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Abstract

The different Quality of Service (QoS) requirements of various services that are to be
supported by high speed networks call for priority based service and buffer management
policies. Also, discrete time nature of some of these systems (e.g., ATM networks) make
discrete time models ideally suited for studying them. Motivated by these, we study a
discrete queue with two priorities in this paper. The buffer could be finite or infinite
and the arrivals could be Markov modulated. For the infinite buffer system only time
priority is relevant. However for the finite buffer case we consider the following two
cases. In case one both the traffic classes share the buffer on a first come basis.In case
two each class has a reserved buffer space for itself. For all these cases, we compute
the stationary average probability of loss, the stationary probability of loss of a typical
packet, the distribution and moments of the stationary average delay and the stationary
delay of a typical packet, for each class of traffic. First we provide the analysis for the
ii.d. traffic. Then we extend all the results to the case of Markov modulated arrivals.

1 Introduction

High speed networks are being designed to support services with different quality of service
requirements (QoS). For instance, voice and video can tolerate a small packet loss but
require the delays and delay jitter to be within certain bounds. On the other hand, data
traffic (e.g., file transfer) is more tolerant in its delay and delay jitter but accepts no loss.

To support different QoS requirements for different connections in a network, buffer and
bandwidth management policies are to be in place at the switches. Various such policies
have been proposed in literature (see Roberts et al.[11] for a survey). Two important
mechanisms to meet the different QoS requirements are providing time and space priorities
to different streams of traffic. For example, real time traffic which tolerates but small delay
can be given time priority over the traffic that has good tolerance to delay. Similarly, traffic
that has stringent loss requirements can be given space priority. This way it is possible
to provide QoS guarantees to different services while at the same time achieving efficient
utilization of bandwidth and buffer space.

Now we mention some related literature. A survey of results on discrete queueing
systems is in Bruneel and Kim [3]. For a survey of different priority policies for traffic
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management in high speed networks see Robert et al. [11]. A discrete time queue with
two i.i.d. traffic streams and service time of one slot with multiple servers is studied in
Lin and Silvester [9]. They consider the stationary probability of loss of packets from
each class under complete sharing, complete sharing with pushout, partial buffer sharing
space priorities and complete sharing with head of the line priority. The loss probabilities
of various pushout schemes are compared in Kawahara et al. [6] for i.i.d. and Markov
modulated Bernoulli arrivals. Takahashi and Hashida[l5] analyze a discrete time queue
with infinite buffer and i.i.d. arrivals from multiple priority classes (that may be correlated
within a slot) under preemptive resume and head of the line priorities. They compute the
generating function of the stationary mean waiting time distribution of packets from each
class. Among the studies that have Markov modulated inputs are Garcia and Casal [5], Le
Boudec [7] and Kawahara et al. [6] and Liao [8]. Garcia and Casals [5] performs an exact
analysis for computing the probability of loss with Markov modulated Poisson processes,
while Le Boudec [7] provides a numerical method for evaluating the loss probabilities in
a discrete time queue with Markov modulated Bernoulli processes. Liao [8] considers a
discrete queue with Markov modulated Poisson arrivals. He obtains the probability of loss
of different classes. Other related work in literature includes the studies by Rubin and Tsai
[12], the references there in, and Wagner [16]. Rubin and Tsai [12] obtain the generating
function of the waiting time distributions for the infinite buffer queue and i.i.d. arrivals.
Wagner considers a continuous time queue with Markov modulated arrivals and an infinite
buffer. He obtains the generating function of the delays of the lower priority class. The delay
moments and distributions of the two classes of traffic for a finite queue are not available in
the above references. Recently, these results are obtained by us in Sharma and Gangadhar
[14] for a discrete queue when space and time priority is considered.

In this paper we study a discrete time queue with two classes of traffic. We study
infinite buffer as well as finite buffer queues. Also we will allow the arrival streams to be
Markov modulated, and our methods can handle correlation among the streams. We use
direct probabilistic arguments instead of transforms. Our system can model the output
buffer of an ATM switch (with output queueing only) where two traffic streams are being
multiplexed. We develop techniques to compute the stationary delays and probability of
loss of packets from the two streams. Our methods work for more than two classes of traffic
also except that the computations will, naturally, become more complex. We believe that
the following results are new in this paper: (i) For the infinite buffer case the analysis of
the priority system with Markov modulated arrivals. (i7) For the finite buffer case, in all
the priority schemes we study, obtaining the distribution and moments of the stationary
delays of the two classes. These are obviously of practical interest and usually are much
more complicated to study than the probability of loss.

We clarify some of the notation used in this paper. We are considering a queue with
batch arrivals. We will use various forms of stationary distributions. A distribution station-
ary at the slot boundaries is the time stationary distribution in the terminology of Brandt
et al. [2]. For waiting times one can consider several different stationary distributions: the
stationary distribution seen by the first packet of a batch of a class of packets, the average
over the stationary distributions seen by different packets of a batch of a class (we will call
this mean stationary delay) and the stationary waiting time seen by the packet stationary
process (called the customer stationary in Brandt et al. [2]). The packet referenced at 0 in
the customer stationary process for a batch arrival process in Brandt et al. [2] has position
6 in its batch with the distribution given in (4) below. We call this packet as typical packet
in this paper. The delay seen by this packet under stationarity is particularly important



and we will study it in this paper. Similarly, for a finite buffer queue, we can consider the
following stationary probabilities of loss for a class: the stationary probability that the first
(or the nth) packet of a batch of a class is lost, the average over the stationary probabilities
of loss of different packets of a class (we will call this the mean stationary probability of loss
and the stationary probability of loss of a typical packet. Since in this paper we are only
concerned about the stationary probabilities, very often we will omit the word stationary.

Throughout the paper we will assume that within each class, the packets are served in
FCFS order. We will denote by 7 and 7 in the different sections the stationary distributions
of the Markov chains in those sections, i.e., 7 and 7 in different sections will be different.

The paper is organized as follows. In Section 2 we consider the infinite buffer queue. We
then study the finite buffer queue under complete sharing and partitioned buffer schemes in
sections 3 and 4. We obtain the distributions of the stationary delays for both the streams
for finite as well as infinite buffer queues for i.i.d. traffic. For a finite buffer queue we also
compute the probability of loss of packets of each class. In section 5 we extend all these
results to the Markov modulated arrival streams. Although the results in section 2 are
available in Takahashi and Hashida [15], we provide them here for the following reasons.
Our methods are different. Throughout the paper, we employ similar methods and hence
they will be easiest to understand in this simplest setting. Also, in Section 5, we extend these
results to the Markov modulated case which we believe are not available in the literature
for the infinite buffer case also.

2 Infinite Buffer Queue

In this section we first describe the model, the notation and the assumptions which will be
valid throughout the paper.

Consider a discrete time queue with time slotted into equal length slots, whose length is
taken as a unit. Let [k, k 4+ 1) be the kth slot. In the kth slot, X (i) packets from Classi,
i =0,1, arrive at the queue. All the packets arriving during a slot will be in certain specific
order and for a FCFS discipline (for each class), that ordering within a particular class will
be honored. Each packet requires one slot of service. A packet that arrives in slot k is ready
for service at the earliest at the beginning of slot k 4+ 1. Till Section 4, we assume that
{Xk(i), k >0} isiid. and the traffic from different classes are independent (dependence
of X;(0) and X (1) can be allowed with minor modifications ). In Section 5, we will extend
all these results to Markov modulated {X(7), k> 0}.

The buffer length of the system is N < co. We consider the infinite buffer case in this
section and the beginning of section 5. In the rest of the paper we analyze the finite buffer
queue.

For the infinite buffer queue the queue length ¢ at time k, evolves as

G = (@ — 1) + Xp(0) + X5 (1). (1)

Class 1 traffic is given priority over Class0 i.e., a Class 0 packet is served only when there
is no Class 1 packet in the queue. Also observe that from (1), if gx is zero then the kth slot
will go idle. This fact will be used in the analysis below. Within each class, the packets
are served in a FCFS discipline. Then {¢;} is a Markov chain. If E[X;(0)]+E[X;(1)] <1,
then it is aperiodic, irreducible, and ergodic. Hence it has a unique stationary distribution,
say m. We make this assumption for the infinite buffer queue.



For computing the delay distribution of Class 1 packets, we consider the discrete queue
with only Class 1 traffic. Then the stationary moments of the queue lengths g (1) of Class 1
are (see Gangadhar [4])

Var[X4(1)] 1

ElnD] = gpgre i 5B, )
(@] = r—gremy - |E ]+ ) (0 + E [0

~E [X(1))(1+ 6E (1)) + 3E [Xu(L] (ELX,(1)] ~ E [X2(1)]) J3)

Now consider a typical packet of Class1 to such a queue. Let it belong to a Class 1 batch
arriving at time k (i.e., in slot k) and let it be the nth packet in its batch. By discrete
time PASTA, the distribution of the queue length this batch sees at time k is also 7. Then
the probability that its delay is m > n slots is Pr (qx(1) = m —n +1). The event that a
typical packet of Class1 is in the 61-th position in its batch has distribution

P (Xp(1) =2 n)’

Thus we can calculate the distribution of the delay of a typical Class 1 packet (which equals
(qr(1) — 1) 4+ 01 — 1 where 61 is independent of g(1)).

In order to obtain the distribution of delays of Class0 packets we need to expand the
state of the system to the vector {(¢x(0), qx(1)), k > 0}, where gx(7) is the number of
packets of Classi in the queue at time k. This is an irreducible, aperiodic, ergodic Markov
chain under the above mentioned condition and let 7 be its unique stationary distribution.

Then the mean (average over all Class 0 packets) delay of Class0 packets can be com-
puted from the relation

P(6=n)=

E(W] (ELX (1) + ELG (0)) = EW()EXy (U] + EVOIEG )], (5)
where
EV() = Y. P(Xu() =m | Xe() > 0) = Y (k=) +Efge()]) (6
m=1 k=1

and E [W] is obtained in the same way with X (1) in (6) replaced by Xy (0) + Xp(1) (since
by Little’s law, it does not depend on the work conserving service discipline).

One is also (in fact more) interested in the moments and distribution of the delay
that a typical Class 0 packet experiences under stationarity. By discrete time PASTA, the
distribution of the system that an arriving Class 0 batch observes is 7. However, the lower
priority of Class 0 means that packets of Class 1 that arrive after this instant could also be
served ahead of these packets. Consider a Class0 packet at the nth position of a Class(
batch, which arrives at time (say) k, (the probability that a typical packet is at position
n in its batch can be obtained as in (4)). Let (ng, n1) be the state of the queue at time
k. Then at time k + 1, there will be (ny — 1)* 4+ Xy (1) Class 1 packets in the queue. Now
consider a discrete time queue with only Class 1 traffic and let 7 be the inter-visit time to
the empty state of this queue. Let {rx, k > 1} be a sequence of i.i.d. random variables
with the same distribution as 7. The distribution of 7 and its moments are obtained in
Gangadhar [4]. For example, the first two moments are given by

El] = 1/(1—E[X(L)]), ™)
s Var[X(1)] |
Bl = Emr T ToEm O ®)
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Now, in our original queue, at time k + 71, the number of Class 1 packets will be ny — 1, if
n1 > 1. Inductively we observe that the first time that the queue will not have any Class 1
packets will have the distribution of

k474724 + Tn—1)t+X,(1)

with Xj(1) independent of {7,}. This is also the first time when a packet of Class0 will
be transmitted after time k. Following the same argument, the nth packet of the batch
considered above will be transmitted at time with the distribution of Kk +7 + > +--- +

T(ni+no— D)+t + X5 (D4n-
Therefore, from (4) and (7), the mean delay of the typical packet is

E[DO)] = Y PBi=n) > #nom)((no+m —1)F +n—1+E[X,(1)] )E[r]
" (no,n1)
_ Eal(gk(0) + (1) — D]+ E[64] + E[X3(1)] - 1 ()
a 1 — E[Xk(1)] '

The second moment of its delay is

E[(D0)?] = (EDO)]) +Var[r]E [(61(0) +a1(1) = 1)* + 61 — 1+ E[Xy(1)]
Var [X(1)]

= B0+ aExae

E[D(0)]. (10)

3 Finite Buffer Queue with Complete Sharing

In this section we consider the case when the buffer size N is finite and it is shared by the
two classes. Now the queue length, gz, satisfies

Qi1 = min{(gr — 1) + Xp(1) + X5(0), N}. (11)

Then, if E[X(i)] < oo and P (X;(i) =0) > 0, i = 1,0, the Markov chain has a unique
aperiodic, irreducible set and forms an ergodic regenerative process. Thus it has a unique
stationary distribution 7. It may be possible to find another set of sufficient conditions for
ergodicity. But the above conditions are weak enough and since this is not the focus of
the paper, we do not elaborate. Similar comments will hold for ergodicity conditions in the
later parts of the paper.

There are well known efficient methods available in the literature to find the station-
ary distributions of finite Markov chains, exploiting their special features. For example all
the stationary distributions 7,7 that we have in this paper (finite as well as infinite) have
M/GI/1 type transition matrices (block upper Hessenberg). For these matrices there are
various efficient algorithms available to compute the stationary distributions (for recent ref-
erences see [1] and Ramaswami [10]). Therefore we will assume that using these algorithms
we can compute 7, 7T required at various places in the paper. Using these distributions we
provide methods to compute the distributions and moments of the waiting times and the
packet loss probabilities for the two classes.

First we consider the probability of packet loss. For this we need to consider the dis-
tribution of arrivals in a slot. Let p(n,m) be the probability that m Class 1 packets arrive
ahead of the nth packet of a Class0 batch in its slot of arrival. Since no class has space
priority, the packets join the queue according to their order of arrival within a slot. On



arrival, according to the discrete time PASTA, a batch of Classi sees the system with dis-
tribution 7, under stationarity. Consider the nth packet in a batch of Class 0 arriving at
time k. Then the stationary probability that this packet is lost is

N

p(0) = > > P (qx(1) + gx(0) = n1) - p(n, m). (12)

n1=0 m: m>N—(n1—1)t—n+1

From this one can calculate the probability of loss of a typical Class(0 packet. Similarly,
one can compute the probability of loss of the nth packet in a Class1 batch and then of
the typical packet of Class 1. Thus, in this case of time priorities, if the probability that
m Class 0 packets arrive before the nth Class1 packet in a slot is also p(n,m), then the
probability of packet loss of both the classes are the same. However, we know (and it can
be seen below) that Class 1 has smaller delays.

Now we obtain the stationary distribution of delays of packets of the two classes of
traffic. As before we expand the state representation of the system to ¢ = (qx(0), qr(1)),
where (i) denotes the number of Classi packets in the queue at time k. The process
{qx} is a Markov chain and under the conditions stated at the beginning of this section,
it has a unique stationary distribution, say 7. From discrete time PASTA, the stationary
distribution that the first packet of a batch of Class1 enters the queue and experiences a
delay of n slots, n < N, is Px (¢x(1) = n). One can now also easily obtain the distribution
of the delay faced by a typical packet in a batch of Class 1 as well as the mean stationary
delay, E[W(1)].

Next consider the delays of Class0 packets. The mean stationary delay, E[WW(0)], of
Class 0 can be computed using Little’s law as follows: Let E [W] and E [IW(1)] denote the
mean stationary overall system delay and Class 1 delays. We have already computed the
quantity E[W(1)]. Then Little’s law gives

E(W] = Elg] (E[X2(1)] (1 - p(1)) + E[X: (0)] (1 — p(0)). (13)
where E [¢] is the mean overall queue length and p(i) is the mean stationary probability of

loss of Class i packets (which is obtained by averaging over the probabilities in Equation (12)
as we show below). E[g] can be computed easily from 7. p(0) is given by

p(0) = m > (X0(0) 2 ) pln, )P (a(0) + () = )F 2 N == m+1).

(14)
Similarly one can compute p(1). Then from
£ (W] (ELX(0)] (1 = p(0)) + E[X: (1) (1 — p(1)))
= EWO)]E[X1(0)] (1 —p(0)) +E[W(L)]E[X1(1)] (1 —p(1)), (15)

we obtain E [W(0)].

Now we consider the distribution and moments of D(0), the delay experienced by a
typical Class 0 packet. By discrete time PASTA, on arrival, a Class 0 batch sees the queue
with distribution 7. Let this batch sees (7g(1),71(1)), packets on its arrival at time (say)
k and let the typical packet be at position n in this batch. Let (ng(1),n1(1)) be the system
state at time k + 1. Its distribution conditioned on the typical packet being admitted can
be easily found. Denote by 7(ng(1),n1(1)) the first time after & 4+ 1 when there are no



Class 1 packets in the queue (observe that unlike for the infinite buffer case 7(no(1),n1(1))
depends upon ng(1) also). Hence, at time k+147(ng(1),n1(1)), the first among the Class 0
packets present at time k 4+ 1 will be served. Let ng(1) be the number of Class0 packets
in the queue at time k+ 1+ 7(ng(1),n1(1)). Knowing the transition matrix of the Markov
chain {g,, n > 0}, and its state (no(1), n1(1)) at time k, it is easy to compute the joint
distribution of (7(ng(1),n1(1)), ny(1)) (using for example the classical technique of taboo
probabilities in the Markov chains). Next denote by Y'(n) the length of interval after which
there will be a packet of Class1 that enters the queue if, at time k& = 0, (n, 0) is the state
of the system. Then, the Class0 packets will be served for Y (ng(1)) number of slots after
time k + 1 + 7(no(1),n1(1)). The distribution of Y (ny(1)) depends only on ng(1) and is
otherwise independent of everything else. We will compute this distribution later on in this
section. At time k4 14 7(ng(1),n1(1)) + Y (ng(1)), let the system state be (no(2), n1(2)),
where n1(2) < g [X1(1) | X1(1) > 0] (X <Y denotes P(X >n) < P(Y >n), for all
n). The next time Class 0 packets can be served is k + 1 + 7(ng(1),n1(1)) + Y(ng(1)) +
7(no(2),n1(2)). Continuing in this fashion and defining

Ny = inf{n : Y(ni(1))+---+Y(ni(n)) > ng(l) +n}, (16)
Ni—1

R = no(l)+n— Y Y(ny(i)), (17)
i=1

the waiting time of the tagged packet is

DO) 2 7(no(1),n1(1)) + Y (nh(1)) + - + Y (nh(Ny — 1)) + 7(no(N1), n1(N1)) + R.

= no(l)+n—14+7(no(1),n1(1)) +--- 4+ 7(no(N1),n1(N1)). (18)
Then its distribution is given by

P(D(0) =w) = Y. D Pa(ar(0) = no(1), g (1) = n1(1))

(no(1)n1(1)) S
- P(7(no(1),n1(1)) = m1, @rrm, (0) = ng(1) |
q5(0) = no(1),qx(1) = n1(1)) - P (Y(ng(1)) = m1)
* P(@ktmy 40y (0) = 10(2), Gty +ny (1) = 11(2) |
ki (0) = 1g(1) Y (ng(1)) = n1,)
-P(7(n0(2),11(2)) = M2, Qheprnytna+ms (0) = 15(2) |
Q+mitny (0) = 10(2), Grrmy1ng (1) =n2(2)) - - (19)

where
w=T,+np(l)+n—1

with T, = 3°7_; m; and S is the set of all n;(5), n(m), m; and ny, such that S0~ n; < ng+n
< > i—1ni. Then Ni = r. From Equation (18) we can also compute the moments of D(0).
For example, the first two moments are given by (denoting the summands on the right hand

side of Equation (19) by F ({ni(j),n}(m), m;,ny})),

E[D(0)] = Z{ZE[T(no(i),m(i))} - F({na(4), ni(m), my, np}) + no(1) +n — 120)
A Si=1



SE [m(no(i), m ()?] +

E[(D©0)?] = ¥
A

i=1
+ 3 S Elr (i), m()] - (no(1) +n— 1)
“F ({ni(5), ) (m),my,mp}) + (no(1) +n —1)2, (21)

where A is the set of all n;(j), nj,(m), m; and n,, and T, is as defined above. Thus, to be
able to compute the distribution and moments of the waiting time, we need the distributions
and moments of 7(ng(7),n1(7)) and Y (ng(i)). We have already mentioned the method to
obtain the joint distribution of (7(ng(i),n1(7)), ng(1)). Below we provide efficient algorithms
to compute the moments of 7(ng(i),n1(i)) and the distribution of Y (ng()).

First consider 7(ng,n1). We need to consider for n; > 0 only. Then it satisfies

Elr(no,n)] = L1y PXera(D)=0)+ > Y P(Xpa(0) =n)

n=0m=1

P(Xp1(1) =m) (L+E[r(ng+n',n1 — 14+ m')]), (22)

where n’ and m’ are truncated values of n and m such that the queue length does not
exceed N (taking into consideration the ordering of new packets arriving in slot k 4+ 1 —
this actually requires knowledge of the joint distribution of the two arrival streams within
a slot which we are assuming in this paper) and ng, n; = 1,---, N. We can solve this set of
equations for E[r(ng,n1)], ng, n1 = 1,---, N. The second moments E [(7(ng,n1))?] satisfy

E |(v(no,m1))’]

= 1p,=1}-P(Xk(1) =0) + 2 Z E[r(no+n',n1 —14+m')] (23)
n=0

x0 x0
+ 373 P(Xk(0) = n) P (Xk(1) = m) (1+E[(r(ng +n',ma — 1+ m"))?))
n=0m=0
where n’ and m/ are as in (22). Similarly, we can compute the higher moments of 7(ng(1),n1(1)).
Now consider Y(n). Let p(n) denote the probability that the first batch of Class 1 will
be completely lost if the queue starts at & = 0 in the state (n,0). Then,

S
Y(n) =) Z, (24)
k=0
where
P(S=m)=p(N)" Y1 —p(N))p(n), form >0, (25)

P(S=0)=1-p(n), and {Z;} is an i.i.d. sequence with
P(Zi=m+1)=P(X1(1) =0)"P(X1(1) >0). (26)

To compute the distribution of Y'(n), we further need to compute p(n). For this we solve
the following set of equations:

p(n) = P(X1(1)>0)q(N—-(n-1)"1)

£3 PG = 0P (X3(0) = m)pl(n— D) +m)  (20)
m=0
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where (i, 7) is the probability that in a slot i Class 0 packets arrive before the jth packet
of Class 1.

The above results can be used to easily obtain the moments and the distribution of
waiting times of an admitted Class ¢ packet. This statement will hold in the rest of the
paper also and we will not mention it again.

4 Finite Queue with Partitioning

Let (Ng, N1) be a partition of the buffer length N. Buffer length N; is reserved exclusively
for Classi. Class1 has higher time priority than Class0. Let gr = (qr(0), qx(1)) denote
the state of the system, with gi(i) being the queue length in the ith buffer. Let 7 be
the stationary distribution of the Markov chain {gx}. Then, the probability that the nth
packet of a Class 1 batch is lost is P~ ((gx(1) — 1)* > Ny —n + 1), and the probability that
its delay is m slots is P~ ((gx(1) —1)T =m —n +1).

Next consider the Class 0 packets. Consider a typical Class 0 packet and suppose it is
the nth packet of a Class 0 batch. By discrete time PASTA, the probability that this packet
is lost is

Ps (qx(0) > Nog —n+1,q1(1) > 0) + Px ((¢x(0) = )T > Ng —n+ 1,q:(1) =0) .  (28)

Now consider its delay. Let the queue lengths at time k be (ng, n1). At the end of the slot,
the state will be

(min{(m0 = 1gn,—0p)* + Xi(0), No}, min{(ny — 1)F + Xx(1), N1})

Let us write this state to be (ng, n}). Let 7 be the inter-visit time to the epochs when
there are no Class 1 packets in the system and let {71, 72, -} be i.i.d. with the distribution
of 7. Also let 7(n) be the first time there will be no packets of Class 1 if at time 0 there
are n Class1 packets at time 0. Efficient algorithms for computing the distribution and
moments of 7 and 7(n) are available in Sharma and Gangadhar [13]. Then the typical
packet considered above will be served at time k+7(n}) + 71+ -+ +7Tng—1 (ny=0} t—1- Thus
the distribution and the moments of the delay of the typical Class 0 packet can be computed.

5 Markov Modulated Arrivals

In many practical systems, the arrival streams have correlations and the independence
assumption on the arrival traffic that we used until now in this paper do not hold. In this
section we show that all our previous results can be easily extended to the case of Markov
modulated arrival streams.

Let {M,,, n > 0} be a finite state irreducible (hence ergodic) Markov chain with transi-
tion matrix (p; ;). The distribution of the number of Class0 and Class 1 arrivals in slot £,
Xi(0) and Xg(1) respectively, depends upon the state M and is independent of everything
else. (One could consider X;(0), X;(1) modulated by two different independent Markov
chains. But that would be a special case of our model). In the following subsections we
present the changes that are required in the analysis from the i.i.d. case.



5.1 Infinite Buffer Queue

Consider the system in Section 2. In case of Markov modulated arrivals, {(qx(0), qr(1),
M)} forms a Markov chain. It is ergodic if E; [X%(0)] +E, [Xx(1)] < 1. Let this condition
hold for infinite buffer case and under this condition, let 7 be its stationary distribution.
Efficient algorithms to compute 7 are available in Akar et al.[1] and Ramaswami [10].
Now consider the delays of Class1. Since the Class0 packets do not affect them, we
can consider a single class queue with only Class 1 arrivals. To obtain the delays we need
the distribution 7 of the state of the system that a batch of Class1 sees on arrival. Now
discrete time PASTA does not hold. However 7 can be obtained from 7 using the relation

m(A) = Pz ((a(0),qr(1), My) € A| Xx(1) > 0)
Pr (X5 (1) > 0[(gx(0), qx (1), My) € A)7P2 ((qx(0), g (1), My) € A)
P~ (Xx(1) > 0)
> orer P(Xp(1) > 0] My, = r)P5 ((qx(0), qr (1), My) € A)

- S P (Xi(1) > 0| My, = s) P= (M, = s) ; (29)

where R = {r : (qx(0),qx(1),7) € A} (for delays of Class 1 we can replace the Markov chain
{qx(0), qr (1), My} by {qx(1), My }). This relationship between 7 and 7 is also obtained from
the general relationship between time stationary and Palm probabilities of a stationary
process available e.g.,in Brandt et al.[2]. This relationship holds for finite as well as infinite
buffer systems. Using 7, as shown in Section 3, we can compute the distribution and
moments of the delay of a typical Class 1 packet.

Consider the delays of Class0 (say of the nth packet, the typical packet, in a batch).
From the relation analogous to (29) for Class 0, we have the distribution of the state of the
system that a Class 0 batch sees on its arrival (say in slot k). Let (ng,71) be the state of
the queues at time k and (ng,n1,ip) be the state at time k+ 1. We can find its distribution
conditioned on the typical packet being admitted. Let k4147 (ig) be the first time that the
system does not have Class 1 packets. Also, let the state of M), at k+1+47(ig) be i;. We can
easily compute the joint distribution of (7(ig), i1) (say using the taboo probabilities). Now,
given (7(ig), i1), the distribution of the next time (7(i1), i2) the queue becomes empty can
be computed, and so on. The waiting time of the nth packet in the tagged Class( batch is

7(io) + 7(i1) +--- + (i), (30)

where T' = (77 + g — 1)V + [X(1) | My = ig] + n — 1. The distribution and the moments
of this delay can be computed once we have for (7(ig), i1).

5.2 Finite Buffer with Complete Sharing

This section corresponds to Section 3. Again {(qr(0), qx(1), My)} is a Markov chain, with
a stationary distribution (say) 7.

The stationary distribution 7 that a Class 1 batch sees on its arrival can be obtained from
(29). Hence we can determine the probability of loss and distribution of delay of accepted
Class 1 packets. Similarly we can determine the probability of loss of Class 0 packets.

By Little’s law, we have Equations (13) and (15). Thus we can compute the mean
delay of Class 0 packets. For computing the stationary delay distribution and moments of
the delay of a typical Class0 packet, we need to consider the quantity 7(no(1),n1(1),41)
which is the first time after & + 1 when there are no Class1 packets in the system if
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at time k + 1 the state of the system is (ng(1), n1(1), i1). Let the state of the system
at k+ 1+ 7(no(1),n1(1),41) be (ny(1), 0, #(1)). We can compute the joint distribution
of 7(ng(1),n1(1),41) and (ng(1), 0, #/(1)) using the taboo probability method from the
transition matrix of the system Markov chain. Also, the length of time for which no Class 1
packet arrives, Y (ny(1),i]) now depends on i} also. With these changes (16) — (21) hold
(with { My} states appropriately filled in). The computational procedures for computing the
distribution and moments of 7(ng(j),n1(j),%;) can be modified for the Markov modulated
case. For example (22) becomes

E [T(n(b ni, 7])}

= Iy P(XR(D) =0 M =i5)+ ) > > P(Xp(0) =n| M =ij)

i n=0m=1

P (Xp(1) =m| My =ij) 1+ E[r(ng+n',n1 — L4+ m' ig)]) - pi; i, (31)

where {p;, .} are the transition probabilities of {M,} and n' and m’ are as in (22). One
can also adapt the procedure for computing Y (ng(j),;) by conditioning on 4. Now p(n, i)
denotes the probability that the first Class1 batch that arrives after time 0 will be lost if
the state of the system at time 0 is (n,0,7). Then

S

Y(n,i) =Y Zir), (32)

where 4; is the state of the modulating Markov chain at the arrival instant of the [th
lost Class1 batch and Z;(i;) depend only on 4;. Now the joint distribution of (Z(),
i;) can be determined from the transition matrix of the modulating Markov chain and
P (Xi(1) =0]| My, = ix). From this we can compute p(n,i), when the initial state of the
Markov chain {Mp} is i. Then the distribution of S is

P(S=0) = 1-p(n,i)
m—1

P(S=m) = p(n,i) H P(Zy 1 =n,M, =it | M; =i 1) p(N,ir)| (1 — p(N,in)).
k=1

5.3 Finite Buffer with Partitioning

This section corresponds to Section 4 where the buffer space is partitioned into Ny and INq
but Class 1 has higher time priority. Again, {(gx(0), qx(1), M)} forms a Markov chain and
let 7 be its stationary distribution. The probability of loss of a typical packet of either class
is readily computable from the stationary distribution of the state that a batch from that
Class sees on its arrival. This quantity can be determined as before from (29). Also from
this, due to their higher time priority, the distribution of delay of Class1 packets can be
known.

In order to compute the delay of a typical Class 0 packet, we need to replace 7, by 7, (i)
and 7(n) by 7(n, i), where i, is the state of the modulating Markov chain at the beginning of
the busy period of Class 1 packets corresponding to 7,11. The joint distribution of (7(n1, 1),
i9) etc. can be computed using the taboo probability method from the transition matrix of
the system Markov chain.
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