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7KH GLmHUHQW 4XDOLW\ RI 6HUYLFH �4R6� UHTXLUHPHQWV RI YDULRXV VHUYLFHV WKDW DUH WR EH
VXSSRUWHG E\ KLJK VSHHG QHWZRUNV FDOO IRU SULRULW\ EDVHG VHUYLFH DQG EXmHU PDQDJHPHQW
SROLFLHV� $OVR� GLVFUHWH WLPH QDWXUH RI VRPH RI WKHVH V\VWHPV �H�J��$70 QHWZRUNV� PDNH
GLVFUHWH WLPH PRGHOV LGHDOO\ VXLWHG IRU VWXG\LQJ WKHP� 0RWLYDWHG E\ WKHVH� ZH VWXG\ D
GLVFUHWH TXHXH ZLWK WZR SULRULWLHV LQ WKLV SDSHU� 7KH EXmHU FRXOG EH nQLWH RU LQnQLWH
DQG WKH DUULYDOV FRXOG EH 0DUNRY PRGXODWHG� )RU WKH LQnQLWH EXmHU V\VWHP RQO\ WLPH
SULRULW\ LV UHOHYDQW� +RZHYHU IRU WKH nQLWH EXmHU FDVH ZH FRQVLGHU WKH IROORZLQJ WZR
FDVHV� ,Q FDVH RQH ERWK WKH WUDpF FODVVHV VKDUH WKH EXmHU RQ D nUVW FRPH EDVLV�,Q FDVH
WZR HDFK FODVV KDV D UHVHUYHG EXmHU VSDFH IRU LWVHOI� )RU DOO WKHVH FDVHV� ZH FRPSXWH
WKH VWDWLRQDU\ DYHUDJH SUREDELOLW\ RI ORVV� WKH VWDWLRQDU\ SUREDELOLW\ RI ORVV RI D W\SLFDO
SDFNHW� WKH GLVWULEXWLRQ DQG PRPHQWV RI WKH VWDWLRQDU\ DYHUDJH GHOD\ DQG WKH VWDWLRQDU\
GHOD\ RI D W\SLFDO SDFNHW� IRU HDFK FODVV RI WUDpF� )LUVW ZH SURYLGH WKH DQDO\VLV IRU WKH
L�L�G� WUDpF� 7KHQ ZH H[WHQG DOO WKH UHVXOWV WR WKH FDVH RI 0DUNRY PRGXODWHG DUULYDOV�

� ,QWURGXFWLRQ

+LJK VSHHG QHWZRUNV DUH EHLQJ GHVLJQHG WR VXSSRUW VHUYLFHV ZLWK GLmHUHQW TXDOLW\ RI VHUYLFH
UHTXLUHPHQWV �4R6�� )RU LQVWDQFH� YRLFH DQG YLGHR FDQ WROHUDWH D VPDOO SDFNHW ORVV EXW
UHTXLUH WKH GHOD\V DQG GHOD\ MLWWHU WR EH ZLWKLQ FHUWDLQ ERXQGV� 2Q WKH RWKHU KDQG� GDWD
WUDpF �H�J�� nOH WUDQVIHU� LV PRUH WROHUDQW LQ LWV GHOD\ DQG GHOD\ MLWWHU EXW DFFHSWV QR ORVV�
7R VXSSRUW GLmHUHQW 4R6 UHTXLUHPHQWV IRU GLmHUHQW FRQQHFWLRQV LQ D QHWZRUN� EXmHU DQG

EDQGZLGWK PDQDJHPHQW SROLFLHV DUH WR EH LQ SODFH DW WKH VZLWFKHV� 9DULRXV VXFK SROLFLHV
KDYH EHHQ SURSRVHG LQ OLWHUDWXUH �VHH 5REHUWV HW DO�>��@ IRU D VXUYH\�� 7ZR LPSRUWDQW
PHFKDQLVPV WR PHHW WKH GLmHUHQW 4R6 UHTXLUHPHQWV DUH SURYLGLQJ WLPH DQG VSDFH SULRULWLHV
WR GLmHUHQW VWUHDPV RI WUDpF� )RU H[DPSOH� UHDO WLPH WUDpF ZKLFK WROHUDWHV EXW VPDOO GHOD\
FDQ EH JLYHQ WLPH SULRULW\ RYHU WKH WUDpF WKDW KDV JRRG WROHUDQFH WR GHOD\� 6LPLODUO\� WUDpF
WKDW KDV VWULQJHQW ORVV UHTXLUHPHQWV FDQ EH JLYHQ VSDFH SULRULW\� 7KLV ZD\ LW LV SRVVLEOH
WR SURYLGH 4R6 JXDUDQWHHV WR GLmHUHQW VHUYLFHV ZKLOH DW WKH VDPH WLPH DFKLHYLQJ HpFLHQW
XWLOL]DWLRQ RI EDQGZLGWK DQG EXmHU VSDFH�
1RZ ZH PHQWLRQ VRPH UHODWHG OLWHUDWXUH� $ VXUYH\ RI UHVXOWV RQ GLVFUHWH TXHXHLQJ

V\VWHPV LV LQ %UXQHHO DQG .LP >�@� )RU D VXUYH\ RI GLmHUHQW SULRULW\ SROLFLHV IRU WUDpF

e2Q OHDYH IURP 'HSW� (&(� ,QGLDQ ,QVWLWXWH RI 6FLHQFH� %DQJDORUH�,QGLD�
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PDQDJHPHQW LQ KLJK VSHHG QHWZRUNV VHH 5REHUW HW DO� >��@� $ GLVFUHWH WLPH TXHXH ZLWK
WZR L�L�G� WUDpF VWUHDPV DQG VHUYLFH WLPH RI RQH VORW ZLWK PXOWLSOH VHUYHUV LV VWXGLHG LQ
/LQ DQG 6LOYHVWHU >�@� 7KH\ FRQVLGHU WKH VWDWLRQDU\ SUREDELOLW\ RI ORVV RI SDFNHWV IURP
HDFK FODVV XQGHU FRPSOHWH VKDULQJ� FRPSOHWH VKDULQJ ZLWK SXVKRXW� SDUWLDO EXmHU VKDULQJ
VSDFH SULRULWLHV DQG FRPSOHWH VKDULQJ ZLWK KHDG RI WKH OLQH SULRULW\� 7KH ORVV SUREDELOLWLHV
RI YDULRXV SXVKRXW VFKHPHV DUH FRPSDUHG LQ .DZDKDUD HW DO� >�@ IRU L�L�G� DQG 0DUNRY
PRGXODWHG %HUQRXOOL DUULYDOV� 7DNDKDVKL DQG +DVKLGD>��@ DQDO\]H D GLVFUHWH WLPH TXHXH
ZLWK LQnQLWH EXmHU DQG L�L�G� DUULYDOV IURP PXOWLSOH SULRULW\ FODVVHV �WKDW PD\ EH FRUUHODWHG
ZLWKLQ D VORW� XQGHU SUHHPSWLYH UHVXPH DQG KHDG RI WKH OLQH SULRULWLHV� 7KH\ FRPSXWH WKH
JHQHUDWLQJ IXQFWLRQ RI WKH VWDWLRQDU\ PHDQ ZDLWLQJ WLPH GLVWULEXWLRQ RI SDFNHWV IURP HDFK
FODVV� $PRQJ WKH VWXGLHV WKDW KDYH 0DUNRY PRGXODWHG LQSXWV DUH *DUFLD DQG &DVDO >�@� /H
%RXGHF >�@ DQG .DZDKDUD HW DO� >�@ DQG /LDR >�@� *DUFLD DQG &DVDOV >�@ SHUIRUPV DQ H[DFW
DQDO\VLV IRU FRPSXWLQJ WKH SUREDELOLW\ RI ORVV ZLWK 0DUNRY PRGXODWHG 3RLVVRQ SURFHVVHV�
ZKLOH /H %RXGHF >�@ SURYLGHV D QXPHULFDO PHWKRG IRU HYDOXDWLQJ WKH ORVV SUREDELOLWLHV LQ
D GLVFUHWH WLPH TXHXH ZLWK 0DUNRY PRGXODWHG %HUQRXOOL SURFHVVHV� /LDR >�@ FRQVLGHUV D
GLVFUHWH TXHXH ZLWK 0DUNRY PRGXODWHG 3RLVVRQ DUULYDOV� +H REWDLQV WKH SUREDELOLW\ RI ORVV
RI GLmHUHQW FODVVHV� 2WKHU UHODWHG ZRUN LQ OLWHUDWXUH LQFOXGHV WKH VWXGLHV E\ 5XELQ DQG 7VDL
>��@� WKH UHIHUHQFHV WKHUH LQ� DQG :DJQHU >��@� 5XELQ DQG 7VDL >��@ REWDLQ WKH JHQHUDWLQJ
IXQFWLRQ RI WKH ZDLWLQJ WLPH GLVWULEXWLRQV IRU WKH LQnQLWH EXmHU TXHXH DQG L�L�G� DUULYDOV�
:DJQHU FRQVLGHUV D FRQWLQXRXV WLPH TXHXH ZLWK 0DUNRY PRGXODWHG DUULYDOV DQG DQ LQnQLWH
EXmHU� +H REWDLQV WKH JHQHUDWLQJ IXQFWLRQ RI WKH GHOD\V RI WKH ORZHU SULRULW\ FODVV� 7KH GHOD\
PRPHQWV DQG GLVWULEXWLRQV RI WKH WZR FODVVHV RI WUDpF IRU D nQLWH TXHXH DUH QRW DYDLODEOH LQ
WKH DERYH UHIHUHQFHV� 5HFHQWO\� WKHVH UHVXOWV DUH REWDLQHG E\ XV LQ 6KDUPD DQG *DQJDGKDU
>��@ IRU D GLVFUHWH TXHXH ZKHQ VSDFH DQG WLPH SULRULW\ LV FRQVLGHUHG�
,Q WKLV SDSHU ZH VWXG\ D GLVFUHWH WLPH TXHXH ZLWK WZR FODVVHV RI WUDpF� :H VWXG\

LQnQLWH EXmHU DV ZHOO DV nQLWH EXmHU TXHXHV� $OVR ZH ZLOO DOORZ WKH DUULYDO VWUHDPV WR EH
0DUNRY PRGXODWHG� DQG RXU PHWKRGV FDQ KDQGOH FRUUHODWLRQ DPRQJ WKH VWUHDPV� :H XVH
GLUHFW SUREDELOLVWLF DUJXPHQWV LQVWHDG RI WUDQVIRUPV� 2XU V\VWHP FDQ PRGHO WKH RXWSXW
EXmHU RI DQ $70 VZLWFK �ZLWK RXWSXW TXHXHLQJ RQO\� ZKHUH WZR WUDpF VWUHDPV DUH EHLQJ
PXOWLSOH[HG� :H GHYHORS WHFKQLTXHV WR FRPSXWH WKH VWDWLRQDU\ GHOD\V DQG SUREDELOLW\ RI
ORVV RI SDFNHWV IURP WKH WZR VWUHDPV� 2XU PHWKRGV ZRUN IRU PRUH WKDQ WZR FODVVHV RI WUDpF
DOVR H[FHSW WKDW WKH FRPSXWDWLRQV ZLOO� QDWXUDOO\� EHFRPH PRUH FRPSOH[� :H EHOLHYH WKDW
WKH IROORZLQJ UHVXOWV DUH QHZ LQ WKLV SDSHU� �L� )RU WKH LQnQLWH EXmHU FDVH WKH DQDO\VLV RI
WKH SULRULW\ V\VWHP ZLWK 0DUNRY PRGXODWHG DUULYDOV� �LL� )RU WKH nQLWH EXmHU FDVH� LQ DOO
WKH SULRULW\ VFKHPHV ZH VWXG\� REWDLQLQJ WKH GLVWULEXWLRQ DQG PRPHQWV RI WKH VWDWLRQDU\
GHOD\V RI WKH WZR FODVVHV� 7KHVH DUH REYLRXVO\ RI SUDFWLFDO LQWHUHVW DQG XVXDOO\ DUH PXFK
PRUH FRPSOLFDWHG WR VWXG\ WKDQ WKH SUREDELOLW\ RI ORVV�
:H FODULI\ VRPH RI WKH QRWDWLRQ XVHG LQ WKLV SDSHU� :H DUH FRQVLGHULQJ D TXHXH ZLWK

EDWFK DUULYDOV� :H ZLOO XVH YDULRXV IRUPV RI VWDWLRQDU\ GLVWULEXWLRQV� $ GLVWULEXWLRQ VWDWLRQ�
DU\ DW WKH VORW ERXQGDULHV LV WKH WLPH VWDWLRQDU\ GLVWULEXWLRQ LQ WKH WHUPLQRORJ\ RI %UDQGW
HW DO� >�@� )RU ZDLWLQJ WLPHV RQH FDQ FRQVLGHU VHYHUDO GLmHUHQW VWDWLRQDU\ GLVWULEXWLRQV� WKH
VWDWLRQDU\ GLVWULEXWLRQ VHHQ E\ WKH nUVW SDFNHW RI D EDWFK RI D FODVV RI SDFNHWV� WKH DYHUDJH
RYHU WKH VWDWLRQDU\ GLVWULEXWLRQV VHHQ E\ GLmHUHQW SDFNHWV RI D EDWFK RI D FODVV �ZH ZLOO FDOO
WKLV PHDQ VWDWLRQDU\ GHOD\� DQG WKH VWDWLRQDU\ ZDLWLQJ WLPH VHHQ E\ WKH SDFNHW VWDWLRQDU\
SURFHVV �FDOOHG WKH FXVWRPHU VWDWLRQDU\ LQ %UDQGW HW DO� >�@�� 7KH SDFNHW UHIHUHQFHG DW � LQ
WKH FXVWRPHU VWDWLRQDU\ SURFHVV IRU D EDWFK DUULYDO SURFHVV LQ %UDQGW HW DO� >�@ KDV SRVLWLRQ
t LQ LWV EDWFK ZLWK WKH GLVWULEXWLRQ JLYHQ LQ ��� EHORZ� :H FDOO WKLV SDFNHW DV W\SLFDO SDFNHW
LQ WKLV SDSHU� 7KH GHOD\ VHHQ E\ WKLV SDFNHW XQGHU VWDWLRQDULW\ LV SDUWLFXODUO\ LPSRUWDQW
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DQG ZH ZLOO VWXG\ LW LQ WKLV SDSHU� 6LPLODUO\� IRU D nQLWH EXmHU TXHXH� ZH FDQ FRQVLGHU WKH
IROORZLQJ VWDWLRQDU\ SUREDELOLWLHV RI ORVV IRU D FODVV� WKH VWDWLRQDU\ SUREDELOLW\ WKDW WKH nUVW
�RU WKH QWK� SDFNHW RI D EDWFK RI D FODVV LV ORVW� WKH DYHUDJH RYHU WKH VWDWLRQDU\ SUREDELOLWLHV
RI ORVV RI GLmHUHQW SDFNHWV RI D FODVV �ZH ZLOO FDOO WKLV WKH PHDQ VWDWLRQDU\ SUREDELOLW\ RI ORVV
DQG WKH VWDWLRQDU\ SUREDELOLW\ RI ORVV RI D W\SLFDO SDFNHW� 6LQFH LQ WKLV SDSHU ZH DUH RQO\
FRQFHUQHG DERXW WKH VWDWLRQDU\ SUREDELOLWLHV� YHU\ RIWHQ ZH ZLOO RPLW WKH ZRUG VWDWLRQDU\�
7KURXJKRXW WKH SDSHU ZH ZLOO DVVXPH WKDW ZLWKLQ HDFK FODVV� WKH SDFNHWV DUH VHUYHG LQ

)&)6 RUGHU� :H ZLOO GHQRWH E\ { DQG E{ LQ WKH GLmHUHQW VHFWLRQV WKH VWDWLRQDU\ GLVWULEXWLRQV
RI WKH 0DUNRY FKDLQV LQ WKRVH VHFWLRQV� L�H�� { DQG E{ LQ GLmHUHQW VHFWLRQV ZLOO EH GLmHUHQW�
7KH SDSHU LV RUJDQL]HG DV IROORZV� ,Q 6HFWLRQ � ZH FRQVLGHU WKH LQnQLWH EXmHU TXHXH� :H

WKHQ VWXG\ WKH nQLWH EXmHU TXHXH XQGHU FRPSOHWH VKDULQJ DQG SDUWLWLRQHG EXmHU VFKHPHV LQ
VHFWLRQV � DQG �� :H REWDLQ WKH GLVWULEXWLRQV RI WKH VWDWLRQDU\ GHOD\V IRU ERWK WKH VWUHDPV
IRU nQLWH DV ZHOO DV LQnQLWH EXmHU TXHXHV IRU L�L�G� WUDpF� )RU D nQLWH EXmHU TXHXH ZH DOVR
FRPSXWH WKH SUREDELOLW\ RI ORVV RI SDFNHWV RI HDFK FODVV� ,Q VHFWLRQ � ZH H[WHQG DOO WKHVH
UHVXOWV WR WKH 0DUNRY PRGXODWHG DUULYDO VWUHDPV� $OWKRXJK WKH UHVXOWV LQ VHFWLRQ � DUH
DYDLODEOH LQ 7DNDKDVKL DQG +DVKLGD >��@� ZH SURYLGH WKHP KHUH IRU WKH IROORZLQJ UHDVRQV�
2XU PHWKRGV DUH GLmHUHQW� 7KURXJKRXW WKH SDSHU� ZH HPSOR\ VLPLODU PHWKRGV DQG KHQFH
WKH\ ZLOO EH HDVLHVW WR XQGHUVWDQG LQ WKLV VLPSOHVW VHWWLQJ� $OVR� LQ 6HFWLRQ �� ZH H[WHQG WKHVH
UHVXOWV WR WKH 0DUNRY PRGXODWHG FDVH ZKLFK ZH EHOLHYH DUH QRW DYDLODEOH LQ WKH OLWHUDWXUH
IRU WKH LQnQLWH EXmHU FDVH DOVR�

� ,QnQLWH %XmHU 4XHXH

,Q WKLV VHFWLRQ ZH nUVW GHVFULEH WKH PRGHO� WKH QRWDWLRQ DQG WKH DVVXPSWLRQV ZKLFK ZLOO EH
YDOLG WKURXJKRXW WKH SDSHU�
&RQVLGHU D GLVFUHWH WLPH TXHXH ZLWK WLPH VORWWHG LQWR HTXDO OHQJWK VORWV� ZKRVH OHQJWK LV

WDNHQ DV D XQLW� /HW >N� N � �� EH WKH NWK VORW� ,Q WKH NWK VORW� ;N�L� SDFNHWV IURP &ODVV L�
L  �� �� DUULYH DW WKH TXHXH� $OO WKH SDFNHWV DUULYLQJ GXULQJ D VORW ZLOO EH LQ FHUWDLQ VSHFLnF
RUGHU DQG IRU D )&)6 GLVFLSOLQH �IRU HDFK FODVV�� WKDW RUGHULQJ ZLWKLQ D SDUWLFXODU FODVV ZLOO
EH KRQRUHG� (DFK SDFNHW UHTXLUHV RQH VORW RI VHUYLFH� $ SDFNHW WKDW DUULYHV LQ VORW N LV UHDG\
IRU VHUYLFH DW WKH HDUOLHVW DW WKH EHJLQQLQJ RI VORW N � �� 7LOO 6HFWLRQ �� ZH DVVXPH WKDW
I;N�L�� N w �J LV L�L�G� DQG WKH WUDpF IURP GLmHUHQW FODVVHV DUH LQGHSHQGHQW �GHSHQGHQFH
RI ;N��� DQG ;N��� FDQ EH DOORZHG ZLWK PLQRU PRGLnFDWLRQV �� ,Q 6HFWLRQ �� ZH ZLOO H[WHQG
DOO WKHVH UHVXOWV WR 0DUNRY PRGXODWHG I;N�L�� N w �J�
7KH EXmHU OHQJWK RI WKH V\VWHP LV 1 � �� :H FRQVLGHU WKH LQnQLWH EXmHU FDVH LQ WKLV

VHFWLRQ DQG WKH EHJLQQLQJ RI VHFWLRQ �� ,Q WKH UHVW RI WKH SDSHU ZH DQDO\]H WKH nQLWH EXmHU
TXHXH�
)RU WKH LQnQLWH EXmHU TXHXH WKH TXHXH OHQJWK TN DW WLPH N� HYROYHV DV

TN��  �TN b ��� �;N��� �;N���� ���

&ODVV � WUDpF LV JLYHQ SULRULW\ RYHU &ODVV � L�H�� D &ODVV � SDFNHW LV VHUYHG RQO\ ZKHQ WKHUH
LV QR &ODVV � SDFNHW LQ WKH TXHXH� $OVR REVHUYH WKDW IURP ���� LI TN LV ]HUR WKHQ WKH NWK VORW
ZLOO JR LGOH� 7KLV IDFW ZLOO EH XVHG LQ WKH DQDO\VLV EHORZ� :LWKLQ HDFK FODVV� WKH SDFNHWV
DUH VHUYHG LQ D )&)6 GLVFLSOLQH� 7KHQ ITNJ LV D 0DUNRY FKDLQ� ,I ( >;����@ � ( >;����@ � ��
WKHQ LW LV DSHULRGLF� LUUHGXFLEOH� DQG HUJRGLF� +HQFH LW KDV D XQLTXH VWDWLRQDU\ GLVWULEXWLRQ�
VD\ {� :H PDNH WKLV DVVXPSWLRQ IRU WKH LQnQLWH EXmHU TXHXH�
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)RU FRPSXWLQJ WKH GHOD\ GLVWULEXWLRQ RI &ODVV � SDFNHWV� ZH FRQVLGHU WKH GLVFUHWH TXHXH
ZLWK RQO\ &ODVV � WUDpF� 7KHQ WKH VWDWLRQDU\ PRPHQWV RI WKH TXHXH OHQJWKV TN��� RI &ODVV �
DUH �VHH *DQJDGKDU >�@�
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1RZ FRQVLGHU D W\SLFDO SDFNHW RI &ODVV � WR VXFK D TXHXH� /HW LW EHORQJ WR D &ODVV � EDWFK
DUULYLQJ DW WLPH N �L�H�� LQ VORW N� DQG OHW LW EH WKH QWK SDFNHW LQ LWV EDWFK� %\ GLVFUHWH
WLPH 3$67$� WKH GLVWULEXWLRQ RI WKH TXHXH OHQJWK WKLV EDWFK VHHV DW WLPH N LV DOVR {� 7KHQ
WKH SUREDELOLW\ WKDW LWV GHOD\ LV P w Q VORWV LV 3{ �TN���  Pb Q� ��� 7KH HYHQW WKDW D
W\SLFDO SDFNHW RI &ODVV � LV LQ WKH t��WK SRVLWLRQ LQ LWV EDWFK KDV GLVWULEXWLRQ
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7KXV ZH FDQ FDOFXODWH WKH GLVWULEXWLRQ RI WKH GHOD\ RI D W\SLFDO &ODVV � SDFNHW �ZKLFK HTXDOV
�TN���b ��� � t� b � ZKHUH t� LV LQGHSHQGHQW RI TN�����
,Q RUGHU WR REWDLQ WKH GLVWULEXWLRQ RI GHOD\V RI &ODVV � SDFNHWV ZH QHHG WR H[SDQG WKH

VWDWH RI WKH V\VWHP WR WKH YHFWRU I�TN���� TN����� N w �J� ZKHUH TN�L� LV WKH QXPEHU RI
SDFNHWV RI &ODVV L LQ WKH TXHXH DW WLPH N� 7KLV LV DQ LUUHGXFLEOH� DSHULRGLF� HUJRGLF 0DUNRY
FKDLQ XQGHU WKH DERYH PHQWLRQHG FRQGLWLRQ DQG OHW E{ EH LWV XQLTXH VWDWLRQDU\ GLVWULEXWLRQ�
7KHQ WKH PHDQ �DYHUDJH RYHU DOO &ODVV � SDFNHWV� GHOD\ RI &ODVV � SDFNHWV FDQ EH FRP�

SXWHG IURP WKH UHODWLRQ
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DQG ( >: @ LV REWDLQHG LQ WKH VDPH ZD\ ZLWK ;N��� LQ ��� UHSODFHG E\ ;N��� �;N��� �VLQFH
E\ /LWWOH
V ODZ� LW GRHV QRW GHSHQG RQ WKH ZRUN FRQVHUYLQJ VHUYLFH GLVFLSOLQH��
2QH LV DOVR �LQ IDFW PRUH� LQWHUHVWHG LQ WKH PRPHQWV DQG GLVWULEXWLRQ RI WKH GHOD\

WKDW D W\SLFDO &ODVV � SDFNHW H[SHULHQFHV XQGHU VWDWLRQDULW\� %\ GLVFUHWH WLPH 3$67$� WKH
GLVWULEXWLRQ RI WKH V\VWHP WKDW DQ DUULYLQJ &ODVV � EDWFK REVHUYHV LV E{� +RZHYHU� WKH ORZHU
SULRULW\ RI &ODVV � PHDQV WKDW SDFNHWV RI &ODVV � WKDW DUULYH DIWHU WKLV LQVWDQW FRXOG DOVR EH
VHUYHG DKHDG RI WKHVH SDFNHWV� &RQVLGHU D &ODVV � SDFNHW DW WKH QWK SRVLWLRQ RI D &ODVV �
EDWFK� ZKLFK DUULYHV DW WLPH �VD\� N� �WKH SUREDELOLW\ WKDW D W\SLFDO SDFNHW LV DW SRVLWLRQ
Q LQ LWV EDWFK FDQ EH REWDLQHG DV LQ ����� /HW �Q�� Q�� EH WKH VWDWH RI WKH TXHXH DW WLPH
N� 7KHQ DW WLPH N � �� WKHUH ZLOO EH �Q� b ��� �;N��� &ODVV � SDFNHWV LQ WKH TXHXH� 1RZ
FRQVLGHU D GLVFUHWH WLPH TXHXH ZLWK RQO\ &ODVV � WUDpF DQG OHW ~ EH WKH LQWHU�YLVLW WLPH WR
WKH HPSW\ VWDWH RI WKLV TXHXH� /HW I~N� N w �J EH D VHTXHQFH RI L�L�G� UDQGRP YDULDEOHV
ZLWK WKH VDPH GLVWULEXWLRQ DV ~ � 7KH GLVWULEXWLRQ RI ~ DQG LWV PRPHQWV DUH REWDLQHG LQ
*DQJDGKDU >�@� )RU H[DPSOH� WKH nUVW WZR PRPHQWV DUH JLYHQ E\
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1RZ� LQ RXU RULJLQDO TXHXH� DW WLPH N � ~�� WKH QXPEHU RI &ODVV � SDFNHWV ZLOO EH Q� b �� LI
Q� w �� ,QGXFWLYHO\ ZH REVHUYH WKDW WKH nUVW WLPH WKDW WKH TXHXH ZLOO QRW KDYH DQ\ &ODVV �
SDFNHWV ZLOO KDYH WKH GLVWULEXWLRQ RI

N � ~� � ~� � c c c� ~�Q�b����;N����

ZLWK ;N��� LQGHSHQGHQW RI I~QJ� 7KLV LV DOVR WKH nUVW WLPH ZKHQ D SDFNHW RI &ODVV � ZLOO
EH WUDQVPLWWHG DIWHU WLPH N� )ROORZLQJ WKH VDPH DUJXPHQW� WKH QWK SDFNHW RI WKH EDWFK
FRQVLGHUHG DERYH ZLOO EH WUDQVPLWWHG DW WLPH ZLWK WKH GLVWULEXWLRQ RI N � ~� � ~� � c c c �
~�Q��Q�b����;N����Q�
7KHUHIRUH� IURP ��� DQG ���� WKH PHDQ GHOD\ RI WKH W\SLFDO SDFNHW LV

( >'���@  
;
Q

3 �t�  Q�
;
�Q��Q��

E{�Q�� Q��r�Q� � Q� b ��� � Qb � � ( >;N���@
s
( >~ @

 
(A{ >�TN��� � TN���b ���@ � ( >t�@ �(>;����@b �

�b ( >;N���@
� ���

7KH VHFRQG PRPHQW RI LWV GHOD\ LV
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� )LQLWH %XmHU 4XHXH ZLWK &RPSOHWH 6KDULQJ

,Q WKLV VHFWLRQ ZH FRQVLGHU WKH FDVH ZKHQ WKH EXmHU VL]H 1 LV nQLWH DQG LW LV VKDUHG E\ WKH
WZR FODVVHV� 1RZ WKH TXHXH OHQJWK� TN� VDWLVnHV

TN��  PLQI�TN b ��� �;N��� �;N���� 1J� ����

7KHQ� LI ( >;N�L�@ � � DQG 3 �;��L�  �� ! �� L  �� �� WKH 0DUNRY FKDLQ KDV D XQLTXH
DSHULRGLF� LUUHGXFLEOH VHW DQG IRUPV DQ HUJRGLF UHJHQHUDWLYH SURFHVV� 7KXV LW KDV D XQLTXH
VWDWLRQDU\ GLVWULEXWLRQ {� ,W PD\ EH SRVVLEOH WR nQG DQRWKHU VHW RI VXpFLHQW FRQGLWLRQV IRU
HUJRGLFLW\� %XW WKH DERYH FRQGLWLRQV DUH ZHDN HQRXJK DQG VLQFH WKLV LV QRW WKH IRFXV RI
WKH SDSHU� ZH GR QRW HODERUDWH� 6LPLODU FRPPHQWV ZLOO KROG IRU HUJRGLFLW\ FRQGLWLRQV LQ WKH
ODWHU SDUWV RI WKH SDSHU�
7KHUH DUH ZHOO NQRZQ HpFLHQW PHWKRGV DYDLODEOH LQ WKH OLWHUDWXUH WR nQG WKH VWDWLRQ�

DU\ GLVWULEXWLRQV RI nQLWH 0DUNRY FKDLQV� H[SORLWLQJ WKHLU VSHFLDO IHDWXUHV� )RU H[DPSOH DOO
WKH VWDWLRQDU\ GLVWULEXWLRQV {� A{ WKDW ZH KDYH LQ WKLV SDSHU �nQLWH DV ZHOO DV LQnQLWH� KDYH
0 *, � W\SH WUDQVLWLRQ PDWULFHV �EORFN XSSHU +HVVHQEHUJ�� )RU WKHVH PDWULFHV WKHUH DUH
YDULRXV HpFLHQW DOJRULWKPV DYDLODEOH WR FRPSXWH WKH VWDWLRQDU\ GLVWULEXWLRQV �IRU UHFHQW UHI�
HUHQFHV VHH >�@ DQG 5DPDVZDPL >��@�� 7KHUHIRUH ZH ZLOO DVVXPH WKDW XVLQJ WKHVH DOJRULWKPV
ZH FDQ FRPSXWH {� A{ UHTXLUHG DW YDULRXV SODFHV LQ WKH SDSHU� 8VLQJ WKHVH GLVWULEXWLRQV ZH
SURYLGH PHWKRGV WR FRPSXWH WKH GLVWULEXWLRQV DQG PRPHQWV RI WKH ZDLWLQJ WLPHV DQG WKH
SDFNHW ORVV SUREDELOLWLHV IRU WKH WZR FODVVHV�
)LUVW ZH FRQVLGHU WKH SUREDELOLW\ RI SDFNHW ORVV� )RU WKLV ZH QHHG WR FRQVLGHU WKH GLV�

WULEXWLRQ RI DUULYDOV LQ D VORW� /HW S�Q�P� EH WKH SUREDELOLW\ WKDW P &ODVV � SDFNHWV DUULYH
DKHDG RI WKH QWK SDFNHW RI D &ODVV � EDWFK LQ LWV VORW RI DUULYDO� 6LQFH QR FODVV KDV VSDFH
SULRULW\� WKH SDFNHWV MRLQ WKH TXHXH DFFRUGLQJ WR WKHLU RUGHU RI DUULYDO ZLWKLQ D VORW� 2Q
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DUULYDO� DFFRUGLQJ WR WKH GLVFUHWH WLPH 3$67$� D EDWFK RI &ODVV L VHHV WKH V\VWHP ZLWK GLV�
WULEXWLRQ {� XQGHU VWDWLRQDULW\� &RQVLGHU WKH QWK SDFNHW LQ D EDWFK RI &ODVV � DUULYLQJ DW
WLPH N� 7KHQ WKH VWDWLRQDU\ SUREDELOLW\ WKDW WKLV SDFNHW LV ORVW LV
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;
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3{ �TN��� � TN���  Q�� c S�Q�P�� ����

)URP WKLV RQH FDQ FDOFXODWH WKH SUREDELOLW\ RI ORVV RI D W\SLFDO &ODVV � SDFNHW� 6LPLODUO\�
RQH FDQ FRPSXWH WKH SUREDELOLW\ RI ORVV RI WKH QWK SDFNHW LQ D &ODVV � EDWFK DQG WKHQ RI
WKH W\SLFDO SDFNHW RI &ODVV �� 7KXV� LQ WKLV FDVH RI WLPH SULRULWLHV� LI WKH SUREDELOLW\ WKDW
P &ODVV � SDFNHWV DUULYH EHIRUH WKH QWK &ODVV � SDFNHW LQ D VORW LV DOVR S�Q�P�� WKHQ WKH
SUREDELOLW\ RI SDFNHW ORVV RI ERWK WKH FODVVHV DUH WKH VDPH� +RZHYHU� ZH NQRZ �DQG LW FDQ
EH VHHQ EHORZ� WKDW &ODVV � KDV VPDOOHU GHOD\V�
1RZ ZH REWDLQ WKH VWDWLRQDU\ GLVWULEXWLRQ RI GHOD\V RI SDFNHWV RI WKH WZR FODVVHV RI

WUDpF� $V EHIRUH ZH H[SDQG WKH VWDWH UHSUHVHQWDWLRQ RI WKH V\VWHP WR ETN  �TN���� TN�����
ZKHUH TN�L� GHQRWHV WKH QXPEHU RI &ODVV L SDFNHWV LQ WKH TXHXH DW WLPH N� 7KH SURFHVV
IETNJ LV D 0DUNRY FKDLQ DQG XQGHU WKH FRQGLWLRQV VWDWHG DW WKH EHJLQQLQJ RI WKLV VHFWLRQ�
LW KDV D XQLTXH VWDWLRQDU\ GLVWULEXWLRQ� VD\ A{� )URP GLVFUHWH WLPH 3$67$� WKH VWDWLRQDU\
GLVWULEXWLRQ WKDW WKH nUVW SDFNHW RI D EDWFK RI &ODVV � HQWHUV WKH TXHXH DQG H[SHULHQFHV D
GHOD\ RI Q VORWV� Q � 1 � LV 3A{ �TN���  Q�� 2QH FDQ QRZ DOVR HDVLO\ REWDLQ WKH GLVWULEXWLRQ
RI WKH GHOD\ IDFHG E\ D W\SLFDO SDFNHW LQ D EDWFK RI &ODVV � DV ZHOO DV WKH PHDQ VWDWLRQDU\
GHOD\� ( >: ���@�
1H[W FRQVLGHU WKH GHOD\V RI &ODVV � SDFNHWV� 7KH PHDQ VWDWLRQDU\ GHOD\� ( >: ���@� RI

&ODVV � FDQ EH FRPSXWHG XVLQJ /LWWOH
V ODZ DV IROORZV� /HW ( >: @ DQG ( >: ���@ GHQRWH WKH
PHDQ VWDWLRQDU\ RYHUDOO V\VWHP GHOD\ DQG &ODVV � GHOD\V� :H KDYH DOUHDG\ FRPSXWHG WKH
TXDQWLW\ ( >: ���@� 7KHQ /LWWOH
V ODZ JLYHV
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ZKHUH ( >T@ LV WKH PHDQ RYHUDOO TXHXH OHQJWK DQG S�L� LV WKH PHDQ VWDWLRQDU\ SUREDELOLW\ RI
ORVV RI &ODVV L SDFNHWV �ZKLFK LV REWDLQHG E\ DYHUDJLQJ RYHU WKH SUREDELOLWLHV LQ (TXDWLRQ ����
DV ZH VKRZ EHORZ�� ( >T@ FDQ EH FRPSXWHG HDVLO\ IURP {� S��� LV JLYHQ E\
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6LPLODUO\ RQH FDQ FRPSXWH S���� 7KHQ IURP
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ZH REWDLQ ( >: ���@�
1RZ ZH FRQVLGHU WKH GLVWULEXWLRQ DQG PRPHQWV RI '���� WKH GHOD\ H[SHULHQFHG E\ D

W\SLFDO &ODVV � SDFNHW� %\ GLVFUHWH WLPH 3$67$� RQ DUULYDO� D &ODVV � EDWFK VHHV WKH TXHXH
ZLWK GLVWULEXWLRQ E{� /HW WKLV EDWFK VHHV �aQ����� aQ������ SDFNHWV RQ LWV DUULYDO DW WLPH �VD\�
N DQG OHW WKH W\SLFDO SDFNHW EH DW SRVLWLRQ Q LQ WKLV EDWFK� /HW �Q����� Q����� EH WKH V\VWHP
VWDWH DW WLPH N � �� ,WV GLVWULEXWLRQ FRQGLWLRQHG RQ WKH W\SLFDO SDFNHW EHLQJ DGPLWWHG FDQ
EH HDVLO\ IRXQG� 'HQRWH E\ ~�Q����� Q����� WKH nUVW WLPH DIWHU N � � ZKHQ WKHUH DUH QR
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&ODVV � SDFNHWV LQ WKH TXHXH �REVHUYH WKDW XQOLNH IRU WKH LQnQLWH EXmHU FDVH ~�Q����� Q�����
GHSHQGV XSRQ Q���� DOVR�� +HQFH� DW WLPH N���~�Q����� Q������ WKH nUVW DPRQJ WKH &ODVV �
SDFNHWV SUHVHQW DW WLPH N � � ZLOO EH VHUYHG� /HW Q����� EH WKH QXPEHU RI &ODVV � SDFNHWV
LQ WKH TXHXH DW WLPH N � �� ~�Q����� Q������ .QRZLQJ WKH WUDQVLWLRQ PDWUL[ RI WKH 0DUNRY
FKDLQ IETQ� Q w �J� DQG LWV VWDWH �Q����� Q����� DW WLPH N� LW LV HDV\ WR FRPSXWH WKH MRLQW
GLVWULEXWLRQ RI �~�Q����� Q������ Q

�
����� �XVLQJ IRU H[DPSOH WKH FODVVLFDO WHFKQLTXH RI WDERR

SUREDELOLWLHV LQ WKH 0DUNRY FKDLQV�� 1H[W GHQRWH E\ < �Q� WKH OHQJWK RI LQWHUYDO DIWHU ZKLFK
WKHUH ZLOO EH D SDFNHW RI &ODVV � WKDW HQWHUV WKH TXHXH LI� DW WLPH N  �� �Q� �� LV WKH VWDWH
RI WKH V\VWHP� 7KHQ� WKH &ODVV � SDFNHWV ZLOO EH VHUYHG IRU < �Q������ QXPEHU RI VORWV DIWHU
WLPH N � � � ~�Q����� Q������ 7KH GLVWULEXWLRQ RI < �Q

�
����� GHSHQGV RQO\ RQ Q����� DQG LV

RWKHUZLVH LQGHSHQGHQW RI HYHU\WKLQJ HOVH� :H ZLOO FRPSXWH WKLV GLVWULEXWLRQ ODWHU RQ LQ WKLV
VHFWLRQ� $W WLPH N � �� ~�Q����� Q����� � < �Q������� OHW WKH V\VWHP VWDWH EH �Q����� Q������
ZKHUH Q���� � VW >;���� M;���� ! �@ �; � VW< GHQRWHV 3 �; w Q� � 3 �< w Q�� IRU DOO
Q�� 7KH QH[W WLPH &ODVV � SDFNHWV FDQ EH VHUYHG LV N � � � ~�Q����� Q����� � < �Q������ �
~�Q����� Q������ &RQWLQXLQJ LQ WKLV IDVKLRQ DQG GHnQLQJ
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WKH ZDLWLQJ WLPH RI WKH WDJJHG SDFNHW LV
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7KHQ LWV GLVWULEXWLRQ LV JLYHQ E\
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ZKHUH
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ZLWK 7U  
3U

L �PL DQG 6 LV WKH VHW RI DOO QL�M�� Q
�
N�P�� PO DQG QS VXFK WKDW
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L � QL � Q��Q

�
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L � QL� 7KHQ 1�  U� )URP (TXDWLRQ ���� ZH FDQ DOVR FRPSXWH WKH PRPHQWV RI '����
)RU H[DPSOH� WKH nUVW WZR PRPHQWV DUH JLYHQ E\ �GHQRWLQJ WKH VXPPDQGV RQ WKH ULJKW KDQG
VLGH RI (TXDWLRQ ���� E\ ) �IQL�M�� Q�N�P��PO� QSJ���
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ZKHUH $ LV WKH VHW RI DOO QL�M�� Q
�
N�P�� PO DQG QS� DQG 7U LV DV GHnQHG DERYH� 7KXV� WR EH

DEOH WR FRPSXWH WKH GLVWULEXWLRQ DQG PRPHQWV RI WKH ZDLWLQJ WLPH� ZH QHHG WKH GLVWULEXWLRQV
DQG PRPHQWV RI ~�Q��L�� Q��L�� DQG < �Q���L��� :H KDYH DOUHDG\ PHQWLRQHG WKH PHWKRG WR
REWDLQ WKH MRLQW GLVWULEXWLRQ RI �~�Q��L�� Q��L��� Q

�
������ %HORZ ZH SURYLGH HpFLHQW DOJRULWKPV

WR FRPSXWH WKH PRPHQWV RI ~�Q��L�� Q��L�� DQG WKH GLVWULEXWLRQ RI < �Q
�
��L���

)LUVW FRQVLGHU ~�Q�� Q��� :H QHHG WR FRQVLGHU IRU Q� ! � RQO\� 7KHQ LW VDWLVnHV
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ZKHUH Q� DQG P� DUH WUXQFDWHG YDOXHV RI Q DQG P VXFK WKDW WKH TXHXH OHQJWK GRHV QRW
H[FHHG 1 �WDNLQJ LQWR FRQVLGHUDWLRQ WKH RUGHULQJ RI QHZ SDFNHWV DUULYLQJ LQ VORW N � � ^
WKLV DFWXDOO\ UHTXLUHV NQRZOHGJH RI WKH MRLQW GLVWULEXWLRQ RI WKH WZR DUULYDO VWUHDPV ZLWKLQ
D VORW ZKLFK ZH DUH DVVXPLQJ LQ WKLV SDSHU� DQG Q�� Q�  �� c c c � 1 � :H FDQ VROYH WKLV VHW RI
HTXDWLRQV IRU ( >~�Q�� Q��@� Q�� Q�  �� c c c � 1 � 7KH VHFRQG PRPHQWV (
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ZKHUH Q� DQGP� DUH DV LQ ����� 6LPLODUO\� ZH FDQ FRPSXWH WKH KLJKHU PRPHQWV RI ~�Q����� Q������
1RZ FRQVLGHU < �Q�� /HW S�Q� GHQRWH WKH SUREDELOLW\ WKDW WKH nUVW EDWFK RI &ODVV � ZLOO

EH FRPSOHWHO\ ORVW LI WKH TXHXH VWDUWV DW N  � LQ WKH VWDWH �Q� ��� 7KHQ�
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ZKHUH
3 �6  P�  S�1�Pb���b S�1��S�Q�� IRUP ! �� ����

3 �6  ��  �b S�Q�� DQG I=LJ LV DQ L�L�G� VHTXHQFH ZLWK
3 �=L  P� ��  3 �;����  ��

P 3 �;���� ! �� � ����

7R FRPSXWH WKH GLVWULEXWLRQ RI < �Q�� ZH IXUWKHU QHHG WR FRPSXWH S�Q�� )RU WKLV ZH VROYH
WKH IROORZLQJ VHW RI HTXDWLRQV�
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ZKHUH T�L� M� LV WKH SUREDELOLW\ WKDW LQ D VORW L &ODVV � SDFNHWV DUULYH EHIRUH WKH MWK SDFNHW
RI &ODVV ��
7KH DERYH UHVXOWV FDQ EH XVHG WR HDVLO\ REWDLQ WKH PRPHQWV DQG WKH GLVWULEXWLRQ RI

ZDLWLQJ WLPHV RI DQ DGPLWWHG &ODVV L SDFNHW� 7KLV VWDWHPHQW ZLOO KROG LQ WKH UHVW RI WKH
SDSHU DOVR DQG ZH ZLOO QRW PHQWLRQ LW DJDLQ�

� )LQLWH 4XHXH ZLWK 3DUWLWLRQLQJ

/HW �1�� 1�� EH D SDUWLWLRQ RI WKH EXmHU OHQJWK 1 � %XmHU OHQJWK 1L LV UHVHUYHG H[FOXVLYHO\
IRU &ODVV L� &ODVV � KDV KLJKHU WLPH SULRULW\ WKDQ &ODVV �� /HW ETN  �TN���� TN���� GHQRWH
WKH VWDWH RI WKH V\VWHP� ZLWK TN�L� EHLQJ WKH TXHXH OHQJWK LQ WKH LWK EXmHU� /HW E{ EH
WKH VWDWLRQDU\ GLVWULEXWLRQ RI WKH 0DUNRY FKDLQ IETNJ� 7KHQ� WKH SUREDELOLW\ WKDW WKH QWK
SDFNHW RI D &ODVV � EDWFK LV ORVW LV 3E{ ��TN���b ��� w 1� b Q� ��� DQG WKH SUREDELOLW\ WKDW
LWV GHOD\ LV P VORWV LV 3E{ ��TN���b ���  Pb Q� ���
1H[W FRQVLGHU WKH &ODVV � SDFNHWV� &RQVLGHU D W\SLFDO &ODVV � SDFNHW DQG VXSSRVH LW LV

WKH QWK SDFNHW RI D &ODVV � EDWFK� %\ GLVFUHWH WLPH 3$67$� WKH SUREDELOLW\ WKDW WKLV SDFNHW
LV ORVW LV

3A{ �TN��� w 1� b Q� �� TN��� ! �� � 3A{
b
�TN���b ��� w 1� b Q� �� TN���  �

c
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1RZ FRQVLGHU LWV GHOD\� /HW WKH TXHXH OHQJWKV DW WLPH N EH �Q�� Q��� $W WKH HQG RI WKH VORW�
WKH VWDWH ZLOO EHr

PLQI�Q� b �IQ� �J�� �;N���� 1�J� PLQI�Q� b ��� �;N���� 1�J
s

/HW XV ZULWH WKLV VWDWH WR EH �Q��� Q
�
��� /HW ~ EH WKH LQWHU�YLVLW WLPH WR WKH HSRFKV ZKHQ

WKHUH DUH QR &ODVV � SDFNHWV LQ WKH V\VWHP DQG OHW I~�� ~�� c c cJ EH L�L�G� ZLWK WKH GLVWULEXWLRQ
RI ~ � $OVR OHW ~�Q� EH WKH nUVW WLPH WKHUH ZLOO EH QR SDFNHWV RI &ODVV � LI DW WLPH � WKHUH
DUH Q &ODVV � SDFNHWV DW WLPH �� (pFLHQW DOJRULWKPV IRU FRPSXWLQJ WKH GLVWULEXWLRQ DQG
PRPHQWV RI ~ DQG ~�Q� DUH DYDLODEOH LQ 6KDUPD DQG *DQJDGKDU >��@� 7KHQ WKH W\SLFDO
SDFNHW FRQVLGHUHG DERYH ZLOO EH VHUYHG DW WLPH N� ~�Q��� � ~�� c c c �~Q�b�IQ� �J�Qb�� 7KXV
WKH GLVWULEXWLRQ DQG WKH PRPHQWV RI WKH GHOD\ RI WKH W\SLFDO &ODVV � SDFNHW FDQ EH FRPSXWHG�

� 0DUNRY 0RGXODWHG $UULYDOV

,Q PDQ\ SUDFWLFDO V\VWHPV� WKH DUULYDO VWUHDPV KDYH FRUUHODWLRQV DQG WKH LQGHSHQGHQFH
DVVXPSWLRQ RQ WKH DUULYDO WUDpF WKDW ZH XVHG XQWLO QRZ LQ WKLV SDSHU GR QRW KROG� ,Q WKLV
VHFWLRQ ZH VKRZ WKDW DOO RXU SUHYLRXV UHVXOWV FDQ EH HDVLO\ H[WHQGHG WR WKH FDVH RI 0DUNRY
PRGXODWHG DUULYDO VWUHDPV�
/HW I0Q� Q w �J EH D nQLWH VWDWH LUUHGXFLEOH �KHQFH HUJRGLF� 0DUNRY FKDLQ ZLWK WUDQVL�

WLRQ PDWUL[ �SL�M�� 7KH GLVWULEXWLRQ RI WKH QXPEHU RI &ODVV � DQG &ODVV � DUULYDOV LQ VORW N�
;N��� DQG ;N��� UHVSHFWLYHO\� GHSHQGV XSRQ WKH VWDWH 0N DQG LV LQGHSHQGHQW RI HYHU\WKLQJ
HOVH� �2QH FRXOG FRQVLGHU ;N���� ;N��� PRGXODWHG E\ WZR GLmHUHQW LQGHSHQGHQW 0DUNRY
FKDLQV� %XW WKDW ZRXOG EH D VSHFLDO FDVH RI RXU PRGHO�� ,Q WKH IROORZLQJ VXEVHFWLRQV ZH
SUHVHQW WKH FKDQJHV WKDW DUH UHTXLUHG LQ WKH DQDO\VLV IURP WKH L�L�G� FDVH�

�



��� ,QnQLWH %XmHU 4XHXH

&RQVLGHU WKH V\VWHP LQ 6HFWLRQ �� ,Q FDVH RI 0DUNRY PRGXODWHG DUULYDOV� I�TN���� TN����
0N�J IRUPV D 0DUNRY FKDLQ� ,W LV HUJRGLF LI ({ >;N���@ �({ >;N���@ � �� /HW WKLV FRQGLWLRQ
KROG IRU LQnQLWH EXmHU FDVH DQG XQGHU WKLV FRQGLWLRQ� OHW E{ EH LWV VWDWLRQDU\ GLVWULEXWLRQ�
(pFLHQW DOJRULWKPV WR FRPSXWH A{ DUH DYDLODEOH LQ $NDU HW DO�>�@ DQG 5DPDVZDPL >��@�
1RZ FRQVLGHU WKH GHOD\V RI &ODVV �� 6LQFH WKH &ODVV � SDFNHWV GR QRW DmHFW WKHP� ZH

FDQ FRQVLGHU D VLQJOH FODVV TXHXH ZLWK RQO\ &ODVV � DUULYDOV� 7R REWDLQ WKH GHOD\V ZH QHHG
WKH GLVWULEXWLRQ H{ RI WKH VWDWH RI WKH V\VWHP WKDW D EDWFK RI &ODVV � VHHV RQ DUULYDO� 1RZ
GLVFUHWH WLPH 3$67$ GRHV QRW KROG� +RZHYHU H{ FDQ EH REWDLQHG IURP A{ XVLQJ WKH UHODWLRQ
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ZKHUH 5  IU � �TN���� TN���� U� � $J �IRU GHOD\V RI &ODVV � ZH FDQ UHSODFH WKH 0DUNRY FKDLQ
ITN���� TN����0NJ E\ ITN����0NJ�� 7KLV UHODWLRQVKLS EHWZHHQ H{ DQG E{ LV DOVR REWDLQHG IURP
WKH JHQHUDO UHODWLRQVKLS EHWZHHQ WLPH VWDWLRQDU\ DQG 3DOP SUREDELOLWLHV RI D VWDWLRQDU\
SURFHVV DYDLODEOH H�J�� LQ %UDQGW HW DO� >�@� 7KLV UHODWLRQVKLS KROGV IRU nQLWH DV ZHOO DV LQnQLWH
EXmHU V\VWHPV� 8VLQJ a{� DV VKRZQ LQ 6HFWLRQ �� ZH FDQ FRPSXWH WKH GLVWULEXWLRQ DQG
PRPHQWV RI WKH GHOD\ RI D W\SLFDO &ODVV � SDFNHW�
&RQVLGHU WKH GHOD\V RI &ODVV � �VD\ RI WKH QWK SDFNHW� WKH W\SLFDO SDFNHW� LQ D EDWFK��

)URP WKH UHODWLRQ DQDORJRXV WR ���� IRU &ODVV �� ZH KDYH WKH GLVWULEXWLRQ RI WKH VWDWH RI WKH
V\VWHP WKDW D &ODVV � EDWFK VHHV RQ LWV DUULYDO �VD\ LQ VORW N�� /HW �aQ�� aQ�� EH WKH VWDWH RI
WKH TXHXHV DW WLPH N DQG �Q�� Q�� L�� EH WKH VWDWH DW WLPH N��� :H FDQ nQG LWV GLVWULEXWLRQ
FRQGLWLRQHG RQ WKH W\SLFDO SDFNHW EHLQJ DGPLWWHG� /HW N���~�L�� EH WKH nUVW WLPH WKDW WKH
V\VWHP GRHV QRW KDYH &ODVV � SDFNHWV� $OVR� OHW WKH VWDWH RI0Q DW N���~�L�� EH L�� :H FDQ
HDVLO\ FRPSXWH WKH MRLQW GLVWULEXWLRQ RI �~�L��� L�� �VD\ XVLQJ WKH WDERR SUREDELOLWLHV�� 1RZ�
JLYHQ �~�L��� L��� WKH GLVWULEXWLRQ RI WKH QH[W WLPH �~�L��� L�� WKH TXHXH EHFRPHV HPSW\ FDQ
EH FRPSXWHG� DQG VR RQ� 7KH ZDLWLQJ WLPH RI WKH QWK SDFNHW LQ WKH WDJJHG &ODVV � EDWFK LV

~�L�� � ~�L�� � c c c� ~�L7 �� ����

ZKHUH 7  �aQ� � aQ� b ��� � >;N��� M0N  L�@ � Qb �� 7KH GLVWULEXWLRQ DQG WKH PRPHQWV
RI WKLV GHOD\ FDQ EH FRPSXWHG RQFH ZH KDYH IRU �~�L��� L���

��� )LQLWH %XmHU ZLWK &RPSOHWH 6KDULQJ

7KLV VHFWLRQ FRUUHVSRQGV WR 6HFWLRQ �� $JDLQ I�TN���� TN���� 0N�J LV D 0DUNRY FKDLQ� ZLWK
D VWDWLRQDU\ GLVWULEXWLRQ �VD\� E{�
7KH VWDWLRQDU\ GLVWULEXWLRQ H{ WKDW D &ODVV � EDWFK VHHV RQ LWV DUULYDO FDQ EH REWDLQHG IURP

����� +HQFH ZH FDQ GHWHUPLQH WKH SUREDELOLW\ RI ORVV DQG GLVWULEXWLRQ RI GHOD\ RI DFFHSWHG
&ODVV � SDFNHWV� 6LPLODUO\ ZH FDQ GHWHUPLQH WKH SUREDELOLW\ RI ORVV RI &ODVV � SDFNHWV�
%\ /LWWOH
V ODZ� ZH KDYH (TXDWLRQV ���� DQG ����� 7KXV ZH FDQ FRPSXWH WKH PHDQ

GHOD\ RI &ODVV � SDFNHWV� )RU FRPSXWLQJ WKH VWDWLRQDU\ GHOD\ GLVWULEXWLRQ DQG PRPHQWV RI
WKH GHOD\ RI D W\SLFDO &ODVV � SDFNHW� ZH QHHG WR FRQVLGHU WKH TXDQWLW\ ~�Q����� Q����� L��
ZKLFK LV WKH nUVW WLPH DIWHU N � � ZKHQ WKHUH DUH QR &ODVV � SDFNHWV LQ WKH V\VWHP LI

��



DW WLPH N � � WKH VWDWH RI WKH V\VWHP LV �Q����� Q����� L��� /HW WKH VWDWH RI WKH V\VWHP
DW N � � � ~�Q����� Q����� L�� EH �Q

�
����� �� L

������ :H FDQ FRPSXWH WKH MRLQW GLVWULEXWLRQ
RI ~�Q����� Q����� L�� DQG �Q

�
����� �� L

����� XVLQJ WKH WDERR SUREDELOLW\ PHWKRG IURP WKH
WUDQVLWLRQ PDWUL[ RI WKH V\VWHP 0DUNRY FKDLQ� $OVR� WKH OHQJWK RI WLPH IRU ZKLFK QR &ODVV �
SDFNHW DUULYHV� < �Q������ L

�
�� QRZ GHSHQGV RQ L�� DOVR� :LWK WKHVH FKDQJHV ���� ^ ���� KROG

�ZLWK I0NJ VWDWHV DSSURSULDWHO\ nOOHG LQ�� 7KH FRPSXWDWLRQDO SURFHGXUHV IRU FRPSXWLQJ WKH
GLVWULEXWLRQ DQG PRPHQWV RI ~ �Q��M�� Q��M�� LM� FDQ EH PRGLnHG IRU WKH 0DUNRY PRGXODWHG
FDVH� )RU H[DPSOH ���� EHFRPHV
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ZKHUH ISLM �LNJ DUH WKH WUDQVLWLRQ SUREDELOLWLHV RI I0QJ DQG Q� DQG P� DUH DV LQ ����� 2QH
FDQ DOVR DGDSW WKH SURFHGXUH IRU FRPSXWLQJ < �Q���M�� L

�
M� E\ FRQGLWLRQLQJ RQ L�M � 1RZ S�Q� L�

GHQRWHV WKH SUREDELOLW\ WKDW WKH nUVW &ODVV � EDWFK WKDW DUULYHV DIWHU WLPH � ZLOO EH ORVW LI
WKH VWDWH RI WKH V\VWHP DW WLPH � LV �Q� �� L�� 7KHQ
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ZKHUH LO LV WKH VWDWH RI WKH PRGXODWLQJ 0DUNRY FKDLQ DW WKH DUULYDO LQVWDQW RI WKH OWK
ORVW &ODVV � EDWFK DQG =O�LO� GHSHQG RQO\ RQ LO� 1RZ WKH MRLQW GLVWULEXWLRQ RI �=�LO��
LO� FDQ EH GHWHUPLQHG IURP WKH WUDQVLWLRQ PDWUL[ RI WKH PRGXODWLQJ 0DUNRY FKDLQ DQG
3 �;N���  � M0N  LN�� )URP WKLV ZH FDQ FRPSXWH S�Q� L�� ZKHQ WKH LQLWLDO VWDWH RI WKH
0DUNRY FKDLQ I0NJ LV L� 7KHQ WKH GLVWULEXWLRQ RI 6 LV
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��� )LQLWH %XmHU ZLWK 3DUWLWLRQLQJ

7KLV VHFWLRQ FRUUHVSRQGV WR 6HFWLRQ � ZKHUH WKH EXmHU VSDFH LV SDUWLWLRQHG LQWR 1� DQG 1�
EXW &ODVV � KDV KLJKHU WLPH SULRULW\� $JDLQ� I�TN���� TN���� 0N�J IRUPV D 0DUNRY FKDLQ DQG
OHW E{ EH LWV VWDWLRQDU\ GLVWULEXWLRQ� 7KH SUREDELOLW\ RI ORVV RI D W\SLFDO SDFNHW RI HLWKHU FODVV
LV UHDGLO\ FRPSXWDEOH IURP WKH VWDWLRQDU\ GLVWULEXWLRQ RI WKH VWDWH WKDW D EDWFK IURP WKDW
&ODVV VHHV RQ LWV DUULYDO� 7KLV TXDQWLW\ FDQ EH GHWHUPLQHG DV EHIRUH IURP ����� $OVR IURP
WKLV� GXH WR WKHLU KLJKHU WLPH SULRULW\� WKH GLVWULEXWLRQ RI GHOD\ RI &ODVV � SDFNHWV FDQ EH
NQRZQ�
,Q RUGHU WR FRPSXWH WKH GHOD\ RI D W\SLFDO &ODVV � SDFNHW� ZH QHHG WR UHSODFH ~Q E\ ~Q�LQ�

DQG ~�Q� E\ ~�Q� L�� ZKHUH LQ LV WKH VWDWH RI WKH PRGXODWLQJ 0DUNRY FKDLQ DW WKH EHJLQQLQJ RI
WKH EXV\ SHULRG RI &ODVV � SDFNHWV FRUUHVSRQGLQJ WR ~Q��� 7KH MRLQW GLVWULEXWLRQ RI �~�Q�� L���
L�� HWF� FDQ EH FRPSXWHG XVLQJ WKH WDERR SUREDELOLW\ PHWKRG IURP WKH WUDQVLWLRQ PDWUL[ RI
WKH V\VWHP 0DUNRY FKDLQ�
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