� + �2, where �� was its pa
ket size. During this 
y
le time, the idle time in thequeue was �1+�2 and hen
e the average queue length be
omes (1� �)�1=�s(1� �)�2=�sbq �(1� �)�01=�s(1� �)�02=�sbq, where �s is the transmission time of a small pa
ket. This eventhappens with a positive probability. During the next 
y
le, two TCP pa
kets are sent andin this 
y
le again �1 +�2 is the idle time (if no stream 2 pa
ket arrives) and hen
e theaverage queue length de
reases again. Thus, with a positive probability, for reasonablylarge values of �01 and �02 (and hen
e �1 and �2) 
ompared with �s, in a few 
y
les, bqk 
anbe made smaller than � > 0 where � is an appropriately small 
onstant (sin
e hk = 2 andwe will be in 
ongestion avoidan
e mode this event be
omes more likely). Then we de
larethat bqk = 0 (this will happen in a pra
ti
al system due to �nite pre
ision arithmeti
) and
k = �1. But now wk would have in
reased. Thus with a positive probability, within afew 
y
les we 
an rea
h the state (w; 0; 2; 0; 0;�1) for some w > 1.We now provide arguments when the sour
e implements TCP Tahoe. When the next(tagged) TCP pa
ket rea
hes the queue, with a positive probability the queue is full (withstream 2 pa
kets) and that TCP pa
ket is dropped. This makes wk = 1, vk = v, qTk = q(for some v � 0, q � 0) on
e 3 dupli
ate ACKs 
ome ba
k or a timeout o

urs (whi
hevero

urs earlier). Thereafter, if the tagged pa
ket is dropped on su

essive retransmissions(this happens with a positive probability), then reasoning as in Theorem 1 after oneor two retransmissions the system state will be (1; 0; 2; 0; 0;�1). Sin
e � is small, this
an be ensured with a small in
rease in bqk whi
h may be
ome less than � with someidle time in the 
y
le. Thus with a positive probability (lower bounded away from zero,11



independently of bq, 
) the system 
an rea
h (1; 0; 2; 0; 0;�1) from any state (1; 0; 2; 0; bq; 
)in a �nite (upper bounded) time.Now let's 
onsider the 
ase when the sour
e implements TCP Reno. A (tagged)TCP pa
ket is transmitted and on
e it rea
hes the queue it is dropped with a positiveprobability. Then on
e the next update o

urs, wk = 1 or wk = h + 3 depending uponwhether timeout o

urs or 3 dupli
ate ACKs arrive at the sour
e (h = max(w0=2; 2) wherew0 is the window size just before 3 dupli
ate ACKs are re
eived). As in the TCP Tahoe
ase, vk = v, qTk = q (for some v � 0, q � 0). Then if the tagged pa
ket is dropped onsu

essive retransmissions (this happens with a positive probability), and reasoning as inTheorem 2 after a few retransmissions the system state will be (1; 0; 2; 0; 0;�1). And asbefore if � is small, this 
an be ensured with a small in
rease in bqk whi
h may be
omeless than � with some idle time in the 
y
le. Thus with a positive probability (lowerbounded away from zero, independently of bq, 
) the system 
an rea
h (1; 0; 2; 0; 0;�1)from any state (1; 0; 2; 0; bq; 
) in a �nite upper bounded time. This provides the �nitenessof moments of regeneration length for this pro
ess.The exponential ba
ko� strategy for the retransmission times doubles the RTO every-time pa
kets are retransmitted after timeouts. This in
reases the idle times in one RTOand hen
e in
reases the rate of de
rease of bq in one 
y
le in the above argument.2.3 Performan
e analysisComputing performan
e indi
es for the system in Fig. 1 is very expensive. From Sharmaet al.[38℄ we know that the same is true for a RED 
ontrolled queue also. Therefore,
omputing the performan
e of a TCP 
onne
tion with a RED 
ontrol is rather morediÆ
ult. However Sharma et al.[38℄ have obtained approximations for a RED 
ontrolledqueue whi
h are far more amenable to 
omputation. We use a similar approa
h here.The basi
 idea in this approximation is to realise that the pro
ess f
qng evolves mu
hmore slowly (be
ause of the small � used in pra
ti
al systems) as 
ompared to the other
omponents (wk; vk; hk; qTk ; 
k). When bqn � bq � Tmin, then the fa
t that the systemis stable (has a stationary distribution) is shown in [36℄ and [8℄ for propagation delay� = 0 ms. When bqn � bq > Tmin, then every pa
ket (TCP or UDP) entering the queuegets dropped with probability p(bq) (a

ording to the RED algorithm). Then similararguments as in Theorems 1 and 2 show that the system pro
esses f(wk; vk; hk; qTk )gand f(wt; vt; ht; qTt )g have unique (quasi)stationary distributions. We do not need theassumptions (1) - (3) (or (1), (20), (3)) of the Theorems 1 and 2 in order to show this(for both TCP Tahoe and Reno). This is be
ause the events mentioned in the proofs ofTheorems 1 and 2 for regenerations to o

ur, now o

ur be
ause TCP pa
kets are gettinglost with probability p(q). Therefore, if we 
an approximately study the evolution of f
qng,then we 
an obtain the (quasi)stationary distributions of the other 
omponents at thattime. We will observe that this de
omposition of the system redu
es the 
omplexity ofobtaining the performan
e measures substantially. In se
tion 4 we will verify the a

ura
yof this approa
h via simulations.In se
tion 2:3:1 we study the ODE approximation of the pro
ess fbqng for the singlequeue. For solving the ODE we will need E�[qjq̂℄, the quasistationary mean of q (totalqueue length) given bqn � bq. Therefore, we obtain approximations for E�[qjq̂℄ also. In the12



pro
ess we will also obtain the other quasistationary quantities of interest. The resultsare extended to the 
ase of multiple TCP sessions in se
tion 2:3:2.2.3.1 The ODE approximationWe study the evolution of the pro
ess fbqng by approximating it by an ODE. If we ignorethe possibility of qn = 0, the pro
ess evolves asbqn+1 = bqn + �(qn+1 � bqn): (3)Sin
e the RED 
ontrol will be e�e
tive only when the in
oming traÆ
 intensity is high,ignoring qn = 0 will not have mu
h impa
t on the system dynami
s under this 
ondition.Taking expe
tations under stationarity in (3) we obtain E�[bq�℄ = E�[q℄ where � representsthe stationary distribution at an arrival instant.De�ne the pro
ess fbz�t ; t � 0g asbz�t = bqb t�
; bz�0 = bqo: (4)We show in appendix A (under some 
onditions) that as � # 0 for any 0 < T <1,sup0�t�T ���bz�t � zt��� P�! 0 (5)( P�! denotes 
onvergen
e in probability) where fzt; t � 0g is the solution of the ODEdztdt = E�[qjzt℄� zt; z0 = bqo = a (6)where E�[qjzt℄ is the (quasi)stationary mean of the pro
ess fqng when bqn � zt. Sin
e inpra
ti
al systems � used is small, fztg thus obtained 
an provide a useful approximation.By the boundedness of bz�t , (5) implies the 
onvergen
e of all moments of bz�t to thatof zt. In parti
ular it implies that var(bz�t ) �! 0 as � # 0 for any t � 0. The followinguseful results 
an also be obtained. Let ��min and ��max be the �rst time fbq�ng rea
hesTmin and Tmax. These are important epo
hs in the sense that ��min tells the time thequeue is entering the mild 
ongestion region. From (5) we also obtain ��min P�! bTmin and��max P�! bTmax whenever Tmin and bTmax are �nite where bTmin and bTmax are the epo
hswhen zt rea
hes Tmin and Tmax respe
tively.This motivates us to obtain the solution of the ODE (6). In the appendix we showthat (6) has a unique, bounded, 
ontinuous solution, extendable to in�nity for all initial
onditions 0 � a � Tmax. Also, we show that (6) has a unique global attra
tor q�, whi
h
an be easily obtained by either iteratively �nding the zero of the right side of (6) or bynumeri
ally �nding the solution of the ODE until it rea
hes the attra
tor (approximately).To obtain the solution of (6) for any initial a, we 
an use standard numeri
al te
hniquesif we know E�[qjzt℄ for all 0 � zt � Tmax. Below we will approximately obtain E�[qjzt℄.The a

ura
y of the solution so obtained will be veri�ed via simulations in se
tion 4.Furthermore, if a < Tmin then until zt rea
hes Tmin, E�[qjzt℄ is independent of zt (=E�[q℄say) and the solution of the ODE simply be
omeszt = ae�t + E�[q℄(1� e�t): (7)13



If a < Tmin and E�[q℄ < Tmin then this solution is valid for all t.Next we explain how to approximate the stationary distribution and moments of thesystem parameters via the solution of (6). Let bq� denote fbq�ng under stationarity. Inappendix B we show that bq� 
onverges in distribution to q� as � # 0. Also, sin
e bq� isbounded, this implies E[(bq�)�℄ �! (q�)� for any � > 0. Thus for small �, E[q�℄ 
an beapproximated by q� whi
h is mu
h easier to 
ompute. Similarly, one 
an approximate thestationary distribution of (w�n; vTn ; h�n; qT;�n ; 
�n) with the stationary distribution 
onditionedon bq� = q�. From this one 
an also 
ompute the stationary distribution of pa
ket loss.2.3.2 Quasistationary momentsAs mentioned earlier, the pro
ess fbqng 
hanges very slowly as 
ompared to the other
omponents of the pro
ess. Thus if bqn = bq then the other faster moving 
omponentsattain a (quasi) stationarity dependent upon bq. In this se
tion we obtain approximationsfor the moments of these quasistationary quantities. In the pro
ess we will also obtainE�[qjbq℄ for di�erent values of bq whi
h will be used in the ODE (6).In what follows we assume that any pa
ket loss is due to RED 
ontrol and not due tobu�er over
ow. If Tmax is relatively small as 
ompared to the bu�er size, it is a realisti
assumption. Next, we ignore the dynami
s of 
n in the RED algorithm and 
ompute p(bq)as the probability of dis
arding a pa
ket when bqn = bq , by taking 
n = 0. This simpli�esthe analysis and as our simulation results will indi
ate, does not a�e
t the performan
emu
h. In the rest of the paper also, ex
ept for the stability result, we will ignore the 
ndynami
s. When bq < Tmin, there is no pa
ket loss. Sin
e bqn is slowly 
hanging, if bqo issmall 
ompared to Tmin, fbqng will spend a signi�
ant amount of time below Tmin. Thus,we �rst study the system dynami
s in this region.We will assume that the maximum TCP window size Wmax allowed by the re
eiver islarge enough su
h that the TCP sour
e 
an �ll up the propagation pipe if needed (a
tuallywhen there is a pa
ket loss, a rough 
ondition for this is E[W ℄ > E[�℄(1��)=E[sT ℄ whereE[W ℄ is the mean window size when the queue drops pa
kets with a 
ertain probability,� = �1 + �2 and � is the exogenous traÆ
 intensity). In fa
t this is re
ommended inpra
ti
e so that link utilization is good enough. When bqn < Tmin, after some initial 
hange,the window size will stay 
onstant at Wmax. Let E�[q℄, E�[qT ℄ denote the mean queuelength and the mean number of TCP pa
kets in the queue under the (quasi)stationarydistribution. Let E�[VT ℄ be the mean sojourn time of the TCP pa
kets in the queue and�T the TCP goodput. Then by applying Little's law to the TCP stream of pa
kets in thequeue, �TE�[VT ℄ = E�[qT ℄: (8)Similarly by applying Little's law on the propagation pipe (in the ba
kward and theforward dire
tion) and observing that the rate at whi
h ACKs are generated from there
eiver is same as �T (sin
e there is no pa
ket loss),�TE[�℄ =Wmax � E�[qT ℄: (9)Furthermore, the window size being 
onstant, if the exogenous traÆ
 is Poisson, and weassume FIFO dis
ipline, for � = 0 we are in the framework of Boxma and Cohen[8℄and Sharma and Mazumdar[36℄. Sin
e the result is 
entral to our approa
h, we have14



provided it in the generality of multiple TCPs in appendix A. Then (see e.g. [8℄, (2:14)and appendix A) E�[q℄ = (1 + E[Y ℄)Wmax;E�[VT ℄ = E�[qT ℄E[sT ℄ + �E�[qT ℄E[sT ℄ E[s℄1� �E[s℄ (10)where Y is the number of pa
kets served in a busy period of an M/G/1 queue withPoisson arrivals with rate �, servi
e times i.i.d. with the distribution of the exogenouspa
ket lengths and the initial workload in the queue equal to that of one TCP pa
ket.Thus E[Y ℄ = �E[sT ℄1� �E[s℄ : (11)Solving (7)-(10) we obtain �T , E�[qT ℄, E�[q℄ and E�[VT ℄. Expli
ilty, �T = (1 ��E[s℄)=E[sT ℄. Even though E�[q℄ obtained in (10) is the mean queue length seen byan arriving TCP pa
ket, we take this as an approximation for mean time stationaryqueue length also.When � > 0 (with a positive probability), we use the expression in (10) to 
omputeE�[q℄ but repla
e Wmax with E�[qT ℄. This approximation is reasonable in view of theanalysis in Sharma and Mazumdar[36℄. The intuition behind it is that if Wmax is rea-sonably large then there will be enough ACKs and TCP pa
kets propagating su
h thatwithin a short time of a TCP pa
ket leaving the queue, a TCP pa
ket enters the queue.Thus, we 
ould think of the system without propagation delays but with �xed windowsize equal to E�[qT ℄. We will see in se
tion 4 that the simulations support this idea.Next 
onsider the 
ase when bq > Tmin. Then the probability of dis
arding a pa
ket isp(bq). The pa
kets are dis
arded independently of ea
h other. Thus, the pro
ess f(wk; hk)gnow depends only on p(bq) and is independent of the queue dynami
s as long as the TCPtimers do not timeout very frequently. Thus, using the results of Padhye et al.[31℄, we ob-tain the mean window size E[W ℄ = min(Wmax; 1 +p(8(1� p(bq))=3p(bq) + 1)). Repla
ingWmax with E[W ℄ in (9), (10) and �E[sT ℄ with 1� �(1� p(bq)) we obtain approximationsfor E[VT ℄ and E�[qjbq℄ when bq > Tmin for both � = 0 and for � > 0.We have used the approximation that the TCP pa
kets 
an �ll the propagation pipe.We will see in se
tion 4 that if this assumption is satis�ed, the quasistationary momentsobtained above provide a

eptable a

ura
y and in fa
t the ODE obtained via them isalso quite a

urate.If the exogenous arrival stream is an MMPP we use the above equations but repla
ethe external arrival rate � by E�[�℄, the time average arrival rate for the MMPP stream.Of 
ourse Little's law still holds but, unlike for the Poisson stream, we do not have arigorous justi�
ation for (10). However a proof of (10) for MMPP 
an be 
arried out ifwe ignore 
ertain dependen
ies introdu
ed by the Markov modulated arrival rates. In these
tion on simulations we will see that the approximation works well for some 
ases.2.4 Multiple TCP 
onne
tionsIn this se
tion we extend all the results provided so far for the system with one TCP
onne
tion to the system in whi
h N TCP 
onne
tions pass through the queue (see Fig.15



4). TCP pa
kets of user i experien
e a total propagation delay of �i. The pro
ess(wk; hk; qTk ) for user i will be denoted by (wk(i); hk(i); qTk (i)). The maximum windowsize for 
onne
tion i is Wmax(i). A generi
 servi
e time of pa
kets of 
onne
tion i willbe denoted by sT (i) while that of the exogenous stream will be denoted by s. Ourpresentation of stability arguments as well as of performan
e analysis will be brief and weonly point out the 
hanges required in the arguments for the single TCP 
ase.First we 
onsider the stability of the system. When the bu�er size is in�nite, thestability of the system 
an be shown as in the one TCP 
ase. When the bu�er size is �nite(B bits), we illustrate the proof for the 
ase when two TCP 
onne
tions share a bottlene
kqueue. Then the state of the system will be (wt(1); vt; ht(1), qTt (1); wt(2); ht(2); qTt (2)). Lettk be the time when the kth updation of a TCP sour
e window size (of any of the twosour
es) takes pla
e, and let (wk(1); vk; hk(1); qTk (1); wk(2); hk(2); qTk (2)) be the state ofthe system at t = t+k . We assume that the total propagation delay �i = �i1 + �i2 fori = 1; 2, and where �ij = �0ij + �00ij, for i = 1; 2, j = 1; 2. �0ij is the deterministi

omponent of the delay and �00ij is the random (queueing at other nonbottlene
k queuesand pro
essing delays) 
omponent of the delay. �00ij, for j = 1; 2 are assumed to havedensity fun
tions. Then, between any two 
onse
utive TCP pa
kets (of either sour
e)arriving at the queue, there is a time gap of Æ > 0 with probability pT > 0. We alsomake assumptions for the system as in Theorems 1, 2. Then, using arguments exa
tlyas in Theorems 1 and 2 (for TCP Tahoe and Reno), a tagged pa
ket from ea
h of thetwo TCP sour
es 
an be su

essively dropped on arrival at the queue so that startingfrom any arbitrary state (w1; v; h1; q1; w2; h2; q2) we 
an rea
h the state (1; 0; 2; 0; 1; 2; 0)in a �nite upper bounded time with a positive probability (lower bounded away fromzero). This ensures the boundedness of moments of the interregeneration time of thepro
ess (wk(1); vk; hk(1); qTk (1); wk(2); hk(2); qTk (2)) to the state (1; 0; 2; 0; 1; 2; 0). Also, asin se
tion 2:2:2, we 
an show the stability of the system with two TCP 
onne
tions sharinga RED 
ontrolled queue with an exogenous stream.Next, we 
onsider the (quasi)stationary stability of the system with RED 
ontrol.Again, we 
onsider the 
ase when there are two TCP 
onne
tions. When bqn � bq � Tmin,no pa
ket is dropped. Thus all TCP windows sizes in
rease to the maximum lengths andstay there. Then from appendix A, the (quasi)stationary stability of the system 
an beobtained. When bqn � bq > Tmin, every pa
ket (TCP or UDP) entering the queue getsdropped with probability p(bq). Visits to the state (1; 0; 2; 0; 1; 2; 0), with no TCP pa
k-ets/ACKs propagating and a pa
ket leaving a TCP sour
e, serve as regeneration epo
hs forthe system. Using arguments very similar to those in Theorems 1 and 2 (and hen
e not re-produ
ed here), we 
an show that the pro
esses (wt(1); vt; ht(1), qTt (1); wt(2); ht(2); qTt (2))and (wk(1); vk; hk(1); qTk (1); wk(2), hk(2); qTk (2)) have unique (quasi) stationary distribu-tions (for both TCP Tahoe and Reno). We do not need the assumptions (1) - (3), ((1),(20), (3)) of the two theorems in the proofs.Next we 
onsider the ODE approximation; spe
i�
ally the 
onvergen
e of the pro
essbz�t to zt. The proof supplied in appendix B for the single TCP 
ase holds with the followingminor 
hanges. Now the state spa
e of the pro
ess should indi
ate for ea
h pa
ket in thequeue the stream to whi
h it belongs. Similarly one should indi
ate the stream of ea
hpa
ket arriving to the queue. For a �xed bq the pro
ess f��ng (de�ned in appendix B) soobtained is again an irredu
ible, �nite state Markov 
hain. Thus all the arguments as forthe 
ase of the single TCP 
onne
tion hold verbatim. Also it will be
ome obvious from16
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asethe dis
ussion below, that the arguments for the existen
e and uniqueness of the solutionof the ODE and uniqueness of the global attra
tor remain the same.Next we obtain the quasistationary moments for the system. First 
onsider the 
asewhen � = 0 and bq < Tmin. Then, from Appendix A, for 
onstant window sizes we get,approximately, E�[qjbq℄ = NXi=1 (1 + E[Y (i)℄)Wmax(i) (12)where Y (i) is the number of pa
kets served in a busy period in an M/GI/1 queue with thearrival rate �, the servi
e times i.i.d. with the distribution of s and the initial workloadof sT (i). Therefore, E[Y (i)℄ = �E[sT (i)℄1� �E[s℄ : (13)Also the mean sojourn time of pa
kets of the ith TCP 
onne
tion isE�[VT (i)℄ = Wmax(i)E[sT (i)℄ +Xj 6=iWmax(j)E[sT (j)℄ + �Xj Wmax(j)E[(sT (j)℄1� �E[s℄ E[s℄: (14)The approximation involved in (12) is that, we may require time stationary mean E�[qjbq℄while (12) is the exa
t mean queue length seen by a TCP pa
ket arriving at the queue.Using Little's law for individual 
onne
tions separately,�T (i) = Wmax(i)E[VT (i)℄ : (15)From (12), (13) and (14) we obtain E�[qjbq℄, E�[VT (i)℄ and �T (i), the main performan
eindi
es. Of 
ourse, now the mean waiting time of the exogenous stream 
an also beobtained by applying Little's law on the overall traÆ
.For bq > Tmin, � = 0, repla
e Wmax(i) in the above equations by E[W (i)℄, obtainedfor TCP 
onne
tion i via Padhye's approximation (applied to the ith 
onne
tion withprobability of pa
ket loss p(bq). 17



Next 
onsider the 
ase of � > 0, bq < Tmin. Now some of the TCP pa
kets/ACKs 
anbe propagating in the links. Using Little's law for ea
h 
onne
tion on the queue,�T (i)E[VT (i)℄ = E[qT (i)℄: (16)Again using Little's law for ea
h 
onne
tion on the pa
kets/ACKs propagating in thepipe, �T (i)E[�i℄ =Wmax(i)� E[qT (i)℄: (17)We further use the approximation (based on (12) and (13))E�[qjbq℄ = PNi=1 (1 + E[Y (i)℄)E[qT (i)℄.and 
orresponding to (14) where Wmax(i) is repla
ed by E[qT (i)℄ to obtainE�[VT (i)℄ = Pj E[qT (j)℄E(sT (j)℄1� � (18)These equations 
an be solved to obtain E�[qjbq℄, E�[VT (i)℄ and �T (i) and then we 
analso obtain the mean waiting time of the exogenous stream as before.When � > 0, bq � Tmin, we should repla
e Wmax(i) in (16)-(18) by E[W (i)℄, usingPadhye's approximation. Now one more 
hange is required be
ause the TCP throughputand goodput are not the same anymore. Letting �0T (i) denote the goodput, if p(bq) is theprobabilty of loss, �0T (i) = �T (i)(1� p(bq)). We need to use �0T (i) instead of �T (i) in (16)(sin
e we have assumed propagation delay only in the reverse dire
tion). If we have �1propagation delay in the forward dire
tion (i.e, before the queue) and �2 in the reversedire
tion then we will need Little's law in both the propagation pipes (if p(bq) is not verysmall) and use �T (i) in the forward dire
tion and �0T (i) in the reverse dire
tion.3 The multiple router 
aseIn this se
tion we extend the stability and performan
e analysis results of se
tion 2 tothe 
ase where the TCP 
onne
tions pass through several routers. The queues on theserouters will have exogenous traÆ
 also. The routers employ RED 
ontrol. This is amore typi
al situation in a network. However the analysis be
omes harder. Thus we willrely more on approximations in this se
tion. For those approximations we will providethe intuition and �nally we will verify their a

ura
y through the simulations providedin se
tion 4. For a system where a TCP 
onne
tion passes through a tandem of RED
ontrolled queues, we present the stability analysis in se
tion 3:1 and the performan
eanalysis in se
tion 3:2. Our approa
h 
an be extended to the system with multiple TCP
onne
tions passing through multiple routers. However just as in usual queueing systems,one needs to analyse ea
h system separately. As an example, in se
tion 3:3 we present aparti
ular 
ase study. In all the 
ases 
onsidered we will provide our analysis for the twoqueue 
ase. Extension of the ideas for more than two queues will be obvious.Consider the system shown in Figure 5. The exogenous stream to Qi, i = 1; 2, is aPoisson pro
ess with rate �i. The exogenous stream i enters Qi and leaves the system ondeparture from the queue. The TCP stream enters Q1 and on departure from it enters18
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Figure 6: Diagram illustrating the sequen
e of states in stability proof of Theorem 3Q2. On su

essful transmission through Q2, an ACK is sent ba
k to the TCP sour
e.The delay of the path is � = �1 + �2, where, as in se
tion 2, both �1 and �2 havedeterministi
 
omponents �01 and �02 and random queueing delay 
omponents �001 and�002. Also, as in se
tion 2, be
ause of the queueing at intermediate nodes, the interarrivaltime at the �rst queue between two 
onse
utive TCP pa
kets > Æ (where Æ is a smallpositive 
onstant) with a positive probability pT . Ea
h queue employs RED 
ontrol. Thepro
esses vk; qTk ; 
k; bqk 
orresponding to Qi will be denoted by vk(i); qTk (i); 
k(i); bqk(i). Thegeneri
 servi
e time of a TCP pa
ket is denoted by sT whereas the servi
e times of apa
ket of the exogenous sour
es 1 and 2 are respe
tively s(1) and s(2). The assumptionson the retransmission timeout period (RTO) of the TCP sour
e are exa
tly the same asfor the single queue 
ase.3.1 Stability AnalysisTheorem 3 (Stability for the TCP Tahoe 
ase) Assume(1) the distribution fun
tion of s(1) is absolutely 
ontinuous in [0; �℄ for some �xed� > 0,(2) B1 +B2 < 2�0 where �0 = �01 +�02,19



(3) P [sT � �min℄ > 0 for some �min > 0.Then the pro
esses f(wk; vk(1); vk(2); hk; qTk (1); qTk (2))g and f(wt; vt(1); vt(2); ht; qTt (1); qTt (2))ghave unique stationary distributions. Also, starting from any arbitrary initial state,pro
esses f(wk; vk(1); vk(2); hk; qTk (1); qTk (2))g and f(wt; vt(1); vt(2); ht; qTt (1); qTt (2))g 
on-verge to their stationary distributions in total variation.Proof. Whenever (wk; v1k; v2k; hk; qTk (1); qTk (2)) = (1; 0; 0; 2; 0; 0) the system 
an be
onsidered to regenerate. Thus if we show that the intervisit time � to this state satis�esE[� ℄ <1, by regenerative pro
ess theory the pro
ess has a unique stationary distribution�. Also if we show that � has an aperiodi
 distribution then this pro
ess 
onverges to �in total variation from any arbitrary initial state.We start with showing E[��℄ <1 for any � > 0. By the geometri
 
oin tossing argu-ment, it is suÆ
ient to show that starting in any arbitrary initial state (w; v1; v2; h; q1; q2)in a �nite (upper bounded) time the state (1; 0; 0; 2; 0; 0) 
an be rea
hed with a positiveprobability (bounded away from zero).We 
onsider an epo
h in the system evolution, tk1, when the system is in state(w; v1; v2; h; q1; q2) (w � 1; v1 � 0; v2 � 0; h � 2; q1 � 0; q2 � 0) (see Figure 6)and the sour
e transmits a tagged pa
ket (in any 
ase within a �nite time � 
 a pa
ketwill leave the sour
e). Let Æ1 = Æ=3.Reasoning as in the proof of Theorem 1 (with only notational 
hanges) with probability� p the tagged pa
ket will be lost at the �rst queue. Thus within a �nite time (upperbounded by RTOT � 
) by whi
h 3 dupli
ate ACKs are re
eived at the sour
e or atimeout o

urs (whi
hever is smaller), the system state be
omes at time, say tk2, (1; v01; v02;max(wt�k22 ; 2); q01; q02) for some v01 � 0, v02 � 0, q01 � 0, q02 � 0. It is possible that wt�k2 > wbe
ause of su

essful transmissions before the tagged pa
ket during time [tk1 ; tk2℄. Thetagged pa
ket is immediately retransmitted and this pa
ket on arrival at the queue Q1after time �1 will again be lost with a probability � p . Thus, after time 2RTOT 0 � 
(timeout o

urs), the system goes to state (1; v001 ; v002 ; 2; 0; 0) (at time, say tk3) from state(1; v01; v02; max(w(t�k2 )2 ; 2); q01; q02), for some v001 � 0 and v002 � 0, with probability � p (TCPpa
kets get 
ushed out of the bu�ers be
ause of assumption (2) and be
ause RTOT 0 � �0).The tagged pa
ket is again retransmitted (RTO is now 4RTOT 0 (exponential ba
ko�)) andwith a probability � p is lost. Also with probability e��1(4RTOT 0��1):e��2(4RTOT 0��1) �e��1(
��01):e��2(
��01) no exogenous stream arrivals o

ur in time 4RTOT 0��1, and thenusing assumption (2), after time 4RTOT 0 � 
 we rea
h the state (1; 0; 0; 2; 0; 0) fromthe state (1; v001 ; v002 ; 2; 0; 0) with probability � e�(�1+�2)(
��01)p. Thus we have shown thatstarting from any initial state (w; v1; v2; h; q1; q2) in a �nite upper bounded time we 
anobtain a regeneration with a positive (bounded away from zero) probability. Therefore, asmentioned above, by a geometri
 
oin tossing argument, we obtain E[e�� ℄ <1 for some� > 0.The aperiodi
ity of distribution of � is obtained as in Theorem 1. Similarly, as inTheorem 1, we 
an show that for the 
ontinuous time pro
ess, the regeneration length b�satis�es E[e�b� ℄ <1 for some � > 0 and b� has a spread-out distribution. 2The rate of 
onvergen
e to the stationary distribution 
an be obtained as in the one20



queue 
ase.As in Theorem 3, modifying the proof of Theorem 2, we obtainTheorem 4 (Stability for the TCP Reno 
ase) Under assumptions (1) and (3) asfor the TCP Tahoe 
ase and the assumption (2) B1 + B2 < �0 where �0 = �01 + �02 thepro
esses f(wk; vk(1); vk(2); hk; qTk (1); qTk (2))g and f(wt; vt(1); vt(2); ht; qTt (1); qTt (2))g haveunique stationary distribution. Also, the pro
esses f(wk; vk(1); vk(2); hk; qTk (1); qTk (2))g andf(wt; vt(1); vt(1); ht; qTt (1); qTt (2))g 
onverge to � in total variation, starting from anyarbitrary initial state. 2The rates of 
onvergen
e for the system in Theorem 4 are also obtained as before.For the system in Figure 5 with the (�nite bu�er) queues employing RED 
ontrol we
onsider the pro
ess f(wk; vk(1); vk(2); hk; qTk (1); qTk (2); bqk(1); bqk(2); 
k(1); 
k(2))g at timestk. We 
onsider the intervisit times to state (1; 0; 0; 2; 0; 0; 0; 0;�1;�1) when a TCPpa
ket just leaves the sour
e and there are no TCP pa
kets/ACKs propagating in thesystem. These serve as regeneration epo
hs for the pro
ess f(wk; vk(1); vk(2); hk; qTk (1);qTk (2); bqk(1); bqk(2); 
k(1); 
k(2))g. Following exa
tly similar lines of reasoning as in se
tion2:2:2, with only notational 
hanges, we 
an show the �niteness of the moments of theintervisit times and thus we 
an show the stability of the system in Figure 5 with RED
ontrolled queues.3.2 Performan
e analysisFor performan
e analysis we follow the approa
h of the previous se
tions. De�ne pro
essesfbz�t (1); t � 0g and fbz�t (2); t � 0g as,bz�t (i) = bqb t�
(i); bz�0 (i) = bqo(i); i = 1; 2: (19)Consider the system of two ODEsdzt(i)dt = E�[q(i)jzt(1); zt(2)℄� zt(i); z0(i) = bq0(i); i = 1; 2: (20)We provide the ne
essary 
hanges required in the arguments for the single queue systemto prove that as � # 0 for any 0 < T <1,sup0�t�T ���bz�t (i)� zt(i)��� P�! 0; i = 1; 2:To 
arry out the proof for the above 
onvergen
e, we make one small modi�
ationin the system. We update the bqn(1) and bqn(2) at the arrival epo
hs to both the queues.This 
hanges the dynami
s of the system in a very minor way but is 
onvenient in theproofs. Then we 
onsider the pro
ess (in the notation of the appendix B) f��ng whi
hin
ludes in the state spa
e the type of the pa
ket at ea
h position in the queue and alsothe indi
ation as to whi
h queue the pa
ket arrives at, at the nth arrival epo
h. Also,let ��n = (bq�n(1); bq�n(2)). Under the exponential distribution assumptions in appendix B,for a �xed ��n = �; f��ng is still an irredu
ible, �nite state Markov 
hain. The 
ontinuity21



requirements 
ontinue to hold. At the end of this se
tion we will 
omment on the existen
eand the uniqueness of the solutions of the 
oupled ODE (20). We will also provideasymptoti
 results on the behavior of the solutions of the ODE and on the approximationof stationary distributions of bq�n.To obtain the needed performan
e parameters and to solve the ODE (20), we need
ertain quasistationary moments whi
h we now provide. First 
onsider the 
ase when� = 0 a.s. and bq(i) < Tmin(i); i = 1; 2: ThenE�[qT (1)℄ + E�[qT (2)℄ = Wmax: (21)Applying Little's law at ea
h queue for the TCP pa
kets,�TE�[VT (i)℄ = E�[qT (i)℄; i = 1; 2: (22)Now we use the approximationE�[q(i)℄ = E�[qT (i)℄(1 + E[Yi℄); i = 1; 2: (23)The mean sojourn time E�[VT (i)℄ of the TCP pa
kets in Qi isE�[VT (i)℄ = E�[qT (i)℄E[sT ℄ + �iE�[qT (i)℄E[sT ℄E[sT (i)℄1� �iE[sT (i)℄= E�[qT (i)℄E[sT ℄1� �i ; i = 1; 2; (24)where sT denotes a generi
 servi
e time of a TCP pa
ket and sT (i) denotes a generi
servi
e time of the exogenous stream 
oming into the ith queue and �i = �iE[sT (i)℄.From equations (21)-(24) we 
an solve for E�[qT (i)℄, E�[VT (i)℄, E�[q(i)℄ for i = 1; 2,and for �T as before. However if �1 = �2 and the queues never be
ome empty (the
ase usually 
onsidered in this paper) then the two equations in (22) and (24) be
omethe same be
ause �T = (1 � �i)=E[sT ℄. Therefore, we do not have enough equationsto solve for all the unknowns. In that 
ase, sin
e this be
omes a symmetri
 
ase, wetake E[qT (1)℄ = E[qT (2)℄. Thus from �T = (1 � �i)=E[sT ℄, now we 
an solve for all theunknowns. If �1 6= �2 then (say) �1 > �2 and hen
e Q1 be
omes the bottlene
k queue,we take E[qT (1)℄ = Wmax � 1 and E[qT (2)℄ = 1 (this is the more likely event to happenthan E[qT (1)℄ = Wmax and E[qT (2)℄ = 0). Our simulations in se
tion 4 will verify theseheuristi
s.The 
hanges needed to take 
are of � > 0 (with positive probability) and bq(i) �Tmin(i) for either of i = 1; 2 are as before.Now we dis
uss the ODE (20). The Lips
hitz 
ontinuity of E�[q(i)jzt(1); zt(2)℄; i = 1; 2
an be 
arried out, as for the single queue 
ase, by showing the 
ontinuous di�erentiabilityof this as a fun
tion of zt(1); zt(1) (sin
e z1; z2 are bounded). Thus the ODE has a uniquesolution for ea
h initial 
ondition. By boundedness of zt(1), zt(2), the solution of theODE exists for all time. Also, by Brouwer's �xed point theorem there is an equlibriumpoint (z�1 ; z�2) of (20).Now we study the asymptoti
 behavior of the solutions of the ODE and of the sta-tionary distributions of bq�n. We 
an show using the methods in [16℄, Prop. 2:1 thatsup0�t�T supbq0(j)�Tmax(j);j=1;2 ���bz�t (i)� zt(i)��� P�! 0; i = 1; 2:22
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Figure 7: Multiple TCP 
onne
tions through multiple RED queuesThen the proof of Theorem 2:2 in [16℄ 
an be 
arried out in the same way for our setup(be
ause we have already proved the existen
e and uniqueness of stationary distributions�� of (bq�t (1); bq�t (2)) for ea
h � and sin
e these pro
esses are bounded, their stationarysequen
es form a tight sequen
e). Therefore, any weak limit �0 of �� as � # 0, is aninvariant distribution of ODE (20). Next 
onsider the Bendixson 
riterion [15℄. TheE[qijz1; z2℄; i = 1; 2 have been shown to be 
ontinuously di�erentiable. Also, the diver-gen
e of right side of ODE (20)( ��z1E[q1jz1; z2℄� 1) + ( ��z2E[q2jz1; z2℄� 1)is never zero be
ause ��ziE[qijz1; z2℄ � 0 for i = 1; 2. Therefore, from boundedness ofbq�i ; i = 1; 2, the ODE has no 
y
les or pseudo
y
les. Now, using the Poin
are-Bendixsontheorem [15℄, the ODE always 
onverges to an equilibrium point. Furthermore, by Prop.2:6 in [16℄, the support of the weak limit �0 is the set of equilibrium points of the ODE.From se
tion 3:1:1 of [16℄, we also know that if q� is an equilibrium point of the ODE(20) su
h that all eigenvalues of the derivative of RHS of (20) at q� have positive realparts, (then q� is a repeller) then �0(q�) = 0. However, in appendix C we show that allequilibrium points of (20) are lo
al attra
tors.3.3 Multiple TCP 
onne
tions through multiple RED queuesLet's 
onsider the system shown in Figure 7. In this system there are multiple TCP
onne
tions passing through a tandem of two RED 
ontrolled queues. The �rst queueQ1 has two TCP 
onne
tions passing through it. The se
ond queue Q2 has three TCP
onne
tions passing through it. TCP 
onne
tion 1 traverses both the routers. The totalpropagation delay for TCP 
onne
tion i is �i = �i1 + �i2. Ea
h queue also has anexogenous arrival stream. We 
arry out performan
e analysis of this system and indi
ate23



how the approa
h initiated here 
ould probably be generalised to take 
are of more 
om-pli
ated systems. We note that for most 
ases of interest our approximations work welland provide a

urate estimates of the performan
e indi
es of the system. The simulationspresented in se
tion 4 verify our approximations.We do not 
arry out the stability analysis for this system. This 
an (probably) be 
ar-ried out as before but will require a spe
i�
 proof. Sin
e ea
h su
h system will require itsown proof, just like in usual queueing systems, we do not elaborate. However the approx-imate formulae for performan
e analysis have a more 
ommon s
heme whi
h we 
arry outin the following. From a more pra
ti
al point of view, these are anyway more important.We again follow the de
omposition approa
h used above to obtain the solution of theODE (20) for the system, for whi
h we again need the quasistationary moments for thesystem. Let E�[VT (i)℄ and E�[qT (i)℄ denote the mean sojourn time and the mean numberof TCP i pa
kets in the (respe
tive) queues for i = 2; 3; 4, under quasistationarity. ForTCP 
onne
tion 1, whi
h passes through both the queues, let E�[VT (1; 1)℄ (E�[VT (1; 2)℄)and E�[qT (1; 1)℄ (E�[qT (1; 2)℄) denote the mean sojourn time and mean number of TCP 1pa
kets in queue 1 (2) respe
tively. The maximum window size and throughput of TCP
onne
tion i are respe
tively Wmax(i) and �T (i). The servi
e time of a TCP 
onne
tioni pa
ket is denoted by sT (i). The traÆ
 intensity of the Poisson stream into queue Qiis denoted by �i = �iE[sT (i)℄ for i = 1; 2. Then for �i � 0, bq(i) < Tmin(i), by applyingLittle's law for ea
h of the TCP streams in the queues and in the propagation pipes weobtain the following set of equationsWmax(1)� �T (1)E[�1℄ = E�[qT (1; 1)℄ + E�[qT (1; 2)℄; (25)Wmax(i)� �T (i)E[�i℄ = E�[qT (i)℄; i = 2; 3; 4; (26)�T (1)E�[VT (1; 1)℄ = E�[qT (1; 1)℄; (27)�T (1)E�[VT (1; 2)℄ = E�[qT (1; 2)℄; (28)�T (i)E�[VT (i)℄ = E�[qT (i)℄; i = 2; 3; 4: (29)Further using approximations as before (see se
tion 2) we obtain for the mean sojourntimes of TCP pa
kets in the two queuesE�[VT (1; 1)℄ = E�[qT (1; 1)℄E[sT (1)℄ + E�[qT (2)℄E[sT (2)℄1� �1 ; (30)E�[VT (2)℄ = E�[qT (1; 1)℄E[sT (1)℄ + E�[qT (2)℄E[sT (2)℄1� �1 ; (31)E�[VT (1; 2)℄ = E�[qT (1; 2)℄E[sT (1)℄ + E�[qT (3)℄E[sT (3)℄ + E�[qT (4)℄E[sT (4)℄1� �2 ; (32)E�[VT (3)℄ = E�[qT (1; 2)℄E[sT (1)℄ + E�[qT (3)℄E[sT (3)℄ + E�[qT (4)℄E[sT (4)℄1� �2 ; (33)E�[VT (4)℄ = E�[qT (1; 2)℄E[sT (1)℄ + E�[qT (3)℄E[sT (3)℄ + E�[qT (4)℄E[sT (4)℄1� �2 : (34)The above set of equations are just suÆ
ient to solve for all the unknowns and obtainall the quasistationary moments of the system when bq(i) < Tmin(i). When bq(i) � Tmin(i)we repla
e the Wmax(i)'s in the above equations by E[W (p1; p2)(i)℄'s obtained from Pad-hye's approximation (p1 and p2 represent the probabilities of pa
ket loss in Q1 and Q224



respe
tively) and make further relevant 
hanges be
ause now the in
oming exogenousPoisson arrival rates into the two queues are respe
tively �1(1�p1) and �2(1�p2). Even-though in Padhye's et al [31℄, the formula is provided for a single bottlene
k queue, it 
anbe used for more than one su
h queue also be
ause window dynami
s of a TCP dependsonly upon the probability of pa
ket loss of the TCP 
onne
tion. The quasistationarymoments so obtained help us to obtain plots of the ODE (20) for both the queues andalso help us to 
ompute the system performan
e indi
es of interest. Simulations in se
tion4 verify all our approximations. We also dis
uss in that se
tion various 
ases of interest(regarding whi
h queues be
ome bottlene
ks et
.) and �nd that we do not need to makeany additional approximations (as in the previous se
tion). The above set of equations
ompletely determine the behavior of the system under all 
onditions.This method of analysis 
ould be possibly extended to more 
ompli
ated s
enarioswithout requiring any additional insight into the spe
i�
 system behavior. This meansthat we 
ould apply the approximations of se
tion 2 to ea
h queue in a system of networked
onne
tion of RED 
ontrolled queues, use Little's law for ea
h 
ow and then dependingupon the s
enario (topology) obtain a system of equations (just as in the present 
ase)whi
h 
ould be redu
ed and solved for the unknowns. On
e this solution is obtained itwould be apparent as to whi
h queues build up and whi
h do not. Thus we need not haveany spe
ial insight into the spe
i�
 system behavior.4 Simulation resultsIn this se
tion we summarize the simulation results obtained for the various systems.Se
tions 4:1 and 4:2 respe
tively provide simulation results for the one - queue and multipleTCP - multiple queues systems. The queues in ea
h 
ase are RED 
ontrolled. Theseresults verify the a

ura
y of our theory and approximations. The simulations were 
arriedout using the ns simulator version 2:1b5 of UCB/LBNL. TCP sour
es in all our simulationsemploy the Reno version of the proto
ol. For all our simulations the links' speeds werekept �xed at 10Mbps and the pa
ket sizes of both the TCP and the exogenous streamswere kept �xed at 750 bytes. All the plots of bz�(t) vs. t and performan
e indi
es obtainedfrom simulations 
orrespond to single sample paths unless otherwise stated. For most ofthe simulations the runtime ranged between 100 to 200 se
s. The bu�er sizes of the REDqueues were kept large enough so that pa
ket drops o

ur only due to RED queue's dropme
hanism and not due to any bu�er over
ow.4.1 The single queue, single TCP 
aseFor the simulation results provided in this se
tion the exogenous traÆ
 is Poisson orMMPP with � = 0:5. The RED queue thresholds (in the model of Figure 1) are Tmin = 5and Tmax = 15 and pmax = 0:1. The TCP parameters are Wmax = 30 and � = 5mse
.We �rst des
ribe the results for the Poisson 
ase. The ODEs and the pro
ess bz�t for� = 10�3 and 10�4 are plotted in Figs 9 and 10. As expe
ted os
illations are smallerfor � = 10�4. Tables 1 and 2 provide the performan
e indi
es for � = 10�3 and 10�4.The errors are larger for � = 10�3 than for � = 10�4. The mean sojourn time estimatesare parti
ularly very good. Also, throughput estimates are better for the transient 
ase25



(when the theory is exa
t for � = 0) than for the stationary 
ase. However, the errorsare almost always below 10%. For the 
ases when � = 10�3, we a
tually en
ounterproblems in estimating throughputs under transien
e (bz�t � Tmin), be
ause the transientperiods die out fast. In this 
ase the tabulated values 
orrespond to values estimatedover several sample paths. Further explorations with varying � (20ms and 30ms) forthe TCP 
onne
tion were 
arried out for the same Wmax(= 30) and we noti
e that thequeue stabilizes at lower stationary values with in
reasing �. We 
annot predi
t for
ases beyond � = 30ms (for Wmax = 30) be
ause our theory holds only when the delay-bandwidth produ
t of the TCP 
onne
tion is smaller than Wmax.We next present results for the 
ase when the exogenous traÆ
 is an MMPP stream.The modulating Markov 
hain of the MMPP has two states - ON and OFF. During theOFF period there are no pa
ket arrivals while during the ON period, pa
kets arrive as aPoisson pro
ess with rate � = 10Mbps. The ON and the OFF periods are independentsequen
es, both exponentially distributed with mean 0:006 se
. Figure 11 plots the ODEwhen � = 10�4. Table 3 provides the performan
e indi
es. The mat
h here is fairly goodeven though we apply the approximations of se
tion 2. We have also done simulationsfor � = 10, 20, 30 ms. Then, the approximation is not so good. This shows that weneed better approximations in the MMPP 
ase in order to be able to su

essfully predi
tperforman
e for a wider variety of situations.4.2 The multiple queue, multiple TCP 
aseThis se
tion presents results when a TCP 
onne
tion shares a tandem of two RED 
on-trolled routers with exogenous streams. We also dis
uss the spe
ial 
ase 
onsidered inse
tion 3 where multiple TCP 
onne
tions pass through a tandem of RED 
ontrolledqueues. We �rst 
onsider the simpler 
ase of one TCP 
onne
tion. Depending uponthe intensity of the (Poisson) exogenous streams 
oming into the queues none of the links
ould be bottlene
ks for the TCP 
onne
tion (nonbottlene
k 
ase) or one of the links 
ouldbe bottlene
k and the other the nonbottlene
k link for the TCP 
onne
tion (bottlene
k
ase).We �rst present results of the former 
ase. The traÆ
 intensity �(= 0:5) of theexogenous streams 
oming into the queues is the same. The RED parameters for boththe links are �xed at Tmin = 5, Tmax = 15, pmax = 0:1 and � = 10�4. For the TCP
onne
tion, Wmax = 50 and � = 10ms. Figures 12, 13 and Table 4 provide the ODEplots and the performan
e indi
es. We have used the approximations of se
tion 3 in
al
ulating the performan
e indi
es. Again we note that the throughput predi
tions arenot very a

urate for the 
ase when there is a single TCP 
onne
tion 
oming into thequeues.We now provide results when one of the links in the path of the TCP 
onne
tion isa bottlene
k for it. The RED parameters for both the links are Tmin = 5, Tmax = 15,pmax = 0:1 and � = 10�4. Q1 is the bottlene
k link with the exogenous traÆ
 intensity�1 = 0:5. Q2 is the nonbottlene
k link with exogenous traÆ
 intensity �2 = 0:4. For theTCP 
onne
tion Wmax = 30 and � = 10ms. Figures 14, 15 and Table 5 provide the ODEplots and the performan
e indi
es.Consider now the spe
ial 
ase des
ribed in se
tion 3:3. For the system 
onsidered26



therein (see Figure 7), we present simulation results whi
h show that our approximations
ontinue to hold for this 
ase also.For all the simulation results dis
ussed in this paragraph we only 
hange the intensitiesof the Poisson streams (�1 and �2) 
oming into the two queues. The RED parameters forthe two queues, Q1 and Q2, are kept �xed at Tmin(1) = 10, Tmax(1) = 30, Tmin(2) = 20,Tmax(2) = 60, pmax(1) = pmax(2) = 0:1 and �1 = �2 = 10�4. For the four TCP 
onne
tionsthe maximum window sizes are respe
tively Wmax(1) = 40, Wmax(2) = 30, Wmax(3) = 30and Wmax(4) = 30, whereas the propagation delays are �1 = 40ms, �2 = 40ms, �3 =30ms and �4 = 40ms. For the �rst 
ase 
onsidered �1 = 0:6 and �2 = 0:3. Figures 16 and17 provide the ODE plots whereas Table 6 provide the performan
e indi
es. The mat
hesare fairly good. We now 
onsider the 
ase when �1 = 0:3 and �2 = 0:6. On
e we solve thesystem of equations we observe that Q1 doesn't build up beyond Tmin(1) and Q2 be
omesthe bottlene
k queue for TCP 
onne
tion 1. (The heuristi
 we used for the nonbottlene
kqueue in the single TCP, bottlene
k queue 
ase (refer se
tion 3:2) does not seem to workhere; so, we present the ODE plots for Q2 only. Anyway this is more important froma pra
ti
al point of view). Figure 18 provides the ODE plot for Q2 (whi
h builds up)whereas Table 7 provides the performan
e indi
es. It is worthwhile to remind that for thetheoreti
al 
al
ulations we do not make any additional assumptions as we do for the oneTCP 
ase (see se
tions 3 and 4). Also it's not so easy here to predi
t beforehand whi
hqueue builds up and whi
h doesn't. Our theory then helps us to predi
t quantitativelyhow the system will behave.We have 
arried out simulations for all the 
ases des
ribed in the above paragraph forthe mutiple TCP, multiple queue 
ase, and for � = 10�3. The results show that we havegood mat
h between theory and simulations under stationarity though the os
illations inthe simulation ODE plots in
rease.A
knowledgement The referee's 
omments have substantially improved the pre-sentation of the paper.Appendix AFixed window size systemIn this appendix we give the basi
 stability result and the formulae for mean sojourntime and throughput of the TCP 
onne
tion provided in [8℄ and [36℄ for �xed window sizesystems. Sin
e these are extensively used in this paper, we provide a proof of these resultswhi
h is a generalization (to multiple TCP 
ase) of the proof in [36℄. For the followingtheorem, for brevity we only provide a part of the proof. This will atleast show how weobtain the required formulae. We use the notation of se
tion 2:4. The proof is provided forthe 
ase when there is in�nite bu�er length, no RED 
ontrol, Poisson exogenous streamand �(i) = 0 for ea
h i.We use the following further notations. For any x > 0, let N(x) denote the numberof exogenous stream arrivals to the queue in time x. Let Sn be the sum of n iid servi
etimes of the exogenous stream. Let Yi denote the number of arrivals in a busy period ofan M=G=1 queue whi
h starts with an initial workload with the distribution of sT (i), hasan arrival rate � and servi
e times with the distribution of s. By XT = (rt; Tti; i � 1), we27



denote the ve
tor with rt the residual servi
e time of a pa
ket in servi
e at time t and Ttidenotes the type of pa
ket at position i in the queue (Tti denotes whether the pa
ket isfrom the exogenous stream or from whi
h TCP 
onne
tion, Tti = 0 for i greater than thequeue length.) We take fXtg to be a right-
ontinuous pro
ess.Theorem 5 Assume �E[s℄ < 1 and E[sT (i)℄ < 1 for all i. If sT (i) for some i and/ors has a nonlatti
e or latti
e aperiodi
 distribution then the pro
ess fXtg (and the wait-ing time pro
ess) has a unique stationary distribution. Also, starting from any initial
onditions the system 
onverges weakly to the stationary distribution.Moreover under stationarity between a pa
ket of TCP i and the next TCP pa
ket (ofany type) there are exogenous pa
kets with the distribution of Yi.Proof: In [36℄, the proof is given in four steps. Step 1 shows that if we start the queue att = 0 with no exogenous pa
ket and a servi
e of a TCP pa
ket just starts, then the system
onverges weakly to a state with it's distribution mentioned in the last statement of thetheorem. Step 2 shows that su
h a distribution for the queueing pro
ess is stationary at theepo
hs when a servi
e of a TCP pa
ket starts. In step 3, it is shown that starting from anyinitial 
onditions, the system will 
onverge weakly to the above mentioned distribution.This also provides the uniqueness of the stationary distribution of the queueing pro
essat the epo
hs when a TCP pa
ket servi
e starts. Finally, in step 4, it is shown thatthe pro
ess fXtg is regenerative and inter-regeneration epo
hs have a �nite mean. Thisproves the theorem. In the following we prove the �rst two steps.Step 1: Be
ause of �(i) = 0 for ea
h i and no pa
ket loss (thus 
onstant window size,after a while ) the ordering of di�erent TCP pa
kets in the queue remains same as att = 0. Let the total number of all TCP pa
kets in the queue be k. When a pa
ket ofa parti
ular TCP 
onne
tion 
ompletes servi
e and leaves, another pa
ket of that TCPenters the system immediately after this. At time sT (i) (say the �rst TCP pa
ket is fromthe ith TCP 
onne
tion), the �rst TCP pa
ket leaves the system and is repla
ed by oneat the end. During this time N(sT (i)) pa
kets of the exogenous stream enter the systemand they will be in between the kth and the �rst (whi
h just entered the system) TCPpa
kets. We study the evolution (in time) of number of the exogenous stream pa
ketsbetween the kth and the �rst pa
ket. The evolution of the exogenous stream pa
ketsbetween any other pair of TCP pa
kets will be similar. This number will remain same(sin
e we have FCFS dis
ipline) till the kth pa
ket is served. In the meanwhile betweenany other pair of TCP pa
kets the number of the exogenous pa
kets arriving will havethe distribution of N(sT (j)) if the �rst pa
ket of this pair is from TCP j, (although theywill be independent of ea
h other). After the servi
e of the kth pa
ket, these N(sT (i))pa
kets of the exogenous stream will be served and then the �rst TCP pa
ket. After theservi
e of the 1st pa
ket, the number of exogenous pa
kets between the kth and the 1stwill be N2 = N(SN(sT (i)) + sT (i)) (the two sT (i)'s in this expression are independent ofea
h other). The evolution 
ontinues this way after ea
h servi
e of the 1st pa
ket (wedenote these r.v.s by Nm), and they satisfyNm = N(SNm�1 + sT (i)); m � 2:Observe that sT (i) �st SN(sT (i)) + sT (i) (X �st Z denotes P (X > a) � P (Z > a) for alla). Now, if X, Z are nonnegative r.v.s with X �st Z;X; Z independent of N and PX , PZ28



are the distributions of X and Z thenP [N(X) > x℄ = Z 10 P [N(y) > x℄dPX(y) � Z 10 P [N(y) > x℄dPZ(y)be
ause P [N(y) > x℄ is a nonde
reasing fun
tion of y. Therefore, N(sT (i)) �st N(SN(sT (i))+sT (i)). Similarly, N1 �st N2 �st N3 �st � � �. Thus if we show that fNmg is tight then,Nm W! Y , where Y is a proper r.v. and W! denotes weak 
onvergen
e. From the evolution,E[Nn+1℄ = �E[sT (i)℄ + �2E[sT (i)℄E[s℄ + � � �+ �n+1E[sT (i)℄E[s℄nand hen
e E[Nn+1℄ ! �E[sT (i)℄=(1 � �E[s℄) < 1 whenever �E[s℄ < 1. This proves thetightness of fNng. Also, 
omparing the evolution of Nn with a busy period in anM=GI=1queue with initial work load sT (i) we 
an 
on
lude that Nn is a
tually, 
onverging to thenumber of arrivals in a busy period of the stated M=GI=1 queue be
auseYi = N(sT (i)) +N(SN(sT (i)) + � � � = N(sT (i) + SN(sT (i)) + � � �): (35)Step 2: Let us start the system at t = 0 the with the servi
e of a TCP pa
ket juststarting (say of kth pa
ket) and between the kth and the 1st (and also between any otherpair of TCP pa
kets) let the number of exogenous pa
kets be with the distribution of Yi(i denoting the TCP 
onne
tion of the �rst pa
ket of the pair). After servi
e of the kthand the 1st pa
ket, there will be N(sT (i)) +N(SYi) exogenous pa
kets in between them.A moment's re
e
tion on the working of an M=GI=1 queue starting with work load sT (i)will show that N(sT (i)) +N(SYi)) dist= Yi (
an be observed from (35) also). Thus, we seethat if we start with the distribution of the queueing pro
ess, as mentioned, in betweenany two TCP pa
kets (say the �rst of these pa
kets is from jth TCP 
onne
tion) thenumber of exogenous pa
kets will have the distribution of Yj in future also. 2Remark If sT (i) for all i and s are latti
e valued with the same latti
e or at leastone of them has a spread out distribution then the 
onvergen
e in Theorem 5 above holdsin total variation.From the above result we 
an easily see that the throughput of the ith TCP 
onne
tionis Wmax(i)= NXi=1(Wmax(i)E[sT (i)℄ + E[Yi℄E[s℄)pa
kets/se
. where E[Yi℄ = �E[sT (i)℄=(1� �E[s℄): The mean sojourn time of any TCPpa
ket under stationarity equalsNXi=1Wmax(i)(E[sT (i)℄ + �E[s℄E[sT (i)℄=(1� �E[s℄):The mean sojourn time of the exogenous stream is also available in [8℄ and [36℄ but inthis paper we will use the above approximation itself whi
h turns out to be good enoughin our simulations.
29



Appendix BConvergen
e to the ODE: Single queue 
aseIn this se
tion we show the 
onvergen
e 
laimed in (5). We will show it under the followingassumptions. We assume that all pa
kets are i.i.d. with an exponential distribution. Theexogenous traÆ
 is Poisson. The bu�er 
an a

ommodate a �nite number M of pa
ketsand the pa
kets are lost only under RED 
ontrol (no over
ows). We will also assume� = 0. We 
an generalize the proof to in
lude the MMPP exogenous traÆ
, the phasetype servi
e times (di�erent for the two 
lasses) and exponential (and then phase type)propagation delays. Sin
e any distribution (in
luding deterministi
) 
an be arbitrarilyapproximated by a phase type distribution and that for large bu�ers (and asymptoti
allyexa
tly) the system with a bu�er length B bits is 
lose in performan
e to a system withbu�er length B=E[s℄ pa
kets, a 
ontinuity argument (not provided here) should be ableto provide the result in the full generality of se
tion 2.For the next theorem, we make one more approximation to the a
tual system. Theprobability of dis
arding the nth pa
ket, if bqn = bq and 
n = 
, ispn(bq; 
) �= 1Tmax�Tminpmax(bq�Tmin) � 
Thus pn(bq; 
) 
an be written as pn(bq; 0)=(1 � 
pn(bq; 0)). In the following we will needpn(bq; 0) to be 
ontinuously di�erentiable in bq for ea
h 
. This will happen if and only ifpn(bq; 0) is. However, pn(bq; 0)is 
ontinuously di�erentiable only when bq 6= Tmin or Tmax(see Fig. 8) below. But as the dotted 
urve shows, pn(bq; 0) 
an be arbitrarily 
loselyapproximated by a fun
tion whi
h is 
ontinuously di�erentiable at ea
h bq. Su
h a 
hangewill disturb the dynami
s of the system only slightly (justi�ed by Lemma 1 below). Wemake this modi�
ation for the next theorem.
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Figure 8:To prove the 
onvergen
e in (5) we will use the results from Kushner and Vazquez-Abad[26℄. For this we �rst expand the state spa
e of our pro
ess to make it Markovian.We 
onsider the system at the arrival epo
hs (of both types of pa
kets) to the queue. Nowthe system for a parti
ular � will be denoted with a supers
ript �. Just before the ntharrival, we 
onsider the system (q�n; w�n; h�n; 
�n; bq�n; t�n1; ::::::::::; t�nM ; t�n) where t�n is the type30



of the nth arrival (1=TCP and 2=exogenous) and t�ni is the type of the pa
ket at positioni in the queue (tni = 0 implies that the queue length is smaller than i). It is not diÆ
ultto verify that this expanded pro
ess is Markov (we also assume that if a TCP pa
ket isdis
arded, its information rea
hes the TCP sour
e immediately { this assumption is madeonly for 
onvenien
e).In the terminology of Kushner and Vazquez-Abad[26℄, we have � = �; ��n = bq�n; Y �n =q�n+1 � bq�n; ��n = (q�n; w�n; h�n; 
�n; t�n1; ::::::::::; t�nM ; t�n). We upper bound 
�n by an arbitrarilylarge 
onstant. In a pra
ti
al system this will always happen be
ause of �nite word length.Then f��ng is a �nite state Markov 
hain for any �xed bq�n = bq. It is also irredu
ible.Therefore, it has a unique stationary distribution whi
h depends on bq. We will verify thefollowing assumptions stated in [26℄ for 
onvergen
e :(3.2) fY �n ; n � 0; � � 0g is uniformly integrable.(3.4) f��n; ��n; � � 0; n � 0; g is tight.(3.6) For ea
h �xed �, the transition matrix probabilities P �n(�; :j�) 
onverge weakly tothat of a transition matrix P (�; :j�) as n ! 1, � ! 0, uniformly on 
ompa
t sets(�; �).(3.7) P (�; :j�) is weakly 
ontinuous in (�; �).(3.8) Let f�n(�)g be a Markov 
hain with transition matrix P (�; :j�). Let �(:j�) denotean invariant distributions for f�n(�)g. Assume f�(:j�); � 2 �1g is tight for ea
h
ompa
t set �1.(3.9) Let G�n(��n; ��n) = E[Y �n j��n; ��n℄. Suppose there is a 
ontinuous fun
tion G su
h thatfor ea
h Æ > 0, lim� limn supP [jGnn(��n; ��n): � G(��n; ��n)j � Æ℄ = 0 and that for ea
h
ompa
t set � there is a k0(�) <1 su
h that for all stationary pro
esses f�n(�)g(3.10) Sup�2�E[jG(�; �n(�)j℄ < k0(�) (36)(3.11a) For ea
h �, �(:j�) is unique.Theorem 6 Under the above mentioned assumptions, the 
onvergen
e in (5) holds.Proof. We verify the assumptions in [26℄ mentioned above for 
onvergen
e to hold. As-sumption (3:2) that fY �n ; n � 0; � > 0g is uniformly integrable holds be
ause 0 � bq�n �Tmax; 0 � q�n �M . Similarly, be
ause all other 
omponents of ��n and ��n are also bounded,f��n; ��n; n � 0; � > 0g is tight. Markov 
hain f��ng for a �xed ��n = � has a transitionfun
tion independent of �. This implies (3:6). Consider assumption (3:7). Ex
ept ��n, allother 
omponents of ��n are dis
rete valued. Therefore, we need to show 
ontinuity of thetransition fun
tion only with respe
t to ��n = bqn. We prove this in Lemma 1. For assump-tion (3:8), we need to show that for any �xed bq, f��ng has a unique stationary distribution�(�j�). But this holds be
ause f��ng is a �nite state irredu
ible Markov 
hain. Also, fromLemma 1, we have the 
ontinuity of its transition matrix, with respe
t to bq, and fromLemma 2 below, we obtain the 
ontinuity of the 
orresponding stationary distributions.This implies that f�(�j�); � � �1g is a 
ompa
t set for any 
ompa
t set �1. This of31




ourse provides the tightness of this set. The assumptions (3:9) and (3:10) hold by the�niteness of the state spa
e of f��ng. Assumption (3.11a) has been shown earlier. Thusall the assumptions for Theorem 3:1 in [26℄ are satis�ed. 2From [26℄ and using the results on ODE given below (see explanations and justi�
ationsat the end of se
tion 2:3:1) we also obtain that �� (the stationary distribution of bq�n)
onverges weakly to Æq� as � # 0, where Æq� is a probability measure with all mass at q�.Be
ause of boundedness of bq�n this implies the 
onvergen
e of all moments also.Now we prove Lemma 1, needed in the proof of Theorem 5.Lemma 1 Under the assumptions of this se
tion the transition matrix of Markov 
hainf��n; n � 0g is a 
ontinuously di�erentiable fun
tion of bq.Proof. The proof involves 
onsidering ea
h 
omponent of the transition matrix andshowing its 
ontinuity as a fun
tion of bq. We illustrate it by 
onsidering a few elementsfor the TCP Tahoe. For the other elements and also for TCP Reno one 
an show in thesame way.For a �xed bq, 
onsider the transition (with m < M)(q�n = m, w�n = w, h�n = n, 
�n = 
, t�n1, � � �, t�nM , t�n) ! (m + 1, w, n, 
 + 1, t�n+1i = t�n:i,i 6= m + 1; t�n+1;m+1 = 1, t�n+1 = 2).This is the event that the (n + 1)st arrival is from UDP and it is a

epted in the queue.This has the probability (1 � p(bq; 
))�=(�+ �) where p(bq; 
) = 1=(�p(bq)� (
 + 1)) and�p(bq) = (Tmax � Tmin)=pmax(bq � Tmin) for bq < Tmax and probability zero if bq = Tmax.With the modi�
ation of the RED as mentioned above, this probability is a 
ontinuouslydi�erentiable fun
tion of bq.Consider the transition of the above mentioned state to (m, w, n, 
 = 0, � � � t�n+1i = t�ni,i = 1; � � � ;M , t�n+1 = 2). This represents the transition due to the event that the (n+1)starrival is from UDP and is not a

epted in the queue. The probability for this transitionis �=(�+ �)(�p(bq)� (
+ 1)) and is again a 
ontinuous fun
tion of bq. The transition fromthe above state due to the next arrival being from TCP (this will happen if tn1 = 1 andits servi
e gets 
ompleted) and the arriving pa
ket is a

epted is (1 � p(bq; 
))�=(� + �).This is also a 
ontinuously di�erentiable fun
tion of bq. 2Next we show the 
ontinuity and di�erentiability of �.Lemma 2 Let P (�) be a transition matrix for a �nite state 
hain with N states. Let theelements of P (�) be 
ontinuous fun
tions of a �nite dimensional ve
tor �. Let �(�) be theunique stationary distribution of P (�) for ea
h � in an open set �. If P (�) is 
ontinuousin �, then �(�) is also 
ontinuous in �. If P (�) is 
ontinuously di�erentiable w.r.t. � then�(�) is also 
ontinuously di�erentiable.Proof. We know that �(�) satis�es �(P (�) � I) = 0 and P�(i) = 1. From theseN +1 equations, we 
an form N linearly independent equations �A(�) = x whi
h providethe required �(�). A(�) is obtained from (P (�) � I) by a linear transformation and isnonsingular and x is (0; � � � ; 0; 1). Thus, elements of A(�) are 
ontinuous (
ontinuouslydi�erentiable) in � if P (�) is. Also, one 
an dire
tly verify (e.g, by looking at the 
ofa
torsof A(�)), that if 
omponents of A(�) are 
ontinuous (
ontinuously di�erentiable) in � thenso are the 
omponents of A�1(�)x = �(�). 232



Finally we study the ODE (6). We have seen in Lemma 2 that the stationary distribu-tion of f��ng is a 
ontinuously di�erentiable fun
tion of bq. Therefore, the same holds for thestationary distribution of fqng. Sin
e it is a bounded sequen
e, this implies that E�[qjzt℄is 
ontinuously di�erentiable as a fun
tion of zt. Therefore, be
ause z takes values in abounded set, E�[qjz℄ is Lips
hitz 
ontinuous in z. This provides a unique lo
al solution ofthe ODE (6) for ea
h initial 
ondition 0 � a � Tmax. Next observe that E�[qjzt℄ = 0 forzt = Tmax + Æ. We will show below that E�[qjzt℄ is a nonin
reasing 
ontinuous fun
tionof zt and 0 < E�[qjzt℄ < 1 for zt = 0. Thus the equation E�[qjz℄ = z has a uniqueequilibrium point q�. Also observe that when zt = bq < q� then E[qjbq℄ � E[qjq�℄ = q� > bqand hen
e the solution zt of the ODE stri
tly in
reases. By the upper boundedness ofthis traje
tory (by q�) it 
onverges to an equilibrium point. But then, by uniqueness ofthe equilibrium point, zt " q� as t!1. Similarly when zt = bq > q� then E[qjbq℄ < bq andzt stri
tly de
reases. Therefore, irrespe
tive of the initial 
ondition z0 = a � Tmax + Æ, zt
onverges monotoni
ally to q�. This along with the existen
e and uniqueness of the lo
alsolution, implies that the solution extends to in�nity, is unique and bounded.Now we show that E�[qjz℄ is a nonin
reasing 
ontinuous fun
tion of z. The 
ontinuityhas already been shown. We show the nonin
reasing part. We show it by assuming that
n has been �xed to some value 
. Then p(z), the probability of dis
arding the nth pa
ketis (for Tmin � z � Tmax)p(z) = pmax(z � Tmin)(Tmax � Tmin)� 
pmax(z � Tmin) : (37)Thus p(z) is obviously a nonde
reasing fun
tion of z. Then for � = 0,E�[qjz℄ = (1 + E[Y1(z)℄)E[W (z)℄ (38)where E[Y1(z)℄ = �(1� p(z))E[sT ℄=(1� �(1� p(z))E[s℄). Sin
e E[Y1(z)℄ is de
reasingin p(z), it is enough to show the same for E[W (z)℄. When � > 0, in (35) we repla
eE[W (z)℄ by E[qT jz℄ where, from results provided in se
tion 2.3.2,E[qT jz℄ = E[W jz℄� �T�and �T = (1 � �E[s℄)=E(sT ℄: Thus, again it is suÆ
ient to show that E[W jz℄ is nonin
reasing in z. But, this 
an be shown dire
tly from the Padhye's formula provided inse
tion 2:3:2.Appendix CODE for the two queue 
aseTheorem 7 The equilibrium points (z�1 ; z�2) of 
oupled ODE system (20) are lo
al attra
-tors for the system.Proof. One 
an show for the nonlinear ODE (20), (z�1 ; z�2) is a lo
al attra
tor, if itslinearization at (z�1 ; z�2) is an attra
tor. 33



Consider the linearization of the 
oupled ODE system (20) around the equilibriumpoint(s) (z�1 ; z�2)_~z1 = ��z1 fE[q(1)jz1; z2℄� z1g ~z1 + ��z2 fE[q(1)jz1; z2℄� z1g ~z2_~z2 = ��z1 fE[q(2)jz1; z2℄� z2g ~z1 + ��z2 fE[q(2)jz1; z2℄� z2g ~z2 (39)where ~z1 = z1 � z�1 and ~z2 = z2 � z�2 ,the partial derivatives being evaluated at (z�1 ; z�2).This system of linear equations is of the form _~z = A~z where ~z = [ ~z1; ~z2℄T , whose dynami
sis well studied. We use the results given in [32℄. A

ordingly, let Æ = detA, � = trA.Then from [32℄ if Æ > 0 we have a stable node or fo
us at the origin if � < 0. If Æ < 0 wehave a saddle point at the origin. If Æ > 0 and � = 0 we have a 
enter at the origin. Inthe following we apply these results to our system.We 
onsider the two 
ases: symmetri
, �1 = �2, and asymmetri
, �1 > �2 (the other
ase �1 < �2 
an be similarly taken 
are of). The 
ase �1 = �2 
an be subdivided into thesub
ases:(1) Wmax� (1��1)E[sT ℄ �2(1��1) < Tmin(1), Wmax� (1��1)E[sT ℄ �2(1��1) < Tmin(2);(2) Wmax� (1��1)E[sT ℄ �2(1��1) � Tmin(1), Wmax� (1��1)E[sT ℄ �2(1��1) � Tmin(2);(3) Tmin(1) < Wmax� (1��1)E[sT ℄ �2(1��1) < Tmin(2). (
ase symmetri
 to this 
an be similarly taken
are of)We illustrate for sub
ase (2) how the stability of the linearized equations 
ould bestudied. For the other 
ases the methods used are similar.In sub
ase (2), the equilibrium point (z�1 ; z�2) is su
h that Tmin(1) � z�1 � Tmax(1) andTmin(2) � z�2 � Tmax(2) where (z�1 ; z�2) is determined by solving the equationsz�1 = E[W jz�1 ;z�2 ℄2(1��1(1�p1)) � �2E[sT ℄ = E�[q(1)jz�1; z�2 ℄;z�2 = E[W jz�1 ;z�2 ℄2(1��2(1�p2)) � �2E[sT ℄ = E�[q(2)jz�1; z�2 ℄ (40)where pi = pmax(i)[z�i �Tmin(i)℄Tmax(i)�Tmin(i) ; i = 1; 2. The following are the linearized equations_~z1 = (��11 � 1) ~z1 + (��12) ~z2;_~z2 = (��21) ~z1 + (��22 � 1) ~z2 (41)where �ij �= � ��zjE[q(i)jz1; z2℄; i = 1; 2; j = 1; 2, are stri
tly positive. Thus Æ = (�11 +1)(�22 + 1) � �12�21 and � = ��11 � �22 � 2 < 0. For this 
ase expli
it 
omputationsshow �11�22 = �12�21, so that Æ = 1 + �11 + �22 > 0. Hen
e, we always have a stablenode or a stable fo
us in this 
ase.Similarly we 
an 
arry out the analysis for sub
ases (1) and (3) and we �nd thatin both the sub
ases we have stability. Thus for the 
ase �1 = �2, we �nd that theequilibrium point is always a lo
al attra
tor.The 
ase �1 > �2 
an be similarly subdivided and its stability studied. We note herethat we need to use the approximations used in Se
tion 3:2. For all the sub
ases we have
he
ked that the equilibrium point is a lo
al attra
tor. 2Thus for all the 
ases we �nd that the equilibrium points (z�1 ; z�2) are lo
al attra
tors.34
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Table 1: � = 10�3, Throughput (pkts/sec), Sojourn

time (secs.),Wmax = 30, � = 5ms

TCP t’put Exog. t’put
Theory Simul. Theory Simul.ẑ�(t) � Tmin 833.33 918 833.33 751.00ẑ�(t) = 8:458 862.17 812 804.51 832.6

stationary value
TCP soj. time Exog. soj. time

Theory Simul. Theory Simul.ẑ�(t) � Tmin 0.031 0.027 0.031 0.027ẑ�(t) = 8:458 0.0062 0.0059 0.0062 0.0061
stationary value

Table 2: � = 10�4, Throughput (pkts/sec), Sojourn

time (secs.),Wmax = 30, � = 5ms

TCP t’put Exog. t’put
Theory Simul. Theory Simul.ẑ�(t) � Tmin 833.33 855.00 833.33 811.67ẑ�(t) = 8:458 862.17 816.00 804.51 834.84

stationary value
TCP soj. time Exog. soj. time

Theory Simul. Theory Simul.ẑ�(t) � Tmin 0.031 0.028 0.031 0.029ẑ�(t) = 8:458 0.0062 0.0059 0.0062 0.0060
stationary value

Table 3: � = 10�4, MMPP case, Throughput

(pkts/sec), Sojourn time (secs.),Wmax = 30,� = 5ms

TCP t’put Exog. t’put
Theory Simul. Theory Simul.ẑ�(t) � Tmin 833.33 780 833.33 809.76ẑ�(t) = 8:458 862.17 688 818 840

stationary value
TCP soj. time Exog. soj. time

Theory Simul. Theory Simul.ẑ�(t) � Tmin 0.031 0.030 0.031 0.032ẑ�(t) = 8:458 0.0062 0.0064 0.0062 0.0078
stationary value

Table 4: � = 10�4, Throughput (pkts/sec), Sojourn

time (secs.),Wmax = 50, � = 10ms, nonbottleneck

case.

TCP t’put Exo.1 t’put TCP Exo.
soj. timeQ1 soj. timeQ1

The. Sim. The. Sim. The. Sim. The. Sim.ẑ�1 (t) � Tmin 833.3 840 833.3 817.5 0.025 0.028 0.025 0.028ẑ�1 (t) = 5:668 844.2 735.4 822.5 844 0.004 0.005 0.004 0.005
stationary value

Exo.2 t’put TCP Exo.
soj. timeQ2 soj. timeQ2

The. Sim. The. Sim. The. Sim.ẑ�(t) � Tmin 833.3 830 0.025 0.021 0.025 0.021ẑ�(t) = 5:668 822.5 844 0.004 0.005 0.004 0.005
stationary value

Table 5:� = 10�4, Throughput in pkts/sec, Sojourn

time in secs.,Wmax = 30,� = 10ms, bottleneck case

TCP t’put Exo.1 t’put TCP Exo.
soj. timeQ1 soj. timeQ1

The. Sim. The. Sim. The. Sim. The. Sim.ẑ�1 (t) � Tmin 833.3 815 833.3 855 0.025 0.026 0.025 0.026ẑ�1 (t) = 6:605 846.7 781.3 820 821.7 0.005 0.005 0.005 0.005
stationary value

Exo.2 t’put Exo. TCP
soj. timeQ2 soj. timeQ2

The. Sim. The. Sim. The. Sim.
666.7 666.6 0.001 0.002 0.001 0.002

Table 6:� = 10�4, Throughput in pkts/sec, Sojourn

time in secs.,�1 = 0:6, �2 = 0:3
TCP1 t’put TCP2 t’put Exo.1 t’put
The. Sim. The. Sim. The. Sim.ẑ�1 (t) � Tmin(1) 323 326.7 343.5 351.7 1000 998.3ẑ�1 (t) = 11:5 247 237.8 419.8 371.7 993 996.2

stat. val.

TCP1 TCP2 Exo.1
soj. timeQ1 soj. time soj. time
The. Sim. The. Sim. The. Sim.ẑ�1 (t) � Tmin(1) 0.047 0.046 0.047 0.046 0.047 0.046ẑ�1 (t) = 11:5 0.008 0.009 0.008 0.009 0.008 0.008

stat. val.
TCP3 t’put TCP4 t’put Exo.2 t’put
The. Sim. The. Sim. The. Sim.ẑ�2 (t) � Tmin(2) 451.3 450 392.3 397 500 493ẑ�2 (t) = 22:4 507.3 500.7 412.5 426.1 497 494.3

stat. val.
TCP3 TCP4 Exo.2 TCP1

soj. time soj. time soj. time soj. timeQ2
The. Sim. The. Sim. The. Sim. The. Sim.ẑ�2 (t) � Tmin(2) 0.037 0.037 0.037 0.037 0.037 0.037 0.037 0.037ẑ�2 (t) = 22:4 0.013 0.014 0.013 0.014 0.013 0.014 0.013 0.014

stat. val.

Table 7:� = 10�4, Throughput in pkts/sec, Sojourn

time in secs.,�1 = 0:3, �2 = 0:6
TCP 1 t’put TCP 3 t’put TCP4 t’put Exo. 2 t’put
The. Sim. The. Sim. The. Sim. The. Sim.ẑ�2 (t) � Tmin(2) 261.3 263.9 209.7 230.6 203.5 183.3 1000 986.1ẑ�2 (t) = 28:4 208 207 250.7 236.6 208 218 979 991.9

stationary value

TCP1 TCP3 TCP4 Exo.2
soj. timeQ2 soj. time soj. time soj. time
The. Sim. The. Sim. The. Sim. The. Sim.ẑ�2 (t) � Tmin(2) 0.113 0.107 0.113 0.106 0.113 0.106 0.113 0.106ẑ�2 (t) = 28:4 0.019 0.017 0.019 0.017 0.019 0.017 0.019 0.017

stationary value37
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Figure 9: ẑ�(t) ,� = 10�3, Wmax = 30,� = 5ms
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Figure 10: ẑ�(t) ,� = 10�4,Wmax = 30,� = 5ms
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Figure 11: ẑ�(t) ,� = 10�4, MMPP case,Wmax =30, � = 5ms
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Figure 12: ẑ�(t) ,� = 10�4, Q1, nonbottleneck
case,Wmax = 50, � = 10ms
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Figure 13: ẑ�(t) ,� = 10�4, Q2, nonbottleneck
case,Wmax = 50, � = 10ms
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Figure 14: ẑ�(t) ,� = 10�4, Q1, bottleneck case,Wmax = 30,� = 10ms
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Figure 15: ẑ�(t) ,� = 10�4, Q2, bottleneck case,Wmax = 30,� = 10ms
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Figure 16: ẑ�(t) ,� = 10�4, Q1, �1 = 0:6, �2 =0:3, Multiple TCP, Multiple queue case

38



0 2 4 6 8 10
0

5

10

15

20

25

t
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Figure 17: ẑ�(t) ,� = 10�4, Q2, �1 = 0:6,�2 = 0:3, Multiple TCP, Multiple queue
ase
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ẑβ (t
)

Theoretical ODE
Simulation ODE 

Figure 18: ẑ�(t) ,� = 10�4, Q2, �1 = 0:3,�2 = 0:6, Multiple TCP, Multiple queue
ase
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