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We consider a discrete time queue with �nite capacity and i.i.d. and Markov mod-ulated arrivals. E�cient algorithms are developed to calculate the moments andthe distributions of the �rst time to over
ow and the regeneration length. Resultsare extended to the multiserver queue. Some illustrative numerical examples areprovided.Keywords: Finite capacity queue, discrete time queue, algorithms, over
ow time,regeneration cycle length, probability of over
ow, Markov modulated arrivals.1 IntroductionAlthough queues have traditionally been studied in continuous time (Cohen [9],Asmussen [1], Prabhu [15]), due to the arrival of the digital technology and inparticular of the ATM based networks, discrete time queues have become increas-ingly important (see Bruneel [4], Bruneel and Kim [5] for recent surveys and Chuand Konheim [7], Kobayashi and Konheim [12], and COST report [16] for variousapplications).In the ATM networks, not only a switch (node) is driven by a clock, butthe messages are also split into equal sized \cells" which are transmitted on theoutput lines in a synchronised way. Also, the current switch architectures favouroutput queueing (COST report [16]). This makes each output link of a switcha discrete time queue that we study in this paper. Further, an ATM network isdesigned to support packetised voice and video which can tolerate very little delayand delay jitter. There may be real time tra�c also which requires small delays inthe network. Thus in ATM networks, to allow sharing of the channels for e�cientutilisation and small delays by various users, small bu�ers at di�erent switches�On leave from the Department of Electrical Engineering, Indian Institute of Science, Ban-galore 560 012, INDIA.



SHARMA and Gangadhar / Algorithms for Finite Discrete Queues 2are being advocated. This makes the approximation by an in�nite capacity queuehighly erroneous. Thus, one needs to incorporate the �nite bu�er constraint inthe queueing model itself. But then, in contrast to the in�nite capacity queue,closed form expressions for various quantities of interest (even for the i.i.d. tra�cmodel) are not available. In this paper we develop algorithms for a discrete time�nite bu�er queue.We consider a discrete queue with a �nite bu�er size and with one or moreservers. The service times are of one slot length. The arrival process could bei.i.d. or modulated by a �nite state Markov chain. For a bu�er length of sizeM , we obtain algorithms for calculating the mean and the higher moments ofthe busy period �(M), moments of the �rst time to over
ow T (M)i , and p(M)i ,the probability of over
ow in a busy period, where i is the initial number in thesystem. For sometime it is known that the asymptotics of these quantities, asM!1, are related (Sharma and Gangadhar [18]). However, a surprising resultof this work is that even the above algorithms which compute these quantitiesexactly for �nite M are related and have similar structure. An advantage of ouralgorithms is that if we know these quantities for bu�er lengths 0; : : : ;M , thencalculating for M + 1 does not require much e�ort. This is particularly useful inthe design stage because then one can �nd the minimum bu�er length required tomeet certain performance requirements. This can also be useful if one is interestedin observing the behaviour of these parameters as M changes. In another study,we will obtain asymptotic behaviour of IE h(T (M)0 )�i, IE [(�(M))�], and p(M)0 asM tends to in�nity.We elaborate on the theoretical and practical relevance of the results of thispaper. The busy periods �(M) (rather, the regeneration lengths) are of funda-mental importance in queueing theory and have been studied in all works onqueueing. Its mean IE [�(M)] is required in the important formulae of calculatingthe stationary distributions (see, e.g.,Asmussen [1, p.126]), while the second mo-ment is required in the asymptotic variance ([1, p.137]). Futhermore, momentsof regeneration lengths are involved in obtaining various rates of convergence andbounds on the �{mixing coe�cients (Sharma [17]). We also obtain moments of�i(M), the �rst time the queue becomes empty when the initial queue length is i.In addition to the moments of �(M), these provide the practically useful quantity{ the amount of time it takes for the e�ect of congestion (if i is large) to disappear.Its moments are also useful in obtaining various rates of convergence in the limittheorems. The next quantity studied, T (M)0 , provides the �rst time an over
owoccurs if the queue starts empty (or, with an initial queue length i; then we studyT (M)i , as explained in the next section). For many practical systems, T (M)i , i � 0,is actually a more useful quantity than the stationary probability of loss. In fact,for voice tra�c, T (M)i , along with the fact that the losses occur in clusters providesbetter information (than the stationary probability of loss) to judge the quality of



SHARMA and Gangadhar / Algorithms for Finite Discrete Queues 3voice received from the queue (see Cidon et.al. [8] and, in particular, Sharma andGangadhar [18] for much more structure of the loss process). Finally we will studyp(M)0 , the probability that the queue length exceeds M in a regeneration cycle,which is relevant in obtaining the tail probabilities of the stationary distributionand also the asymptotics of T (M)0 (Sharma and Gangadhar [18]).Now we describe the related literature. Probability of over
ow is usuallystudied under stationarity (see e.g., Takine et.al. [19], Cidon et.al. [8], COST re-port [16], for discrete queues and Bisdikian et.al. [3], Tijms [20], and Kofmannet.al. [13] for continuous time queues). Algorithms for the busy period and the �rstpassage times of the queue length for a �nite bu�er discrete time queue with geo-metrically distributed interarrival and service times are given in Chaudhary andZhao [6]. Their assumptions, methods (Laplace transform techniques), and thealgorithms are entirely di�erent from ours. The quantity p(M)0 considered aboveis much studied in continuous time because of its relevance to T (M)0 and the tailsof the stationary probabilities. For examples and other references see Glassermanand Kou [11], Asmussen and Perry [2], and Sharma and Gangadhar [18]. Butwe are not aware of any algorithms to calculate p(M)i . Also, a multiserver �nitebu�er queue which has some essential di�erences from single server queue, doesnot appear to have been studied till now.The rest of the paper is organised as follows. In Section 2 we consider thei.i.d. case. The algorithms are �rst developed for the single server queue and thenextended to the multiserver queue. In Section 3 we develop the algorithms forMarkov modulated tra�c.2 Queues with I.I.D. Tra�cWe consider a single server queue in discrete time with a �nite bu�er sizeM . Thetime axis is divided into slots of equal length (taken as one unit) with slot k beingthe time segment [k; k + 1). Let Xk packets arrive in slot k which are assumedto arrive just after time k. These packets are eligible for transmission from timek + 1 onward. The packets wait in the bu�er before transmission. Any packetbeing transmitted in a slot is stored in a separate memory. The number of packetswaiting for transmission at time k is denoted by Wk. Then if (Wk � 1)+ + Xkexceeds M , the excess packets are lost. Thus fWkg evolves asWk+1 = minf(Wk � 1)+ +Xk;Mg: (1)In this section, we assume that fXkg are i.i.d. Next section will generalise theresults to the Markov modulated case. Also, towards the end of this section wewill generalise our results to the case when the number of servers is S; S � 1.



SHARMA and Gangadhar / Algorithms for Finite Discrete Queues 4If IP (X1 = 0) > 0 and IP (X1 � 1) < 1, then fWkg is a �nite state, irreducible,aperiodic Markov chain. If M = 1 and IE [X1] < 1, then the chain is ergodicand closed form expressions for the stationary mean and higher moments of Wkand busy period under appropriate additional conditions are available (see, for in-stance, Bruneel and Kim [5] and Gangadhar [10]). For M <1, these expressionscan provide upper bounds but closed form expressions are not available. Thenone can solve �P = � and MXi=0 �(i) = 1;where P is the transition probability matrix of fWkg. From this one can obtainthe stationary moments of Wk and waiting time. Now let W0 = 0 and let � be the�rst time after 0 whenWk again becomes zero. Observing that whenever Wk = 0,there is no transmission in the kth slot, one can show thatIE [� ] = 1=�(0): (2)Similar expressions for IE [��], � > 1 a positive integer, do not seem to be avail-able. Also, for the i.i.d. case, � can be considered as the regeneration length forfWkg. The moments of regeneration lengths are of considerable interest. Forthe multiserver and Markov modulated generalisations, (2) does not provide themean regeneration length. We obtain algorithms to compute the moments of theregeneration length for all these cases. It is also of interest to know when Wk= 0for the �rst time after k = 0, if W0= i, i � 0. We will call it the �rst busy period,and denote it by �i(M).In Subsection 2:1, we develop the algorithms for the moments and distribu-tions of �i(M) while those of T (M)i and p(M)i are considered in Subsection 2:2.In Subsection 2:3, we derive an alternate set of algorithms. In Subsection 2:4,algorithms for a multiserver queue are developed.2.1 Regeneration LengthsLet �i(M) denote the �rst time, after zero, Wk = 0, if W0 = i � M (then �0(M)= �(M)). By conditioning on the number of arrivals in the 0th slot,IE [�(M)] = IP (X0 = 0) +M�1Xk=1 (1 + IE [�k(M)])IP (X0 = k)+ IP (X0 �M)(1 + IE [�M (M)])= 1 +M�1Xk=1 IP (X0 = k)IE [�k(M)] + IP (X0 �M)IE [�M (M)]: (3)Now we show the following result which will be repeatedly used in this paper:



SHARMA and Gangadhar / Algorithms for Finite Discrete Queues 5For 1 � k �M , �k(M) = kXl=1 �(M � l + 1); (4)where �(n); n = M � k + 1; : : : ;M can be taken to be independent. Considerthe queue with W0 = k. In the zeroth slot, one of these k packets departs whileX0 new packets arrive. From slot one onward we serve only the packets whicharrive from the zeroth slot onward till all such packets are served. Now, for thesepackets, only M � (k � 1) bu�ers are available (since k � 1 bu�ers are occupiedby packets which were in the system at time k = 0). Thus the time required toserve all the packets arriving from slot 0 onward is �(M � (k � 1)). In the slotafter that, one of the initial k�1 packets is served and from then on only the newpackets arriving from that slot onwards will be served. This procedure is repeatedtill all the initial k packets are also exhausted, providing us (4). Using (4), wecan rewrite (3) as a set of recursive equations:IE [�(1)] = 1 = IP (X0 = 0);IE [�(2)] = 1 + IP (X0 � 2)IE [�(1)]IP (X0 = 0) ;IE [�(M)] = 1IP (X0 = 0) "1 +M�1Xk=2 IE [�(M � k + 1)]IP (M � 1 � X0 � k)+ IP (X0 �M) MXl=2 IE [�(M � l + 1)]# ; M > 2: (5)We will obtain similar equations for the higher moments and moment generatingfunction of �(M).Considering (3) we can obtain another algorithm for calculating IE [�i(M)]:For a �xed M , in addition to (3), we can also writeIE [�1(M)] = IE [�0(M)]IE [�i(M)] = 1 +PM�ik=0 IP (X = k)IE [�i�1+k(M)]+ IP (X �M � i+ 1)IE [�M(M)]; M � i � 2: (6)Thus we obtain a system of M + 1 equations with equal number of unknowns,IE [�i(M)], i = 0; 1; : : : ;M . De�ning ai =IP (X0 = i), and ~ai = IP (X0 � i), this



SHARMA and Gangadhar / Algorithms for Finite Discrete Queues 6set is of the form A� = b, whereA = 266666664 1 �1 0 � � � 0 0 00 1� a1 �a2 � � � �aM�2 �aM�1 �eaM0 �a0 1� a1 � � � �aM�3 �aM�2 �eaM�1� � � � � �0 0 0 � � � �a0 1� a1 �ea20 0 0 � � � 0 �a0 a0
377777775 ;� = (IE [�0(M)]; : : : ; IE [�M (M)])T , and b = (0; 1; : : : ; 1)T . When a1 < 1, thematrix A is nonsingular and hence we will obtain a unique solution.Algorithms (5) and (6) could be used at di�erent times. For example, if oneonly wants IE [�(M)] and would like to compare this value for di�erent values ofM , (5) should be preferred. On the other hand, if we have a system of bu�er lengthM then (6) may be preferred because IE [�i(M)] are also of practical interest.Now we obtain algorithms corresponding to (5) and (6) for IE �(�(M))2�. Theextension to IE [(�(M))n] for n a positive integer will be obvious. To obtain analgorithm corresponding to (5), we again use (4). Then, by independence, wehave, for 1 � k �M ,IE �(�k(M))2� = kXl=1 IE �(�(M � l + 1))2�+ kXl=1 kXn=1;n6=l IE [�(M � l + 1)]IE [�(M � n+ 1)]: (7)The equation corresponding to (3) now becomesIE �(�(M))2� = 2IE [�(M)]� 1+ M�1Xk=1 IP (X0 = k)IE �(�k(M))2�+ eaM IE �(�M (M))2�: (8)Using (7) in this equation and interchanging the order of the summations, weobtain the following set of recursive equations for computing IE �(�(M))2�:IE �(�(1))2� = 1IP (X0 = 0) [2IE [�(1)] � 1] ;IE �(�(2))2� = 1IP (X0 = 0) �2IE [�(2)]� 1 + IP (X0 � 2)IE �(�(1))2�+ 2IP (X0 � 2)IE [�(1)]IE [�(2)]] ;



SHARMA and Gangadhar / Algorithms for Finite Discrete Queues 7IE �(�(M))2�= 1IP (X0 = 0)"2IE [�(M)]� 1 + IP (X0 �M)IE �(� (1))2�+ M�1Xl=2 IP (X0 � l)IE �(�(M � l + 1))2�+M�1Xk=1 kXl=1 kXn=1;n6=l IP (X0 = k)IE [�(M � l + 1)]IE [�(M � n+ 1)]+ IP (X0 �M) MXl=1 MXn=1;n6=l IE [�(M � l + 1)]IE [�(M � n+ 1)]#: (9)Corresponding to (6), we can get the following set of equations to solve forIE �(�i(M))2�:IE �(�1(M))2� = IE �(�0(M))2�= 2IE [�0(M)]� 1 +PM�1k=1 IP (X = k)IE �(�k(M))2�+ IP (X > M � 1)IE �(�M (M))2�;IE �(�i(M))2� = 2IE [�i(M)]� 1 +PM�ik=0 IP (X = k)IE �(�i�1+k(M))2�+ IP (X > M � i)IE �(�M (M))2�; M � i � 2: (10)
This can be written asA�2 = b1; where �2 = �IE �(�0(M))2�; : : : ; IE �(�M (M))2��Tand b1 = (0; 2IE [�1(M)]� 1; : : : ; IE [�M (M)]� 1)T . To solve this system of equa-tions, we �rst have to obtain IE [�i(M)] from (6).Once we have IE [�(M)], we can also calculate the stationary probability ofloss which equals (see Appendix)1� 1IE [X ] �1� 1IE [�(M)]� �Using Little's law, if IE [W ] is available, we can also calculate the mean waitingtime of the packets that enter the queue.



SHARMA and Gangadhar / Algorithms for Finite Discrete Queues 8For obtaining the distributions of �i(M), we proceed as follows: We can writeIP (�i(M) = 1) = IP (X0 = 0) for i = 0 or i = 1= 0 for i � 2;IP (�i(M) = n) = PM�(i�1)+j=1 IP (X0 = j)IP��(i�1)++j(M) = n� 1�+ IP (X0 �M � (i� 1)+)IP (�M (M) = n� 1);n � 2; i � 0: (11)
It is possible to solve this system of equations but unlike the case of IE [(�i(M))n],now the number of equations to solve increases with n. A similar algorithm canbe provided for T (M)i . Actually for M large, the distribution of T (M)i can be ap-proximated by an exponential distribution with mean IE hT (M)i i which has alreadybeen calculated (Sharma and Gangadhar [18]). For �0(M), we can combine theseequations with (4) to obtain moment generating functions e�ciently as follows:IE hz�0(1)i = 1Xn=0 IP (�0(1) = n)zn= 1Xn=0 a0(1� a0)n�1zn= a01� a0 � 11� (1� a0)z ;a0 6= 1. For M > 1, from (11),IE hz�0(M)i= zIP (X0 = 0) + 1Xn=2 zn M�1Xi=1 IP (X0 = i)IP (�i(M) = n� 1)+ 1Xn=2 znIP (X0 �M)IP (�M (M) = n� 1)= zIP (X0 = 0) + zM�1Xi=1 IP (X0 = i) 1Xn=2 zn�1IP (�i(M) = n� 1)+ zIP (X0 �M) 1Xn=2 zn�1IP (�M (M) = n� 1)= zIP (X0 = 0) + zM�1Xi=1 IP (X0 = i)IE hz�i(M)i+ zIP (X0 �M)IE hz�M (M)i:



SHARMA and Gangadhar / Algorithms for Finite Discrete Queues 9From (4) we get IE hz�i(M)i = iYl=1 IE hz�0(M�l+1)iand hence we obtain a recursive algorithm for calculating IE hz�0(M)i.2.2 T (M)i and p(M)iIn this section we derive algorithms to compute the moments of the �rst time toover
ow and the probability of an over
ow in a regeneration cycle. Let T (M)i de-note the �rst time, after zero, (Wk � 1)+ +Xk exceedsM (hence over
ow occurs),when W0 = i �M . Let p(M)i denote the probability that in the �rst busy periodover
ow occurs, with W0 = i �M . Conditioning on the number of arrivals in the0th slot, we getIE hT (M)0 i = 1 +PMi=0 aiIE hT (M)i i = IE hT (M)1 iIE hT (M)i i = 1 +PM�i+1j=0 ajIE hT (M)i�1+ji; 2 � i �M: (12)Equations (12) are in the form RT = b whereR = 2666664 1 �1 0 � � � 0 0�a0 1� a1 �a2 � � � �aM�1 �aM0 �a0 1� a1 � � � �aM�2 �aM�1� � � � � �0 0 0 � � � �a0 1� a1
3777775 ;T = �IE hT (M)0 i; : : : ; IE hT (M)M i�T , and b = (0; 1; : : : ; 1)T .For p(M)i , we obtain,p(M)0 = p(M)1 = eaM+1 +PMi=1 aip(M)ip(M)i = eaM�i+2 +PM�i+1j=0 ajp(M)i�1+j; 2 � i �M: (13)These equations can be written as Q� = ea, whereQ = 2666664 1 �1 0 � � � 0 00 1� a1 �a2 � � � �aM�1 �aM0 �a0 1� a1 � � � �aM�2 �aM�1� � � � � �0 0 0 � � � �a0 1� a1
3777775 ;



SHARMA and Gangadhar / Algorithms for Finite Discrete Queues 10� = �p(M)0 ; : : : ; p(M)M �T , and ea = (0; eaM+1; : : : ; ea2)T .We can check that when a0 > 0 and a1 < 1, R and Q are nonsingular andhence the above systems of equations have unique solutions.Following the above procedure, the system of equations for IE ��T (M)i �2� is :IE ��T (M)0 �2� = 2IE hT (M)0 i� 1 +PMi=0 aiIE ��T (M)i �2� = IE ��T (M)1 �2�IE ��T (M)i �2� = 2IE hT (M)i i� 1 +PM�i+1j=0 ajIE ��T (M)i�1+j�2�; 2 � i �M(14)This set can be written as RT(2) = b2, where T(2) = �IE ��T (M)0 �2� ; : : : ;IE ��T (M)M �2��T , R is as in (12), and b2 = (0; 2IE hT (M)1 i�1; : : : ; 2IE hT (M)M i�1)T .The matrices A, R, and Q have similar structure and these equations can besolved in 12(M2 + 3M) multiplications. If we only want IE [�0(M)] and want tostudy them as functions of M , (5) provides a more e�cient way.Now we provide e�cient algorithms for IE hT (M)i i and IE h(T (M)i )2i. We will re-quire two di�erent algorithms for these two quantities. To calculate IE h(T (M)i )ni,n = 1; 2, once we have IE h(T (M 0)i )ni, M 0 = 1; � � � ;M � 1, will require O(M)multiplications. First we describe the algorithm for IE hT (M)i i; the algorithm forcomputing p(M)i is obtained by a simple modi�cation of this.In the following, A(T )M , and BM are M � 1 dimensional column vectors andCM is an M � 1 dimensional row vector.By solving the equations for the case M = 2, we getIE hT (2)0 i = IE hT (2)1 i = 1 +C2 �A(T )21� a0 � a1 �C2 �B2 ;IE hT (2)2 i = A(T )2 +B2IE hT (2)0 i;where A(T )2 = 11� a1 ; B2 = a01� a1 ; C2 = a2:Now we develop equations recursive in M . Consider any M � 3. Suppose thatthe following holds for such an M (it does for M = 3):�IE hT (M�1)2 i; : : : ; IE hT (M�1)M�1 i�T = A(T )M�1 +BM�1IE hT (M�1)1 i:



SHARMA and Gangadhar / Algorithms for Finite Discrete Queues 11Then the second equation from the set RT = b givesIE hT (M�1)1 i = 1 +CM�1 �A(T )M�11� a1 �CM�1 �BM�1 + a01� a1 �CM�1 �BM�1 IE hT (M�1)0 i:Hence we obtain�IE hT (M�1)1 i; : : : ; IE hT (M�1)M�1 i�T = A(T )M +BM IE hT (M�1)0 i;where A(T )M =  0A(T )M�1 !+ 1 +CM�1 �A(T )M�11� a1 �CM�1 �BM�1  1BM�1 ! ; (15)BM = a01� a1 �CM�1 �BM�1  1BM�1 ! ;and CM = (CM�1; aM ); M � 3:Now we exploit the fact that the last M � 1 equations of RT = b for the caseof IE hT (M)i i remain the same as the last M � 1 equations (but for the new indexM) for IE hT (M�1)i i. Hence,�IE hT (M)2 i; : : : ; IE hT (M)M i�T = A(T )M +BM IE hT (M)1 i: (16)From the second of the equations in the set RT = b, we obtainIE hT (M)1 i = 1 +CM �A(T )M + a0IE hT (M)0 i1� a1 �CM �BM : (17)The �rst equation then impliesIE hT (M)0 i = IE hT (M)1 i = 1 +CM �A(T )M1� a0 � a1 �CM �BM : (18)Thus we have obtained expressions for IE hT (M)i i given the equations for M � 1.For IE h(T (M)i )2i the above technique does not apply as the right hand sidesof these equations change with M . For these, we describe another algorithm. Werewrite RT(2) = b2 by shifting the �rst row to the bottom as" RM r1Mr2M 0 # " t1t2 # = " d10 # ;



SHARMA and Gangadhar / Algorithms for Finite Discrete Queues 12where RM is anM�M matrix, r1M is (�aM ;�aM�1; � � � ; �a2; 1�a1)T , and r2Mis (1;�1; 0; � � � ; 0). Similarly, t1, t2, d1 are obviously de�ned. The last equationof this system of equations simply says that IE h(T (M)0 )2i = IE h(T (M)1 )2i. Fromthe rest of the equations we getRMt1 + r1M t2 = d1and hence t1 = R�1M (d1 � r1M t2): (19)Since the �rst two components of t1 are the same, we thus gett2 = (R�1M d1)1 � (R�1M d1)2(R�1M r1M )1 � (R�1M r1M )2 ;where (X)i denotes the ith component of vector X.Now from (19), we can obtain IE h(T (M)0 )2i = (t1)1, once we have R�1M , in 5Mmultiplications.We now obtain an e�cient algorithm to calculate R�1M , once R�1M�1 is known.Since RM = 26666664 �a0 1� a1 �a2 � � � �aM�10 �a0 1� a1 � � � �aM�20 0 �a0 � � � �aM�3... . . .0 0 0 � � � �a0
37777775 ;it is a triangular Toeplitz matrix. Its inverse is also a triangular Toeplitz matrix(see Yen [21]), R�1M 4= 26666664 d0 d1 d2 � � � dM�10 d0 d1 � � � dM�20 0 d0 � � � dM�3... . . .0 0 0 � � � d0

37777775where d0 = � 1a0 ;dn = 1a0  (1� a1)dn�1 � n�2Xk=0 an�kdk! ; 1 � n �M � 1: (20)Since RM and RM�1 have the same �rst M � 1 components, dn is same forR�1M and R�1M�1, for n = 0; � � � ;M � 2, and thus we only need to calculate dM�1



SHARMA and Gangadhar / Algorithms for Finite Discrete Queues 13which requires M multiplications. Thus, our algorithm requires 6M multiplica-tions to calculate R�1M and IE h(T (M)0 )2i once we have R�1M�1, IE h(T (M�1)0 )2i, andIE hT (M)i i. We can, of course, use this algorithm for calculating IE hT (M)i i also;but the complexity will be of the same order as for the algorithm given above.The procedure for computing the distributions, presented in Section 2.1, canbe seen to be easily adaptable for �nding the distributions of T (M)i .2.3 Another Set of AlgorithmsIt is instructive to compare the algorithms presented in the previous subsectionswith another set of algorithms. Instead of (3) we now write IE [�i(M)] for i > 0 asIE [�i(M)] = 1Xn=0 IP (�i(M) � n): (21)De�ne bQ as a matrix obtained by deleting the zeroth row and column from P.Then we obtain IE [�i(M)] = 1Xn=1 MXj=1 bQ(n)ij = MXj=1Gij (22)where G = �I� bQ��1 exists whenever P is irreducible. To obtain IE [�(M)] wenow use (3). One can similarly show that for i > 0,IE �(�i(M))2� = 2 MXj=1G2ij � MXj=1Gij (23)and then obtain IE �(�(M))2� as above. Similarly one can develop algorithms forIE [(�i(M))n]. It is easy to show that these algorithms are more expensive thanthose developed earlier although for the case of IE hT (M)i i we can, after somemanipulation, obtain RT = b. It is interesting that we can obtain p(M)i alsofrom algorithms of the type of (22) using Pitman [14, p.85]. From fWkg de�ne aMarkov chain ffW kg as fW k =Wk if there is no over
ow in slot (k� 1), otherwisefW k = M + 1. From the transition probability matrix of ffW kg, obtain eQ bydeleting the last row and column. Then IE h(T (M)i )ni is obtained from (22){(23) ifwe replace bQ by eQ. Let eG= (I� eQ)�1 and letG0 be obtained from eG by replacingall columns except the zeroth by zeroes. Let N be a r.v. with distributionIP (N = n) = p(M)0 (1� p(M)0 )n:Then from Pitman [14], IE [N ] = 1p(M)0 � 1 = MXj=1 (G0)0j



SHARMA and Gangadhar / Algorithms for Finite Discrete Queues 14If eG is known, then this is a less expensive way to calculate p(M)0 than (13).2.4 Multiserver QueueNow we extend the algorithms to the multiserver queue with S; S � 1 servers.The process fWkg evolves asWk+1 = minf(Wk � S)+ +Xk; Mg:We consider the regeneration epochs as the instants when Wk � S. An equationcorresponding to (4) does not hold for S > 1. If we take the regeneration epochsas instants when Wk < S, then we would get the inequalities�k(M) = �0(M); for k � S�k(M) � kXj=1 �(minfM ; M � k + jSg):For S large this bound could be quite weak and also does not provide algorithmsfor computing IE [�(M)]. Thus we retain the earlier de�nition of the regenerationepochs.The equations (6) get modi�ed toIE [�i(M)] = 1 +PM�1j=1 IP (X = j)IE [�j(M)]+ IP (X �M))IE [�M (M)]; 0 � i � S;= 1 +PM�i+S�1j=0 IP (X = j)IE [�i�S+j(M)]+ IP (X �M � i+ S))IE [�M(M)]; S < i �M (24)
One can similarly develop algorithms corresponding to (10).Unlike for the single server queue, from IE [�(M)] now we can only get boundson the stationary probability of packet loss (Gangadhar [10]):1� SIE [X ] � Stat. Prob. of Loss � 1� SIE [X ] �1� 1IE [�(M)]� �and using Little's law, these can provide upper and lower bounds on the meanwaiting times of the packets entering the queue.The equations for IE hT (M)i i becomeIE hT (M)i i = 1 +PMj=0 IP (X = j)IE hT (M)j i; 0 � i � S= 1 +PM�(i�S)j=0 IP (X = j)IE hT (M)i�S+ji; S < i �M (25)



SHARMA and Gangadhar / Algorithms for Finite Discrete Queues 15One can also obtain similar extensions for (14) and (13). One again observes that atriangular Toeplitz matrix can be extracted from the equations for the multiserverqueue. We can thus develop e�cient algorithms as for the single server case.3 The Markov Modulated CaseIn this section we extend the algorithms presented in Section 2 to the queues withMarkov modulated arrivals (as described below).Let fYkg be a Markov chain with state space f0; 1; 2; : : : ; N�1g and probabilitytransition matrix fpijg. We de�neIP (Xn = k;Yn = j jXn�1; : : : ;X0; Yn�1 = i; : : : ; Y0) = Cijk ;for k � 0. We denote by Wk the workload at time k and the bu�er length is M .We consider the single server queue although extension to multiserver queue ispossible as in Section 2.De�ne the following random variables:� (M)n;i = inffk � 0 :Wk = 0 jW0 = n; Y0 = ig;T (M)n;i = inffk � 0 : Queue over
ows at time k jW0 = n; Y0 = ig;p(M)n;i = IP(over
ow occurs at some k andWj > 0; 0 � j � k jW0 = n; Y0 = i):The quantities IE hT (M)n;i i satisfy the following equations (cf. (12)):IE hT (M)0;i i = 1 +PMk=0PN�1j=0 Cijk IE hT (M)k;j i = IE hT (M)1;i iIE hT (M)n;i i = 1 +PM�n+1k=0 PN�1j=0 Cijk IE hT (M)n�1+k;ji; 2 � n �M: (26)Similarly, fp(m)n;i g satis�esp(M)0;i = eaM+1;i +PMk=1PN�1j=0 Cijk p(M)k;j = p(M)1;ip(M)n;i = eaM�n+2;i +PM�n+1k=0 PN�1j=0 Cijk p(M)n�1+k;j; 2 � n �M; (27)where eam;i = IP (X0 � m jY0 = i); i � 0.Now we see that the fIE hT (M)n;i ig and fp(M)n;i g satisfy RT = B and Q� = A



SHARMA and Gangadhar / Algorithms for Finite Discrete Queues 16with R = 2666664 I �I 0 � � � 0 0 0�b0 I� b1 �b2 � � � �bM�2 �bM�1 �bM0 �b0 I� b1 � � � �bM�3 �bM�2 �bM�1� � � � � �0 0 0 � � � 0 �b0 I� b1
3777775 ;

Q = 2666664 I �I 0 � � � 0 0 00 I� b1 �b2 � � � �bM�2 �bM�1 �bM0 �b0 I� b1 � � � �bM�3 �bM�2 �bM�1� � � � � �0 0 0 � � � 0 �b0 I� b1
3777775 ;T = h�IE hT (M)0;1 i; � � � ; IE hT (M)0;N i� ; � � � ; �IE hT (1)M;1i; � � � ; IE hT (M)M;Ni�iT ;� = h�p(M)0;1 ; � � � ; p(M)0;N � ; � � � ; �p(M)M;1; � � � ; p(M)M;N�iT ;B = �~0;1; � � � ;1�T ;A = �~0; eam+1; eam; � � � ; ea2�T ;where I is an N � N identity matrix, 0 is an N � N all zeroes matrix, ~0 =(0; 0; � � � ; 0)T , and 1 = (1; 1; � � � ; 1)T are N � 1 column vectors,eam = (IP (X0 � m jY0 = i); i � 0)T ;and bk = 266664 C0;0k C0;2k � � � C0;NkC1;1k C1;2k � � � C1;Nk... . . . ...CN�1;1k CN�1;2k � � � CN�1;N�1k

377775 :One can similarly write the equations for IE h� (M)n;i i and for the higher mo-ments. An equation corresponding to (4) can also be written and exploited toobtain e�cient algorithms.To compute IE hT (M)n;i i, the algorithm presented in Section 2.2 can be extendedto the Markov modulated case as below. This algorithm requiresO(MN3) numberof multiplications once the values of IE hT (M�1)n;i i are known. In the following, wewrite Tn = �IE hT (M)n;0 i; � � � ; IE hT (M)n;N�1i�T .



SHARMA and Gangadhar / Algorithms for Finite Discrete Queues 17M = 2: D(T )2 = (I� b1)�1 � 1 ; E2 = (I� b1)�1 � b0:T0 = T1 = (I� b0 � b1 �C2 �E2)�1 � (1+C2 �D(T )2 );T2 = D(T )2 +E2 �T1M � 3:D(T )M =  ~0D(T )M�1 !+  IEM�1 ! � (I� b1 �CM�1 � EM�1)�1 � (1+CM�1 �D(T )M�1);EM =  IEM�1 ! � (I� b1 �CM�1 � EM�1)�1 � b0;CM = (CM�1 ; bM ):T0 = T1 = (I� b0 � b1 �CM � EM )�1 � (1+CM �D(T )M );(T2; � � � ;TM )T = D(T )M +EM �T1:Now we obtain a result corresponding to the triangular Toeplitz matrix re-sult (20) of Section 2. Let bA be a block triangular Toeplitz matrix of the typeobtained from R in this section. Let bD be its inverse. LetbA = 26666664 b0 b1 b2 � � � bM0 b0 b1 � � � bM�10 0 b0 � � � bM�2... . . .0 0 0 � � � b0
37777775Then a matrix bD = 26666664 d0 d1 d2 � � � dM0 d0 d1 � � � dM�10 0 d0 � � � dM�2... . . .0 0 0 � � � d0
37777775is its inverse if it satis�es bA bD = I. Thusd0 = b�10d1 = �b�10 b1d0



SHARMA and Gangadhar / Algorithms for Finite Discrete Queues 18d2 = �b�10 (b1d1 + b2d0)...dn = �b�10 (b1dn�1 + � � �+ bnd0)Therefore, if b�10 exists, then bD of given structure is bA�1. Then computing theinverse of bA is not expensive once we know the inverse for dimensionM �1. Thiscan be readily used when applying the algorithms of Section 2 corresponding toIE h(T (M)n;i )2i to the Markov modulated case.4 Numerical ExamplesIn this section we provide some numerical examples. We consider both i.i.d. andMarkov modulated cases. First we describe the examples and towards the end ofthe section we discuss the results and provide some concluding remarks.4.1 I.I.D. casea) An approximate voice source modelConsider an ATM multiplexer whose outgoing link speed is 1.536Mbits/sec.The incoming tra�c is a superposition of, say, N number of voice calls. Eachvoice source generates ATM cells (53 bytes) in the following manner: The analogspeech waveform is sampled at a Nyquist rate of 8 kbits/s. and each sample isencoded into a 8{bit digital signal (thus the tra�c generated by an active source is64 kbits/s). Hence, every 6ms., 48 bytes of information (that can �ll an ATM cell)is available from the source. Thus each voice source in its active state generates166.67 ATM cells/sec. With a bu�er to take care of the instantaneous excess(above the server capacity of one cell), arrivals from a maximum of 22 voice callscan be served by the multiplexer and the channel.By considering the time of transmission of an ATM cell on the outgoing chan-nel (which is 0.276ms.) as a unit of time, the multiplexer and the output channelcan be modelled as a discrete time queue. A voice source in active state generatesan ATM cell every 22 slots.In this example, we make the assumption that each of the voice sources canbe modelled as a Bernoulli source with parameter p and that the sources areindependent. The parameter is �xed by matching the mean number of arrivalsfrom the voice source in a slot (which is, as seen above, 1=22) to the mean ofthe Bernoulli process, p. Thus p = 0:045. With N number of voice sourcesmultiplexed, the load experienced by the multiplexer is Np.We considered two scenarios: one with N = 19, corresponding to a load of



SHARMA and Gangadhar / Algorithms for Finite Discrete Queues 190:855, and another with N = 14, which corresponds to a load of 0:63. Thecorresponding variances are 0:817 and 0:602.The quantities IE hT (M)i i, IE h(T (M)i )2i, p(M)i , and IE [�i(M)] were computedfor M = 2; � � � ; 80, i = 0; � � � ;M . The results for N = 14 and N = 19 are plottedin Figures 1 and 2 (The �gures include results from next example, for ease ofcomparison). As M!1, IE h(T (M)i )ni ! 1, n = 1; 2, which gets re
ected inthe denominator in (18) becoming very close to zero. This will naturally lead tonumerical problems for large M .Figure 3 plots p(M)i for M = 2; � � � ; 80 and i = 0; 30; and 60, and Figure 4plots the computed values of IE [�i(M)], for the cases N = 14 and 19.We discuss the results towards the end of this section.b) Non-Binomial Arrival ProcessIn the above example, the overall arrival process to the multiplexer has a Bi-nomial distribution. Next we consider discrete distributions, prob1 and prob9,that are not Binomial, but have (nearly) same means as those in the above exam-ple, with 14 and 19 sources, respectively. Table 1 tabulates the two distributionsconsidered.Figures 1{3 incorporate some of the computational results for this example.4.2 Markov modulated casea) A three state sourceIn this example the discrete time queue is fed by a source which has threestates and its motion in the state space f0; 1; 2g is described by a Markov chainevolving in discrete time with transition probability matrix264 0:5 0:5 00:46875 0:1375 0:393750 0:7 0:3 375 :State changes of the Markov chain occur at the slot boundaries and when theMarkov chain is in state i; i 2 f0; 1; 2g, the source is in the process of generatingi packets which it feeds into the queue at the beginning of the next slot. It iseasy to check that the stationary mean number of packets per slot is 0:85 andits variance is 0:5775. The expected �rst time to over
ow is � � T0, where � isthe stationary probability vector of the Markov chain, and T0 is de�ned as inSection 3 (� �T0 is the �rst time to over
ow if the underlying Markov chain startswith stationary distribution and initially the system is empty). Table 2 comparesthe expected �rst time to over
ow in this example with the i.i.d. (prob9) case.Figure 5 plots the mean �rst time to over
ow as a function of the bu�er sizefor di�erent initial number, n, in the system.



SHARMA and Gangadhar / Algorithms for Finite Discrete Queues 20b) Superposition of On/O� sourcesThis example is related to (infact a re�nement of) the approximate voicesource model presented in Example 4:1(a). Here, each of the voice sources ismodelled as a Markov modulated On/O� source. Hence we consider an arrivalprocess that is generated by a superposition of N On/O� sources each of whichis governed by a two state discrete time Markov chain. A source when in Onstate generates a packet which it feeds to the queue at the beginning of the nextslot. When it is in the O� state, it does not generate any packets. The transitionprobability matrix of each source is" 0:98 0:020:42 0:58 # :The mean interarrival time of packets from each source is 22 slots, the same as inExample 4:1(a).We considered the case when the number of On/O� sources is 19 which corre-sponds to a load of 0:85 (cf. Example 4:1(a)). The state space of the underlyingMarkov chain has 20 states where state i indicates the number of sources that arein the On state. The array of values IE hT (M)n;i i for i = 0; � � � ; 19, M = 2; � � � ; 80,n = 0; � � � ;M were calculated using the matrix operating facilities of MATLAB.In Figure 5, the quantity IE hT (M)i i is plotted as a function of M , for n = 30,60, and 80 (with i = 0).4.3 DiscussionWe discuss some features of the queueing phenomenon brought out by the numer-ical computations done for the examples presented above.(1) For i andM �xed, as the mean arrival rate increases, the moments of T (M)idecrease (see Fig. 1 and 2). This simply re
ects the fact that the queue buildsup more rapidly as the load increases. Also, with the mean �xed, increasing thevariance of the arrival process results in the moments of T (M)i to decrease (Fig. 1and 2).(2) For a particular distribution, the moments of T (M)i are monotonicallyincreasing inM and monotonically decreasing in i. The e�ect of the initial numberin the system, i, on the moments of T (M)i is very little (The curves for i = 0; 30and 40 merge quickly asM increases; see Figures 1, 2, and 5). The reason for thisis that the e�ect of i vanishes once the queue length decreases to zero before anover
ow occurs { this happens with probability (1 � p(M)i ), which is su�cientlyclose to unity for the distributions considered (see Fig. 3).(3) In contrast to IE hT (M)i i, even though IE [�i(M)] has monotonic propertieswith respect to i andM , the e�ect of i is quite pronounced. This is to be expected



SHARMA and Gangadhar / Algorithms for Finite Discrete Queues 21from Equation (4). Also, for i �xed, IE [�i(M)] reaches an asymptotic value (equalto IE [�i(1)], the corresponding value for the in�nite bu�er case) which dependsvery much on i (see Fig. 4).(4) In the Example 4:2(a) of a 3{state Markov modulated source, IE� hT (M)i i(� is the stationary distribution of the underlying Markov chain), are considerablyhigher than the corresponding i.i.d. example (with input distribution prob9) (seeTable 2). In the Markov modulated case the variance is lower than that of prob9and the maximum number of arrivals in the former case is two while as many asten packets can arrive in the latter. Also, the arrivals from the 3{state sourceare positively correlated only to a small extent (the covariance between successivearrivals is 0:2325).(5) Even though the two Markov modulated examples considered have thesame mean, the superposition of 19 On/O� sources has a larger variance and ahigher peak arrival rate. This resulted in lower values of the mean over
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