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1 Introduction

Although queues have traditionally been studied in continuous time (Cohen [9],
Asmussen [1], Prabhu [15]), due to the arrival of the digital technology and in
particular of the ATM based networks, discrete time queues have become increas-
ingly important (see Bruneel [4], Bruneel and Kim [5] for recent surveys and Chu
and Konheim [7], Kobayashi and Konheim [12], and COST report [16] for various
applications).

In the ATM networks, not only a switch (node) is driven by a clock, but
the messages are also split into equal sized “cells” which are transmitted on the
output lines in a synchronised way. Also, the current switch architectures favour
output queueing (COST report [16]). This makes each output link of a switch
a discrete time queue that we study in this paper. Further, an ATM network is
designed to support packetised voice and video which can tolerate very little delay
and delay jitter. There may be real time traffic also which requires small delays in
the network. Thus in ATM networks, to allow sharing of the channels for efficient
utilisation and small delays by various users, small buffers at different switches
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are being advocated. This makes the approximation by an infinite capacity queue
highly erroneous. Thus, one needs to incorporate the finite buffer constraint in
the queueing model itself. But then, in contrast to the infinite capacity queue,
closed form expressions for various quantities of interest (even for the i.i.d. traffic
model) are not available. In this paper we develop algorithms for a discrete time
finite buffer queue.

We consider a discrete queue with a finite buffer size and with one or more
servers. The service times are of one slot length. The arrival process could be
i.i.d. or modulated by a finite state Markov chain. For a buffer length of size
M, we obtain algorithms for calculating the mean and the higher moments of
the busy period 7(M), moments of the first time to overflow Ti(M), and pZ(M),
the probability of overflow in a busy period, where 7 is the initial number in the
system. For sometime it is known that the asymptotics of these quantities, as
M — oo, are related (Sharma and Gangadhar [18]). However, a surprising result
of this work is that even the above algorithms which compute these quantities
exactly for finite M are related and have similar structure. An advantage of our
algorithms is that if we know these quantities for buffer lengths 0,.... M, then
calculating for M + 1 does not require much effort. This is particularly useful in
the design stage because then one can find the minimum buffer length required to
meet certain performance requirements. This can also be useful if one is interested
in observing the behaviour of these parameters as M changes. In another study,
we will obtain asymptotic behaviour of IE [(TéM))O‘], E[(T(M))%], and p(()M) as
M tends to infinity.

We elaborate on the theoretical and practical relevance of the results of this
paper. The busy periods 7(M) (rather, the regeneration lengths) are of funda-
mental importance in queueing theory and have been studied in all works on
queueing. Its mean IE [7(M)] is required in the important formulae of calculating
the stationary distributions (see, e.g.,Asmussen [1, p.126]), while the second mo-
ment is required in the asymptotic variance ([1, p.137]). Futhermore, moments
of regeneration lengths are involved in obtaining various rates of convergence and
bounds on the a—mixing coefficients (Sharma [17]). We also obtain moments of
7;(M), the first time the queue becomes empty when the initial queue length is i.
In addition to the moments of 7(M), these provide the practically useful quantity
— the amount of time it takes for the effect of congestion (if 7 is large) to disappear.
Its moments are also useful in obtaining various rates of convergence in the limit
theorems. The next quantity studied, TéM), provides the first time an overflow
occurs if the queue starts empty (or, with an initial queue length 7; then we study

Tl-(M), as explained in the next section). For many practical systems, TZ-(M), 1 >0,
is actually a more useful quantity than the stationary probability of loss. In fact,
(M)

for voice traffic, T; "/, along with the fact that the losses occur in clusters provides
better information (than the stationary probability of loss) to judge the quality of



SHARMA and Gangadhar / Algorithms for Finite Discrete Queues 3

voice received from the queue (see Cidon et.al. [8] and, in particular, Sharma and
Gangadhar [18] for much more structure of the loss process). Finally we will study
ng), the probability that the queue length exceeds M in a regeneration cycle,
which is relevant in obtaining the tail probabilities of the stationary distribution
and also the asymptotics of TO(M) (Sharma and Gangadhar [18]).

Now we describe the related literature. Probability of overflow is usually
studied under stationarity (see e.g., Takine et.al. [19], Cidon et.al. [8], COST re-
port [16], for discrete queues and Bisdikian et.al. [3], Tijms [20], and Kofmann
et.al. [13] for continuous time queues). Algorithms for the busy period and the first
passage times of the queue length for a finite buffer discrete time queue with geo-
metrically distributed interarrival and service times are given in Chaudhary and
Zhao [6]. Their assumptions, methods (Laplace transform techniques), and the

algorithms are entirely different from ours. The quantity ng) considered above

is much studied in continuous time because of its relevance to TéM) and the tails
of the stationary probabilities. For examples and other references see Glasserman
and Kou [11], Asmussen and Perry [2], and Sharma and Gangadhar [18]. But
we are not aware of any algorithms to calculate pZ(-M). Also, a multiserver finite
buffer queue which has some essential differences from single server queue, does
not appear to have been studied till now.

The rest of the paper is organised as follows. In Section 2 we consider the
i.i.d. case. The algorithms are first developed for the single server queue and then
extended to the multiserver queue. In Section 3 we develop the algorithms for

Markov modulated traffic.

2 Queues with I.I.D. Traffic

We consider a single server queue in discrete time with a finite buffer size M. The
time axis is divided into slots of equal length (taken as one unit) with slot k& being
the time segment [k, k + 1). Let X} packets arrive in slot & which are assumed
to arrive just after time k. These packets are eligible for transmission from time
k + 1 onward. The packets wait in the buffer before transmission. Any packet
being transmitted in a slot is stored in a separate memory. The number of packets
waiting for transmission at time k is denoted by Wjy. Then if (W —1)" + X,
exceeds M, the excess packets are lost. Thus {W;} evolves as

Wit = mln{(Wk — 1)+ + Xk,M} (1)

In this section, we assume that {X;} are i.i.d. Next section will generalise the
results to the Markov modulated case. Also, towards the end of this section we
will generalise our results to the case when the number of servers is S, S > 1.
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IfIP(X; =0) >0and IP (X; <1) <1, then {W}} is a finite state, irreducible,
aperiodic Markov chain. If M = oo and IE[X;] < 1, then the chain is ergodic
and closed form expressions for the stationary mean and higher moments of Wy
and busy period under appropriate additional conditions are available (see, for in-
stance, Bruneel and Kim [5] and Gangadhar [10]). For M < oo, these expressions
can provide upper bounds but closed form expressions are not available. Then
one can solve

M
7P =n and Z?‘(’(i) =1,
i=0
where P is the transition probability matrix of {Wy}. From this one can obtain
the stationary moments of W}, and waiting time. Now let Wy = 0 and let 7 be the
first time after 0 when W again becomes zero. Observing that whenever Wy = 0,
there is no transmission in the kth slot, one can show that

E[r] = 1/x(0). (2)

Similar expressions for IE [7%], @ > 1 a positive integer, do not seem to be avail-
able. Also, for the i.i.d. case, 7 can be considered as the regeneration length for
{W}. The moments of regeneration lengths are of considerable interest. For
the multiserver and Markov modulated generalisations, (2) does not provide the
mean regeneration length. We obtain algorithms to compute the moments of the
regeneration length for all these cases. It is also of interest to know when Wy= 0
for the first time after £ = 0, if Wy=1, ¢+ > 0. We will call it the first busy period,
and denote it by 7;(M).

In Subsection 2.1, we develop the algorithms for the moments and distribu-
tions of 7;(M) while those of Ti(M) and pZ(M) are considered in Subsection 2.2.
In Subsection 2.3, we derive an alternate set of algorithms. In Subsection 2.4,
algorithms for a multiserver queue are developed.

2.1 Regeneration Lengths

Let 7;(M) denote the first time, after zero, Wy = 0, if Wy =4 < M (then 74(M)
= 7(M)). By conditioning on the number of arrivals in the Oth slot,

M—-1
E[r(M)] = P(Xo=0)+ Y (1+E[r(M))IP (X, = k)
k=1
+ 1P (Xo > M)(1 + IE [ra(M)])
M-1
= 1+ Y P(Xo=kE[r(M)]+P(Xg>MIE[ry(M)]. (3)
k=1

Now we show the following result which will be repeatedly used in this paper:
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For 1<k <M,

(M) =>_1(M —1+1), (4)
=1

where 7(n),n = M —k +1,..., M can be taken to be independent. Consider
the queue with Wy = k. In the zeroth slot, one of these k packets departs while
Xy new packets arrive. From slot one onward we serve only the packets which
arrive from the zeroth slot onward till all such packets are served. Now, for these
packets, only M — (k — 1) buffers are available (since k — 1 buffers are occupied
by packets which were in the system at time & = 0). Thus the time required to
serve all the packets arriving from slot 0 onward is 7(M — (k — 1)). In the slot
after that, one of the initial £ — 1 packets is served and from then on only the new
packets arriving from that slot onwards will be served. This procedure is repeated
till all the initial £ packets are also exhausted, providing us (4). Using (4), we
can rewrite (3) as a set of recursive equations:

E[r(l)] = 1/P(Xo=0),
Bire)] = e e,
1 M-1
E[r(M)] = 1% =0) 1+ Y EF(M-—k+1)]P(M-1> X >k)
k=2

M
+ P(Xo>M)Y Ef(M—-1+1]|, M>2 (5
=2

We will obtain similar equations for the higher moments and moment generating
function of 7(M).

Considering (3) we can obtain another algorithm for calculating IE [r;(M)]:
For a fixed M, in addition to (3), we can also write

E[n(M)] = TEln(M)]

E [;(M)] 1+ M0 P (X = B)E [ 14 (M)] (6)
+TP(X>M —i+ 1)E[ry(M)], M>i>2.

Thus we obtain a system of M + 1 equations with equal number of unknowns,
E[r(M)],i=0,1,...,M. Defining a; =IP (X, =1), and a; = IP (X > ), this
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set is of the form AT = b, where

( 1 -1 0 e 0 0 0 ]
0 1-a1 —az -+ —am—2 —GMm-1 —GMm
A— 0 —-a l—-a -+ —apy -3 —apy-2 —apm-1 ’
0 0 0 e —a 1-— (25} —52
L 0 0 0 te 0 —ag ag i

I = (E[rp(M)),...,IE[r(M)])", and b = (0,1,...,1)7. When a; < 1, the
matrix A is nonsingular and hence we will obtain a unique solution.

Algorithms (5) and (6) could be used at different times. For example, if one
only wants IE [7(M)] and would like to compare this value for different values of
M, (5) should be preferred. On the other hand, if we have a system of buffer length
M then (6) may be preferred because IE [7;(M)] are also of practical interest.

Now we obtain algorithms corresponding to (5) and (6) for IE [(7(M))?]. The
extension to IE[(7(M))"] for n a positive integer will be obvious. To obtain an
algorithm corresponding to (5), we again use (4). Then, by independence, we
have, for 1 < k < M,

k
E[(r(M))?] = Y B[(r(M —1+1))]
=1
k k
+3 Y EBEM-1+D)E[FM-n+1)].  (7)
=1 n=1;n#l

The equation corresponding to (3) now becomes

E[(r(M))?] = 2B[r(M)]-1
M-1
+ Y P (Xo = k)E [(7:(M))?] + anE [(7a(M))?]. (8)
k=1

Using (7) in this equation and interchanging the order of the summations, we
obtain the following set of recursive equations for computing IE [(7(M))?]:

E[(r(1))?] = m[QE[T(l)]—lL
B[ = g g 2EF@]- 1P (X0 > IR (1))

+2IP (X, > 2)E [r(1)|E[r(2)],
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IE [(7(M))?]
1
= v | " [T(M)] = 1+ TP (Xo > M)E [(7(1))?]
M-—1
+ P (Xo > DIE [(1(M — 1+ 1))?]

M M
+P(Xo>M)> > E[r(M-Ii+1)E[TM-n+1)|. (9)
=1 n=1;n#l

Corresponding to (6), we can get the following set of equations to solve for
IE [(7:(M))?]:
E[(r(M))*] = E[(ro(M))?]
= 2B[n(M)] -1+ 5 P (X = K)E [(1:(M))?]
+P (X >M-1)E [(tm(M))?], (10)
E [(r:(M))’] = 2E[n(M)] -1+ 0 P (X = k)E [(1i-144(M))?]

+IP (X >M —i)E[(t(M))?], M>i>2.
This can be written as ATy = by, where T'y = (IE [(19(M))?],...,[E [(TM(M))2])T
and by = (0,2E [r1(M)] = 1,...,IE[rp(M)] — 1)T. To solve this system of equa-
tions, we first have to obtain IE [r;(M)] from (6).
Once we have IE[7(M)], we can also calculate the stationary probability of
loss which equals (see Appendix)

S ayik

Using Little’s law, if IE [IW] is available, we can also calculate the mean waiting
time of the packets that enter the queue.
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For obtaining the distributions of 7;(M), we proceed as follows: We can write

P(r(M)=1) = P(Xg=0) fori=00ri=1
=0 fori > 2,

P (r(M) =n) = S5V (X = )P (raciyeay (M) =n—1) (1)
+IP(Xo>M— (i — D)NP (1 (M) =n — 1),
n>21i>0.

It is possible to solve this system of equations but unlike the case of IE [(7;(M))"],

now the number of equations to solve increases with n. A similar algorithm can
be provided for Ti(M). Actually for M large, the distribution of Ti(M) can be ap-
proximated by an exponential distribution with mean IE [Ti(M)] which has already
been calculated (Sharma and Gangadhar [18]). For 79(M), we can combine these

equations with (4) to obtain moment generating functions efficiently as follows:

E [zTU(l)] = Y P (r(1) = n)2"
n=0
= Z ag(1 — ag)" 12"
n=0
ag 1

l—ag 1—(1—ap)z’

ag # 1. For M > 1, from (11),

E [ZTO(M)}
00 M-1
= 2P (Xo=0)+)» 2" P (Xo =i)IP (r;(M) =n—1)
n=2 =1
+ i Z"P (X > M)IP (10 (M) =n — 1)
n=2
-1 [e%¢)
= 2P (Xo=0)+2 Y P(Xg=1)» 2" 'P(ri(M)=n-1)
=1 n=2
+ 2P (X zM)iz" WP (1 (M) =n —1)
M_ln:2
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From (4) we get ‘
E |:Z7-i(M):| — ﬁ]E [ZTU(M71+1):|
=1

and hence we obtain a recursive algorithm for calculating IE [zTO(M )].

2.2 Ti(M) and pZ(M)

In this section we derive algorithms to compute the moments of the first time to
overflow and the probability of an overflow in a regeneration cycle. Let Ti(M) de-
note the first time, after zero, (Wy — 1)™ +X}, exceeds M (hence overflow occurs),
when Wy =1 < M. Let pl(-M> denote the probability that in the first busy period
overflow occurs, with Wy = ¢ < M. Conditioning on the number of arrivals in the
Oth slot, we get

E[r"] = 1+ 2 a®[1"] = B[1"]
(12)
M i M .
E[r™] = 1425 aB [T, 2<i< M
Equations (12) are in the form RT = b where
1 —1 0 cee 0 0
—ay 1l—ar —ay -+ —apy-1  —am
R = 0 —ag l—ar -+ —am—2 —am-1 |,
0 0 0 s —ay 1-— al
T
T = (]E [TO(M)],...,]E [T]&M)D ,and b= (0,1,...,1)7.
For pz(M), we obtain,
M M) _ M
pé )= P(1 ) = an+1+ Yt a’ipz(' :
(13)
pM = Gy + DM M, 2 <i < M

These equations can be written as QIT = a, where

1 -1 0 0 0
0 1-ag —az - —aym-1 —aym

Q=0 —-a l—-a -+ —am-—2 —am-1 |,

0 0 0 —ay 1—a1
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M MNT ~ ~ ~ \T
II= (p(() )aapS\/[)) ;and a = (OﬂaM-I-la"'aa?) :
We can check that when ag > 0 and a; < 1, R and Q are nonsingular and
hence the above systems of equations have unique solutions.

2

Following the above procedure, the system of equations for IE {(TZ-(M)) } is :
2 2 2
E [(TO(M)) } = 2B [T"] -1+ £,/ {(T}m) } " {(TfM)) }

E [(TZ.(M))Q} _ oE [Ti(M)} — 1+ ayE {(Ti(ﬂﬁj)g

,2<i< M
(14)
2
This set can be written as RT® = by, where T® — (]E [(TO(M)) } ) ey

2 T
E [(T]&M)) D ,Risasin (12), and by = (0, 2IE [TfM’]—l, ..., 2IE [T&M)]—l)T.
The matrices A, R, and Q have similar structure and these equations can be
solved in (M2 + 3M) multiplications. If we only want IE [ro(M)] and want to
study them as functions of M, (5) provides a more efficient way.
Now we provide efficient algorithms for IE [Ti(M)] and IE [(TZ-(M>)2] . We will re-

quire two different algorithms for these two quantities. To calculate IE [(Ti(M))”] )
n = 1,2, once we have IE [(TZ-(MI))"], M =1,---,M — 1, will require O(M)

multiplications. First we describe the algorithm for IE [Ti(M)]; the algorithm for
(M)

computing p,” ’ is obtained by a simple modification of this.
In the following, AS\?, and Bjy; are M — 1 dimensional column vectors and
Cyus is an M — 1 dimensional row vector.

By solving the equations for the case M = 2, we get

1+Cy AP
E T(2) - E T(2> — 2 2
|:0 ] [1 ] 1—a0—a1—Cg-B2’
E[r"] = Al +B.E[1"],
where
1 a
A" = . By = — = as.
2 1 —a 2 —a C, as

Now we develop equations recursive in M. Consider any M > 3. Suppose that
the following holds for such an M (it does for M = 3):

(IE [TQ(Mfl)} SR | 2 [TJS/I]\{II)])T _ As\?_l 4+ By [Tl(Mfl)].
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Then the second equation from the set RT = b gives

T
E [T(M—l)] _ 1+Cuy- AS\/I)—I ag E [T(M—l)]
! 1—a1 —Cy-1-By-1 1—a1 —Cpy-1-Byoy '

Hence we obtain

M-1 M-DN\T T M-—1
(& [r™ Y], Eri0Y]) = Al +ByE [T Y],
where
T
A _ ((%) N 1+ Cp—t- Agwll 1
M Ay l1—a1—Cyp-1 By \ Byt )
(15)
a 1
By =
M 1-a1—Cp_1-By_1 (BMI )’
and

CM — (CM—la aM)a M 2 3.

Now we exploit the fact that the last M — 1 equations of RT = b for the case
of IE [T(M>

i

M) for IE [TZ.(M_U]. Hence,

] remain the same as the last M — 1 equations (but for the new index

(® [T2(M>],...,IE[T](MM>])T:AS\?—i—BM]E "] (16)

From the second of the equations in the set RT = b, we obtain

] _ L+ Cur A5 +ao [T§M)] -
[1 ]_ l—a;—Cy -By : (17)
The first equation then implies
E[75"] = m [1{"] = 1+Cy- Al (18)
0 1 1—ag—a, —Cpy- By’

Thus we have obtained expressions for IE [TZ-(M)] given the equations for M — 1.

For IE [(TZ-(M))Q] the above technique does not apply as the right hand sides
of these equations change with M. For these, we describe another algorithm. We
rewrite RT(?) = by by shifting the first row to the bottom as

BRI
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where R is an M x M matrix, vy is (—anr, —anr1,--+, —az, 1—ay)?, and rops
is (1,—1,0, ---,0). Similarly, t;, 9, dy are obviously defined. The last equation
of this system of equations simply says that IE [(TO(M))Q] =1E [(TI(M>)2]. From
the rest of the equations we get

Ryt +riate = dy

and hence

t1 = RX/[I(dl - I'lMtQ). (19)
Since the first two components of t; are the same, we thus get
(Ry/di)i — (Ry/di)e

t2 — — — s
(Ry/rin)1 — (R rin)e

where (X); denotes the ith component of vector X.

Now from (19), we can obtain IE [(TU(M))Z] = (t1)1, once we have R}, in 5M
multiplications.

We now obtain an efficient algorithm to calculate RX/II, once RX/}_I is known.

Since

—ay l1—a1 —ay -+ —am-1
0 —ayg l—a; -+ —apy_o
Ry = 0 0 —ay - —aM-3 |
0 0 0 —ayg

it is a triangular Toeplitz matrix. Its inverse is also a triangular Toeplitz matrix
(see Yen [21]),

do dy do -+ dp—
0 do di -+ dy—2
R]T/Il é 0 0 dy -+ dpy_3
o o0 0 --- do
where
1
dy = T
ap
1 n—2
d, = — ((1 —ay)dp-1 — Z an—kdk> , 1<n<M-1 (20)
ao k=0

Since Rj; and Rjs;_1 have the same first M — 1 components, d, is same for
RA_/} and R]T/Il_l, forn=20,---,M — 2, and thus we only need to calculate das_1
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which requires M multiplications. Thus, our algorithm requires 6 multiplica-
tions to calculate Ry, and IE [(TO(M))Q] once we have Ry, IE [(TU(M_U)Z], and

1
but the complexity will be of the same order as for the algorithm given above.

The procedure for computing the distributions, presented in Section 2.1, can

E [T(M)]. We can, of course, use this algorithm for calculating IE [Ti(M)] also;

be seen to be easily adaptable for finding the distributions of Ti(M).

2.3 Another Set of Algorithms

It is instructive to compare the algorithms presented in the previous subsections
with another set of algorithms. Instead of (3) we now write IE [1;(M)] for ¢ > 0 as

E[r(M)] =) P (r(M) > n). (21)
n=0

Define Q as a matrix obtained by deleting the zeroth row and column from P.
Then we obtain

oo M _(n) M
E[rn(M)]=>YQ; => Gy (22)
n=1j=1 j=1
where G = (I — Q)i exists whenever P is irreducible. To obtain IE [7(M)] we
now use (3). One can similarly show that for ¢ > 0,

M M
E[(r;(M))?] =2Y G} —> Gy (23)
=1 =

and then obtain IE [(7(M))?] as above. Similarly one can develop algorithms for
E[(r;(M))"]. It is easy to show that these algorithms are more expensive than
those developed earlier although for the case of IE [TZ-(M)] we can, after some

manipulation, obtain RT = b. It is interesting that we can obtain pl(-M) also

from algorithms of the type of (22) using Pitman [14, p.85]. From {W}} define a
Markov chain {W} as W), = W, if there is no overflow in slot (k — 1), otherwise
Wi = M + 1. From the transition probability matrix of {Wk}, obtain Q by
deleting the last row and column. Then IE [(Ti(M))”] is obtained from (22)-(23) if
we replace Q by Q. Let G = (I—Q)*1 and let G be obtained from G by replacing
all columns except the zeroth by zeroes. Let N be a r.v. with distribution

P (N =n) =py" (1= pg")"
Then from Pitman [14],

1 M

Y 1= Z(GU)Oj

E[N = -
by j=1
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If G is known, then this is a less expensive way to calculate p(()M) than (13).

2.4 Multiserver Queue

Now we extend the algorithms to the multiserver queue with S, S > 1 servers.
The process {W}} evolves as

Wiy = mln{(Wk — S)+ + Xp, M}

We consider the regeneration epochs as the instants when W < S. An equation
corresponding to (4) does not hold for S > 1. If we take the regeneration epochs
as instants when Wy < S, then we would get the inequalities

(M) = 19(M), fork<S
k

(M) < T(min{M , M — k + jS}).

=1

<

For S large this bound could be quite weak and also does not provide algorithms
for computing IE[7(M)]. Thus we retain the earlier definition of the regeneration
epochs.
The equations (6) get modified to
E[r(M)] = 1+ 32705 P (X = j)E[r;(M)]
+IP(X > M))E[m(M)], 0<i<5§5,
(24)

1+ S5 P (X = ) B[ s45(M)]

tP(X>M—i+ S)E[r(M)], S<i<M

One can similarly develop algorithms corresponding to (10).
Unlike for the single server queue, from IE [7(M)] now we can only get bounds
on the stationary probability of packet loss (Gangadhar [10]):
S S

1
< Stat. Prob. of Loss <1 — —— {1 — 7} .
E|[r

"TEE (X W)

and using Little’s law, these can provide upper and lower bounds on the mean
waiting times of the packets entering the queue.
The equations for IE [Ti(M)] become

IE[Ti(M>] = 1+, P(X =j)E [T](M)]’ 0<i<$
(25)
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One can also obtain similar extensions for (14) and (13). One again observes that a
triangular Toeplitz matrix can be extracted from the equations for the multiserver
queue. We can thus develop efficient algorithms as for the single server case.

3 The Markov Modulated Case

In this section we extend the algorithms presented in Section 2 to the queues with
Markov modulated arrivals (as described below).

Let {Y%} be a Markov chain with state space {0, 1,2, ..., N—1} and probability
transition matrix {p;;}. We define

P (X, =k Yy =5 Xn1,--, Xo, Yot = 4,...,Y0) = O,

for £ > 0. We denote by W), the workload at time k£ and the buffer length is M.
We consider the single server queue although extension to multiserver queue is
possible as in Section 2.

Define the following random variables:

M = inf{k>0: Wi =0 Wy =n, Yy =i},
Trgf‘f) = inf{k > 0: Queue overflows at time k| Wy = n, Yy = i},
p%) = IP(overflow occurs at some kand W; > 0,0 < j < k|

W() :n,Yo :’L)

The quantities IE [TTE ; )] satisfy the following equations (cf. (12)):

M — i M M
E[150] = 1+ S o o] = B
(26)
B[I0] = 145 sV o[, ], 2<ns M
Similarly, {pglnz)} satisfies
pg],\z/]) = aM+1 i+ Zk 1 Z;V 01 Ok pé]) = p(lj’\f)
(27)
P = e+ ST SN O 2<n <M,

where a,,; =P (Xo >m|Y, =

Now we see that the {IE [

), 1>
]\;I ] and {pn ; } satisfy RT = B and QIT = A
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with
I —I 0 0 0 0
-bg I-by —by -+ —-by_2 —-by_1 by
R = 0 -by I-b;y -+ —by 3 —by 2 —by i |,
0 0 0 e 0 —byg I-by
I —I 0 0 0 0
0 I-by —-by -+ —-by_—2 —by_1 —by

Q=0 —-by I-b;y -+ —by3 —-by—o —-by_1 |,

(o=
o
o
(o=
[
o
o
i
|
=8
i

= (B[] e []) o (B[] B ERR])]
= [0 ()]
= (671’...’1)T’
- (ﬁ,gmﬂ,gm’...’gQ)T’

where I is an N x N identity matrix, 0 is an N x N all zeroes matrix, 0 =
(0,0,---,0)", and 1 = (1,1,---,1)" are N x 1 column vectors,

a, =P (Xo>m|Yy=1i),i>0)7,

and 0,0 0,2 0,N
2 P o
by, = Gy Gy Gy
N1l AN-12 . N-1,N—1
C Ch - Gy
One can similarly write the equations for IE Tr(lf\i/”] and for the higher mo-

ments. An equation corresponding to (4) can also be written and exploited to
obtain efficient algorithms.

To compute IE [T(M)

i ], the algorithm presented in Section 2.2 can be extended

to the Markov modulated case as below. This algorithm requires O(M N3) number

of multiplications once the values of IE [TT(L{\;[_U

write T,, = (B [T{],- . B [Téf‘ﬁ_l])T.

] are known. In the following, we
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M=2:
DgT) =(I- bl)_1 1, Ey=(I— bl)_1 - bo.
To=T1:(I—bo—bl—CQ'EQ)fl‘(l‘i‘CTDgT))a
T, =D!" +E,- T,
M > 3:
0
= Lo,
I _
i < Ey_1 ) (I—=b; —Cp—1-En_1) ' - (1+Cuny- Dg\?fl)’
I -1
EM B E -(I—bl—CM_l‘EM—l) 'bOa
M-1

Ty =T, = (I—bg—b; —Cy-Ey)~" - (1+ Cyr - D)),

(Ty, -, Ta)T =D + By - Ty

Now we obtain a result corresponding to the triangular Toeplitz matrix re-
sult (20) of Section 2. Let A be a block triangular Toeplitz matrix of the type
obtained from R in this section. Let D be its inverse. Let

by by by -+ by |
0 by by -+ by
A=| 0 0 by -+ bu_
0 0 0 - by |
Then a matrix )
d d; dy -+ dup
0 do di -+ dy
D=|0 0 do -+ du-2
0 0 0 - dy |

is its inverse if it satisfies AD = I. Thus

dy = by'
d; = —by'bidg
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d, —by ! (byd; + bady)

d, = —by'(bidy_i+---+b,dy)

Therefore, if bO_1 exists, then D of given structure is Ail. Then computing the
inverse of A is not expensive once we know the inverse for dimension M — 1. This
can be readily used when applying the algorithms of Section 2 corresponding to
E [(T(M))Q] to the Markov modulated case.

n,i

4 Numerical Examples

In this section we provide some numerical examples. We consider both i.i.d. and
Markov modulated cases. First we describe the examples and towards the end of
the section we discuss the results and provide some concluding remarks.

4.1 LID. case

a) An approximate voice source model

Consider an ATM multiplexer whose outgoing link speed is 1.536Mbits/sec.
The incoming traffic is a superposition of, say, N number of voice calls. Each
voice source generates ATM cells (53 bytes) in the following manner: The analog
speech waveform is sampled at a Nyquist rate of 8 kbits/s. and each sample is
encoded into a 8-bit digital signal (thus the traffic generated by an active source is
64 kbits/s). Hence, every 6ms., 48 bytes of information (that can fill an ATM cell)
is available from the source. Thus each voice source in its active state generates
166.67 ATM cells/sec. With a buffer to take care of the instantaneous excess
(above the server capacity of one cell), arrivals from a maximum of 22 voice calls
can be served by the multiplexer and the channel.

By considering the time of transmission of an ATM cell on the outgoing chan-
nel (which is 0.276ms.) as a unit of time, the multiplexer and the output channel
can be modelled as a discrete time queue. A voice source in active state generates
an ATM cell every 22 slots.

In this example, we make the assumption that each of the voice sources can
be modelled as a Bernoulli source with parameter p and that the sources are
independent. The parameter is fixed by matching the mean number of arrivals
from the voice source in a slot (which is, as seen above, 1/22) to the mean of
the Bernoulli process, p. Thus p = 0.045. With N number of voice sources
multiplexed, the load experienced by the multiplexer is Np.

We considered two scenarios: one with N = 19, corresponding to a load of
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0.855, and another with N = 14, which corresponds to a load of 0.63. The
corresponding variances are 0.817 and 0.602.

The quantities IE [Ti(M)], E [(TZ-(M))Q], pZ(-M), and IE [;(M)] were computed
for M =2,---,80,i=0,---, M. The results for N = 14 and N = 19 are plotted
in Figures 1 and 2 (The figures include results from next example, for ease of

comparison). As M — oo, [E [(T.(M>)”

; ] — 00, n = 1,2, which gets reflected in
the denominator in (18) becoming very close to zero. This will naturally lead to
numerical problems for large M.

Figure 3 plots p{* for M = 2,---,80 and i = 0,30, and 60, and Figure 4
plots the computed values of IE [r;(M)], for the cases N = 14 and 19.

We discuss the results towards the end of this section.

b) Non-Binomial Arrival Process

In the above example, the overall arrival process to the multiplexer has a Bi-
nomial distribution. Next we consider discrete distributions, probl and prob9,
that are not Binomial, but have (nearly) same means as those in the above exam-
ple, with 14 and 19 sources, respectively. Table 1 tabulates the two distributions
considered.

Figures 1-3 incorporate some of the computational results for this example.

4.2 Markov modulated case

a) A three state source

In this example the discrete time queue is fed by a source which has three
states and its motion in the state space {0,1,2} is described by a Markov chain
evolving in discrete time with transition probability matrix

0.5 0.5 0
0.46875 0.1375 0.39375
0 0.7 0.3

State changes of the Markov chain occur at the slot boundaries and when the
Markov chain is in state 4,7 € {0, 1,2}, the source is in the process of generating
1 packets which it feeds into the queue at the beginning of the next slot. It is
easy to check that the stationary mean number of packets per slot is 0.85 and
its variance is 0.5775. The expected first time to overflow is 7 - T, where 7 is
the stationary probability vector of the Markov chain, and Ty is defined as in
Section 3 (7 - Ty is the first time to overflow if the underlying Markov chain starts
with stationary distribution and initially the system is empty). Table 2 compares
the expected first time to overflow in this example with the i.i.d. (prob9) case.

Figure 5 plots the mean first time to overflow as a function of the buffer size
for different initial number, n, in the system.



SHARMA and Gangadhar / Algorithms for Finite Discrete Queues 20

b) Superposition of On/Off sources

This example is related to (infact a refinement of) the approximate voice
source model presented in Example 4.1(a). Here, each of the voice sources is
modelled as a Markov modulated On/Off source. Hence we consider an arrival
process that is generated by a superposition of N On/Off sources each of which
is governed by a two state discrete time Markov chain. A source when in On
state generates a packet which it feeds to the queue at the beginning of the next
slot. When it is in the Off state, it does not generate any packets. The transition
probability matrix of each source is

0.98 0.02
0.42 0.58 |~

The mean interarrival time of packets from each source is 22 slots, the same as in
Example 4.1(a).

We considered the case when the number of On/Off sources is 19 which corre-
sponds to a load of 0.85 (¢f. Example 4.1(a)). The state space of the underlying
Markov chain has 20 states where state 4 indicates the number of sources that are
in the On state. The array of values IE [TT(L{\;I)] fori=0,---,19, M = 2,---,80,
n=0,---, M were calculated using the matrix operating facilities of MATLAB.

In Figure 5, the quantity IE [TZ-(M)] is plotted as a function of M, for n = 30,

60, and 80 (with i = 0).

4.3 Discussion

We discuss some features of the queueing phenomenon brought out by the numer-

ical computations done for the examples presented above.
(M)

(1) For 4 and M fixed, as the mean arrival rate increases, the moments of T}

decrease (see Fig. 1 and 2). This simply reflects the fact that the queue builds

up more rapidly as the load increases. Also, with the mean fixed, increasing the

Ti(M)

variance of the arrival process results in the moments of to decrease (Fig. 1

and 2).

(2) For a particular distribution, the moments of T; are monotonically

increasing in M and monotonically decreasing in i. The effect of the initial number
in the system, 7, on the moments of TZ-(M) is very little (The curves for i = 0,30
and 40 merge quickly as M increases; see Figures 1, 2, and 5). The reason for this
is that the effect of ¢ vanishes once the queue length decreases to zero before an
overflow occurs — this happens with probability (1 — pz(-M)

close to unity for the distributions considered (see Fig. 3).

(M)

), which is sufficiently

(3) In contrast to IE [Ti(M)], even though IE [r;(M)] has monotonic properties
with respect to ¢ and M, the effect of ¢ is quite pronounced. This is to be expected
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from Equation (4). Also, for i fixed, IE [;(M)] reaches an asymptotic value (equal
to IE [7;(o0)], the corresponding value for the infinite buffer case) which depends
very much on i (see Fig. 4).

(4) In the Example 4.2(a) of a 3-state Markov modulated source, IE, [Ti(M)]

(7 is the stationary distribution of the underlying Markov chain), are considerably
higher than the corresponding i.i.d. example (with input distribution prob9) (see
Table 2). In the Markov modulated case the variance is lower than that of prob9
and the maximum number of arrivals in the former case is two while as many as
ten packets can arrive in the latter. Also, the arrivals from the 3—state source
are positively correlated only to a small extent (the covariance between successive
arrivals is 0.2325).

(5) Even though the two Markov modulated examples considered have the
same mean, the superposition of 19 On/Off sources has a larger variance and a
higher peak arrival rate. This resulted in lower values of the mean overflow times
(see Fig. 5).
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Appendix

In this Appendix, we provide a derivation of the expression for stationary
probability of packet loss in a finite buffer queue in terms of the mean regeneration
cycle length. The latter quantity can be computed using the algorithms presented
in this paper.

Let Ny, be the number of packets lost in one regeneration cycle (denoted by

7(M)). Then
T(M)-1
[T(M) =1+ Ny |7(M)>1]=| > Xp|r(M)>1
k=0
Hence

E[N,|7(M)>1]=1—E[r(M)|7(M) > 1]+ E [Zz(éw)leh(M) >1).

Now

Elr(M)] - (r(M) =1)
P(r(M)>1) ’
P(r(M)>1) = P(X >0),

E[r(M)[7(M) > 1] =
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and
E[sTM %, r ) > 1} — (M) E[X]/P (X >0).

Therefore, the stationary probability of packet loss

= mean fraction of packets lost
M)-1
— IE[NL|T(M)>1]/IE{ZZ(O) Xy, [ (M) > 1

= l‘ﬁ [I‘JE[:(M)J'



