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Abstract: Most of the studies on TCP assume a fixed number of persistent TCP connections. A few of the recent
studies look at non-persistent TCP connections but with many limiting assumptions. We look at a bottleneck router
which has real time UDP traffic, TCP ON-OFF traffic and a stochastic flow of non-persistent TCP connections go-
ing through it. Our analysis is able to handle a large number (100s) of TCP connections and still provides the mean
file download times of each of these connections when all of them have different packet sizes, round trip times and
max window size. Using this approach we are able to model almost all the different traffic types that exist in the
Internet today. We also study systems employing RED control, which is recommeded to be used in the Internet.
We demostrate the effectiveness of RED for congestion control in realistic Internet scenarios both theoretically and
via simulations.
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1 Introduction

Recently several models of TCP sessions passing through the Internet have been analyzed ([1], [2], [4] - [6], [8], [12
[19]). These extensive studies have provided detailed performance of the TCP and UDP sessions in terms of their thrc
puts and delays. However, the accuracy of these models in the real networks is limited by the assumptions made an
time scale at which one is looking at the performance. Most of the studies assume persistent TCP sessions, where
assumed that there are a fixed number of TCP sessions which always have packets to send ([1], [2], [4], [6], [8], []
[17], [18]). This model can be considered a reasonable approximation if the TCP sessions are sending long files (e.g.

sessions). However most of the WAN TCP traffic today, consists of Web traffic [20] which contains small files also. Thu
a model where TCP sessions arrive, send a finite file and then leave (non-persistent sessions) is also being studiec
[9], [19]).This model can be useful when an e-mail or FTP server is sending a small file. Another model of a TCP sour
where the session may be long (persistent) but the TCP source may not always have a file to send is also relevant i
context of the Web traffic using HTTP version 1.1. In this application, the TCP session is kept alive even after a file
downloaded by a user. Then, if the user wants to down-load another file from the same server, the same TCP sessiol
be used. For this application the model of a persistent TCP connection where the source is of ON-OFF type is realis
This model was (with somewhat different motivation) studied in [5].

In almost all of the above mentioned studies a single bottleneck queue is considered; there is no UDP traffic in
queue and the TCP parameters (propagation delays, maximum window size etc) are same for all the TCP connect
Furthermore, a fluid model (ignoring the packet level details, in particular the packet lengths) is formulated. The
assumptions are certainly not realistic and we show that they do have a significant impact on the performance of the |
and TCP connections. For example, our study shows that the TCP mean download time is (almost) inversely proportic
to the packet size. We also show that with RED control, the TCP mean download time is not affected but the UDP me
sojourn time reduces drastically. In [17] the analysis included these extra details but the study was limited to a fi
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number of persistent TCP connections which always have data to send. [9], [16] extend the approach of [14] to desc
the behavior of finite TCP flow. [9] models the TCP connection establishment phase as well. It gives a detailed modell
of the TCP slow start phase assuming correlated losses. It provides expressions for the average file download time
TCP connection given its size in packets, connection round trip time and the packet loss probability. [16] provides a m
detailed model of TCP slow start phase. It gives a formula for TCP throughput and latency under both independen
well as correlated losses. Both these papers assume a fixed packet loss probability known a priori.

In this paper we extend the approach of [17] to a system where a TCP source is modeled as an ON-OFF sou
UDP traffic may also be present. After that we also include in the model a randomly arriving flow of non persistel
TCP connections. Unlike in [5], [12], [19], we take into account the packet level behavior and the different pack
lengths, propagation delays and maximum window lengths for different TCP connections. Furthermore, we consit
these systems with RED control also, which is not studied in these references. In the RED case we are able to hant
packet loss probability which is changing as the RED average queue length parameter changes. First we will start \
a fixed number of TCP connections with persistent ON-OFF behavior. We make a Markov chain model and obtain 1
mean download time of the files. We explicitly consider the effect of different TCP parameters on the mean downlo
time of the files. Since, we have incorporated the parameters of all the TCP connections the dimensionality of the Mar
chain is largeZ", whereN is the number of TCP connections). Thus, we next develogvanagedmodel of the system
with which we can handle a large number of TCP connections at a moderate computational cost. But we are still able
capture the effect of the different TCP parameters on the mean download times.

Finally we include in the model the non-persistent TCP connections. Unlike the previous studies we include the eff
of different propagation delays, packet lengths and maximum window sizes for these connections also. We also m
the effect of the slow start phase of the TCP to take care of small file sizes which may spend most of the time in the sl
start phase only. To achieve these objectives we will analyze our system by a hybrid fluid/packet level modeling. |
each of the above three models, we also study the system when the bottleneck queue deploys RED control [10]. F
is recommended for implementation in routers to manage queue lengths, reduce end-to-end latency and reduce p
dropping within the Internet [7]. Therefore, it is important to study the system with RED control also.

As is clear from the above discussion, for different TCP sessions simultaneously going on in the network, differe
models may be appropriate : for a long FTP transfer a persistent TCP connection, for Web traffic via HTTP 1.1, persist
TCP connections with ON-OFF behavior and for other applications non-persistent TCP. For all these models we have
a unified approach. The insight obtained from this analysis is used in [11] and [15] to design architectures for providi
QoS (Quality of service) to real and non-real time applications.

gwerty

The paper is organized as follows. In section 2 we study the small scale ON-OFF model. Section 3 studies the la
scale ON-OFF model. In section 4 we combine the persistent, ON-OFF and the non-persistent TCP connections. Set
5 compares our theoretical results with the simulations.

2 Small Scale ON-OFF Model

In this section we first decribe our model and state the basic assumptions in section 2.1. We also explain our approa
this section. In section 2.2 we carry out the details for the infinite buffer case. Section 2.3 studies the system with R
control.

2.1 Model and our Approach

We consider a system with a single bottle-neck router. An exogenous flow, representing a superposition of UDP flow:
passing through the router. We assume that the packets of this flow arrive as a Poisson processitiinatpacket
lengths are iid with a general distribution with me&fs]. We will denoteX; E[s] by p. The link speed is normalized to 1.
There areN TCP connections sharing the queue with the exogenous stream. A TCP connection can be in an ON or C
state. Some connections may always stay ON. Such connections will be called Persistent; the others in this section wi
called ON-OFF. A connection turns from OFF state to the ON state, when it has generated a file to send"FbCthe
connection, we use the following notation and assumptions. The files generated are iid with an exponential distribut



and mearnl /u(i),i = 1,..., N (a model used in [19]). For connections which are always ON, we camtake= 0.
The OFF times are iid exponential with meafi\(:). The total propagation delay i&(i). The packets are of random
lengths with an iid distribution and a generic packet is of length). The receiver advertised maximum window size is
Waz (7). The queue is assumed to have an infinite buffer. In this case since there is no packet loss, the window siz
TCP connectioni increases tdV,,,,, (i) and stays there. Thus, in the steady state analysis we can ignore slow start.

We make a few comments on the assumptions. A single bottleneck router is the usual assumption (see [1], [5],
[17]). Often itis true in practice. But our ideas can also be extended to the multiple router studied in case [17]. Infin
buffer assumption can be a valid approximation if the buffer length is large. Also our model captures many of the esser
features of the system i.e. the effect of different propagation delays, packet sizes etc. In section 2.3 we will deploy R
at the queue. Then we will see that the analysis and the formulae we obtain for the infinite buffer queue can be dire
carried over to a finite buffer queue with RED control. This is a realistic model of the system with RED control. Now th
window size of a connection keeps changing. But we will capture this dynamics in the mean window size that we w
compute.

The analysis in this section can be easily extended (with additional computational cost) to the case where the ex
nous stream is an MMPP (Markov Modulated Poisson process) and all the exponential distributions are replaced by
phase type distributions [3]. Since any distribution (including the one with heavy tails) can be arbitrarily closely appro»
mated by a phase type distribution, our analysis covers the general distributions. A long range dependent process car
be approximated by a Markov modulated process for any finite time scale of interest. Similar comments hold for la
sections also.

To be able to incorporate the effect of packet sizes, propagation delays etc, we will use a hybrid technique. First
make a fluid level Markov model and then use the packet level details to obtain the mean bandwidth a particular T
connection gets. These are used in the Markov chain to obtain its generator and then its stationary distribution and c
performance parameters. In [5] the ON-OFF TCP model is studied when a heavy load condition is assumed: there |
least one packet from each TCP session in the bottleneck queue (because of the pure fluid model used). We relax
assumption to the scenario where the server is never idle. This assumption is much more realistic and will be valid if th
are a large number of TCP connections sharing the bottleneck queue. We are able to do this (along with including
effect of different TCP parameters) because we have captured the packet level behavior in our models.

We will use the following result from [17]. If all the TCP connections are ON all the time, theniMaIPreceive the
throughput

% Elqr(7)]ElsT(5)]
where E[qr(7)] is the mean number of TCPpackets in the queue under stationarity. To compwte) explicitly, we
needE[qr(j)] for eachj. By Little’s law,

packets/sec Q)

Ar(i) E[St(i)] = Elgr(i)] )

where E[Sr(i)] is the mean sojourn time a@f* connection in the queue. Also, applying Little’s law in the propagation
pipe, we get

Ar(1)A(D) = Winaa (i) — Elgr(4)]- ®3)
These equations can be solved to obt&|n-(7)] for eachi. Then
X Elgr (5)]ElsT(5)] Winaa (i)
1—p A(i) + E[Sr(i)]
Observe thaf’[Sr(7)] is the same for all. If A(i) = 0thenE|[qr(i)]= Winaz (7).

E[Sr(i)] = and  p(i) =
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2.2 Analysis

Let a(t) denote the set of TCP connections which are in the ON state atttirhet A(#) be a row vector with itg"
component4;(t) = 1 if the i** TCP connection is in the ON state at timand0 otherwise. To analyze this process, we
first consider the files being transmitted as a single entity and make a fluid model. Because a file generatedidy usel
exponentially distributed with mealry.(:) and other distributions involved are exponent{ad,(¢)} can be considered a
Markov chain. If connectionis always ON, them;(¢) = 1 at all times. For such connections, the performance index of
interest is the mean throughout under stationarity. For ON-OFF connections, we will be interested in knowing the me
file download time. To compute these quantities, in each statpwe want to find out the instantaneous rate at which the
file transfer is getting completed at a particular TCP connection. This=até)\r(i, t) depends upon the instantaneous
bandwidthAr(i, t) (in bits/sec), which user gets at timet. At any timet, A7 (i, t) depends upon the TCP parameters
Winaz(3), E[sT(4)], A(5) of the TCP connections in the ON state at timélo compute\r(i, t), we need packet level
analysis. We consider this in the following.

We approximate the throughput of different TCP connections when the system is imétatey the steady state
throughput of the TCP connections in a system which has only the TCP connections (and the exogenous stream) the
ONin A(t) (i.e. in the set(t)). This is a reasonable assumption if the connection level dynamics are slow as compare
to the packet level dynamics; an assumption which can be quite realistic. This would then imply that in eadl state
the queue reaches the steady state rather quickly. Hence, this model may not work satisfactorily for very small file si:
although even in this case it gives satisfactory results under high load conditions. Internet traffic measurements show
for HTTP 1.1 the average file size around 28 KB ([13], [20]) Our simulations will show that these approximations wor
well for these file sizes and infact even with smaller size.

Under these assumptions, at timénhe throughpud (7, t) can be computed from the formulae (1) - (3) by considering
only the TCPs in sei(t). Thus for example,

(1— p)Eqr(i)]
EjeatyElar ()] Els7 (4)]

We use the instantaneous bandwidth obtained above in the fluid model. When the bandwidth obtained by an
OFF connectioriea(t) is A7 (i, t) = Ar(i,t) E[s(i)], the rate at which its file (being exponential with melgip(i)) is
completing its transmission ig(i)Ar (i, ). This also implies thaf A(¢)} can be considered a Markov chain. We can
easily show that it is an irreducible finite state Markov chain and hence is ergodic with stationary distribution. (say)
The dimension of this chain &Y. Thus, analyzing this chain is possible for a sniélbnly. We carry out details of this
system in this section and will show in Section 5 that we obtain a good match with the simulations. In the next section
will modify this approach and will show that then we can handle a substantially larger system of TCPs.

The generator matri) = (q(A, B)) of the chain{ A(¢)}, obtained via the computation &f (i, t) above, can be
easily shown to be (we use the notatidn+ i for a state obtained from a jump from statewhen the” ON-OFF
connection goes ON; similarly — i denotes the state when the ON-OFF connection goes OFF)

q(A, A —4) = pu(D)Ar(it), q(A, A+14) = \(i).

Ar(ist) = , tea(t). 4)

Since itis an ergodic chain, its unique stationary distribution can be obtained by 0.

We consider the mean file download tind4S(7)] of a particular ON-OFF userr as the performance measure of
interest. E[S(i)] is the mean ON time of th#" connection under stationarity. Oneds computedZ[S(i)] is obtained
from

E[S(3)]
E[S(i)] + 1/X(1)

For persistent connectianthe mean throughput

= EA:Aizlﬂ'(A)-

Ar (i) = S adr (i, A)m(A)
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where)r (i, A) is the throughput of in state A.
Another performance measure of interest is the mean sojournAiifig of the packets of the exogenous stream in
the queue. Under stationarity it can be computed from

)\UE[S2}
2(1-p)

where E[Sy|A(t) = A] can be computed from [17] and is in fact approximately equabte-(i)] computed above.

A =(0,0,...,0) indicates that all the TCPs are in the OFF state and then the mean sojourn time of the UDP packets is
inan M /G1/1 system with only the UDP load. Sindg[Sy| is approximately equal t&[Sr(i)] (becauser((0, ...,0))

will usually be small)E[Si7] increases iWV,,,4, (j) increases for any.

2.3 System with RED Control

When the queue also deploys the RED algorithm, t&n. (i) in the above computations will be replaced BV (i)],

the steady state mean window size when the system hasa@t)lyTCP connections. This is a mean value kind of
approximation. Extensive simulations in [17] and in section 5 justify this approximation. The vali@of:)] depends
upon the TCP window dynamics apdg) i.e. the probability of packet loss in the RED algorithm under steady state,
whereg is the RED average queue length parameter. Gixgh various approximations faE[IW (:)] are available (see

e.g, [14], [18]) . In this paper we have used the approximation developed in [18], applicable for the TCP Reno cas
Observe that knowindZ[W (i)] for different versions of TCP makes our approach applicable for these other cases &
well. Computation ofj under steady state when the system has afdy TCP connections can be done as in [17] using

a decomposition approach. Then the steady state of an ODE provides this value. These computations need to be c:
out for each set(t). Then replacindV,,,q. (i) by E[W (i)]a(t)] in (4) - (3) will provide Xz (4, t) for eachi. These can be
used in subsequent computations to obtain the genefatibre stationary distribution, E[S(i)] and E[§;]. Simulation
results in section 5 will show that we obtain a good approximation of the performance parameters. When RED is deplo!
we have replaceW,,,,.. (i) with E[W (i)]. SinceE[W (i)] is smaller thari¥,,,...(i), E[Sy] for this system is smaller than

the system without RED studied above. AlsoWif,.. (i) # Wina(7), but both are not too small, we will often have
E[W(i)] = E[W (j)]. Thus for the system with RED control we may not see the effect of diffd#gnt,. () on system
performance. Furthermore, we will see that for the example in simulations in secti€fi§8,with RED is significantly

less thanE[Sy;] without RED but the mean download time for TCP connections remains largely unaffected. Simila
conclusions hold for the next two sections.

3 Large Scale ON-OFF Model

We observed above that the state space of the Markov ¢hfit)} exponentially explodes as the number of ON-OFF
TCP connectiongV increases. In this section, to reduce the dimensionality, we study the averaged system. However, i
done in such a way that for a particular TCP connectiaith given A(7), W,a2(7), E[s7(7)] we can compute its mean
download timeE[S(i)]. This can of course be substantially different from the overall mean downloadi|$igfor the
system (as for example computed in [5], [12]) and is actually the performance of interest fonter.

BIS0] = Sanisoo,..0) BISulA®) = Aln(A) + ( n E[s}> 7((0,0,....,0)).

In section 3.1 we will explain our approach for this section. Section 3.2 carries out the analysis for the infinite buff
system. In section 3.3 we extend the results to the queue with RED Control.

3.1 Our Approach

The notation will remain as in Section 2. L&t be the number of TCP connections ON at titné he total bandwidth
available to the TCP connections at any timé is p. For connection, A(7), W42 (i), the mean file sizé /u; and the
mean packet siz&[sr(i)] are fixed. But these can be different for differéntn this section we take these quantities as
random over the population @&f TCP connectionsl(/y; and1/\; are random over the ON-OFF connections only). We
denote byl /u the mean file size and bly/ A the mean OFF time where the mean is taken over the whole population of
ON-OFF TCP connections. Unlike in section 2, now we will concentrate on the performance of a particular coninectiol



while the identity of other connections is erased. For connedttbe identity of other connections is not important but
only the overall effect of them on the instantaneous bandwidth it gets. Thus by erasing their identities but replacing tt
overall effect by the population averaged TCP parameters, we can obtain the performancé afaheection. This
approximation will be good particularly wheN is large. Now{ N;} can itself be taken as a Markov chain. Observe that
for a system withV ON-OFF TCP connections, the Markov chdif(#)} of the last section ha' states while{ N, }

hasN + 1.

3.2 Analysis for infinite buffer size

At time ¢, the Markov chainV, goes to statéV; — 1 (for N; > 0) at a rate which can be approximated oyl — p)
(assuming work conserving, non-idle server) and to shte 1 at a rate(N — N;)A. {N,} is a finite state, irreducible
Markov chain and we can easily compute its stationary distribution

Next we compute the mean download tiigS (:)] for ON-OFF TCP connectioh We also compute the mean queu-
ing delay of the exogenous stream. The general approach will be as in section 2. We first compute the mean instantan
throughput\r (i, ¢) for thei* connection and then compufgS(i)]. However, the details differ significantly because of
the averaging being done in this section.

Let thei*” connection for which we want to compufg[S(i)] be in the ON state at tim& The mean number of
connectiony packets in the queue at timevill depend uponV, and hence we write it aB[qr ()| NV;]. Thus from (4) the
expected throughput in the stakg (in packets/sec) is given by

(- p)Elgr(i)|N]
S Elar(5)|N Els7(5)]

We approximate the denominator in this expression by

E[r(i,t)|Ni] =

NiE[Elqr (5)|Ni] E[s(5)]|Ni]

where the outer conditional expectation is with respect to the joint distributiod @f) (W4 (j), Els7(J)]), jeN and
it denotes the overall stationary mean work load of a TCP connection in the queue givé$ TIG® connections are
ON. The termE[qr(5)|NV;] inside the expectation is with respect to théj), W,...(5), E[ST(j)] specific to thej’”
connection. We denotB[E[qr(j)| N E[sT(7)]| V] by an,. Therefore, we obtain

1 — p)Elqr(i)|Ni]

E[A7r(i,t)|Ny] = ( Noan . (5)

Similarly, we obtain from (3)
Winaz (i) — Elgr(i)|Ni]

From (5) and (6) we obtain
. NtaNt Wnaz (Z)
E Ny = . 7
[QT(Z)| t] (1 — p)A(Z) n NtaNt ( )
Multiplying both sides withE[sr ()] and again taking conditional expectation w.h.we obtain
ay, = Ny.ay, E Winaz (). Bls7(1)] | Ny | - (8)

(1= p)A() + Nian,

Since the joint distribution of & (i), W4 (), E[s7(i)]) for the overall population is supposed to be known, from (8) we
computeay,. Then from (5) and (6) we obtain

Winaz (71)

) ©)
Ai) + S

E[r(i,t)|Ni] =
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Equation (9) gives the dependence of the conditional throughput of connéctioits different TCP parameters. In
particular, it is directly proportional t&¥;,,.. (i) and(1 — p) and inversely proportional té(i). This dependence gets
reflected in the unconditional throughplifX;(i)] = X, E[Ar(i)| Ny = n]m(n) of connectioni also. The throughput of
connection in bps is E[Ar(i)| Ny]E[s7(i)] and hence is directly proportional fo[s(i)]. Of course, for persistent TCP
connectiong/[\r(i)] is the main performance index.

Observe that itV,,4: (7), E[s7(7)], A(j) are independent random variables, then the expectation in (8) depends onl
on the mean oW, (j) (sayw,,) andE[s7(j)] (says.,) and not on their individual distributions. As an example assume
that they are independent afd j) is uniformly distributed on the intervak, b), then (8) gives

(b—a)(1-p)
(1—p) | (b—a)(eNmm +1)
2N, (b—a)(1-p)

(6 Niwmsm —

—(a+0)|.

anN, =

Observe thatvy, is the overall stationary mean workload of a TCP connection in the queue, givejtR&P
connections are ON. Thus the conditional mean sojourn time in the queue is

Nt.Cl(Nt

B[SV = T2

(10)

and the mean sojourn time of the TCP packets in the queue is

m(n)
1—n(0)

E[St] = ©I_, E[S7|N; = n]n(N; = n|N; > 0) = ©)_, E[S7|N; = n]

The mean sojourn time of the exogenous stream is

My E[s?]
2(1-p)

Finally we compute the mean file download tifigS (i)] of a connectiorn. Let us assume that when theconnection
turns ON, thelV; process is stationary and has the distributitonThis may not be strictly correct but we make this
approximation. LetN; = n — 1 at the time thei” connection turns ON and then I&[S(i,n)] be the mean time
for the i** connection to download its file. Then the mean time for the next jump of the prd@gsss E[r,] =
1/(A(N —n) 4+ (1 — p)u). Also, the probability that this jump corresponds to the completion of transmission of the file
of the4!" connection ig.(i) E[Mr (i, t)|N; = n)E[r,]. Therefore, we can write the equations

E[Sy] = =N E[S7|N; = n]n(n) + ( + E[s]> 7(0).

E[S(i,n)] = (E[m))’u(i)EAr(i,t)|Ny = n] + AN — n)E[r,](E[S(i,n + 1)] + E[r,))
+ [l = p) = p(@)EAT(i,1)|Ny = n]| E[r,)(E[S(i,n — 1)] + E[1]),
n=1,...,N (11)

where on the right, the first term corresponds to the first jump being due £8 ttemnection going OFF, the second term
due to a TCP connection turning ON and the third term is due to a TCP connection (other tianttineing OFF. We

can solve this set of simultaneous equations to o4\ i, n)],n = 1,..., N. Then
BIS()] = 22, Bl n) = (12)
o=l 1 —n(N)

3.3 System with RED Control

Now we consider the model when the queue employs the RED control. Then depending upon the steady state F
average queue length paramejera packet on arrival at the queue will be dropped with probabli). If p(¢*) is
small enough then the stationary distributionf N; remains as in the infinite buffer case. Now the TCP window size can

7



change. In that case as in the last section, instedd,gf; (¢) in the equation in this section, we uggiVv (i), the steady
state mean window size for connectib(also for other connections) when the drop probability(i§). In particular we
first computeE[Ar (7, t)| N; = n] and thenE[S (i, n)] from (11) and finally the mean download tink8S (4)] from (12).

Of course we do not know th@ for our system. For this we follow the ODE approach described in [17], where the
steady state value of the ODE providgsTo compute it we requir&[q|g], the mean total queue length of the system for
various values ofi. We do this in the following.

From [17] we obtain that

Au

— pZ?;lE[un)\Nt}E[sT(i)J.

Elq|Vi] = 5% Blar ()| N + §

The second term on the right, as in (5) above is writtetyas;a, /(1 — p). For the first term on the right, from (7) we
obtain an approximation

E[W (i)]
Nay,E [(1 — p)AG) + Ny, Nt]

where we have replaced,,, .. (i) by E[W (i)] (for a giveng, p(g) is known and hence we can computéiv (i)]) .
Therefore,

EW ()

AuNio,
(1 —p)A(i) + Nian, '

l—p

BlgN] ~ NlawE [ Nt] i (13)

ThenE[q|q] = XN_, E[q|N; = n] 1f(7r”()0> . We use thi¢[q|q] in plotting the ODE. The steady state value of the ODE then
gives usg*.

4 Combined ON-OFF and Non-persistent Model

In this section we assume that along with the ON-OFF TCP sources there is another stream of TCP sources which
Non-Persistent or transitory in nature. The persistent TCP connections can be included as in previous sections and
we no longer discuss them in this section. The Non-persistent TCP connections are arriving as a Poisson stream
rate \y. A connection of this type arrives with a particular set of paramétérs,, E[sr] and A, downloads a file

with exponentially distributed size and leaves the system. We will assume in the beginning that the queue has an infi
buffer. Later on we will consider the queue with the RED control also. Since for the Non-Persistent connection, only o
file is transmitted which may not be large, the slow start phase affects the download time. Therefore, now we will al
model the effect of the slow start phase. The analysis of this section can be extended to the case where the Non-Pers
connections arrive as an MMPP process and the file size distributions are phase type, but this extension has not been
in this paper.

The total bandwidth available to the TCP connections is stiHl p. Let 1/X be the mean OFF time of the Persis-
tent TCP connections. LeV be the total number of Persistent ON-OFF sources. 1l/gtdenote the mean file size
taken over the whole population of (Persistent as well as the Non-Persistent) TCP connections. For a cannectio
Wnaz (1), E[sT ()], A(7) and (i) are as before. Let the overall statisticsIif, .., E[sT] and A be known for the to-
tal population (Persistent as well as Non-Persistent). The following analysis can be carried out when the statistics
the persistent and the non-persistent population are separately considered, but for simplicity we work with the ove
statistics.

Let N;(1) be the number of Persistent TCP connections which are ON atttemne N, (2) be the number of Non-
Persistent TCP connections which are present in the system at.tiig(1), N;(2)} can be taken as a continuous time



countable state Markov chain. Its generator maf}ix q((i, i2), (j1,j2)) IS given as,

Q((nlanQ)a(n1+1an2)) = (N_nl)Aa
q((n1,n2), (n1,n2 +1)) = An,

n
q((n1,m2), (n1 — 1,n9)) = — (1 - p),

ni + n9
ng
—1 = 1— for =0,...,N =0,1,2,....

Q((nlanQ)a(nlanQ )) n1+n2M( p)a n ) y 1V, 12 s 1y 4y

It is an irreducible Markov chain and let its stationary distributiontd& he condition for ergodicity of this Markov
chainisAy < u(1 — p) (see Appendix A for a proof).

Next we want to calculate the throughput for a Persistent TCP connectioth parameterdd;, (i), A(:) and
E[s7(i)], when the system is under stationarity. Its throughput wié(l), N;(2)) TCP connections are in the system
is given by

1 = p)Elgr(1)|Nt(1), Nt (2)]
(Ni(1) + Ni(2))an, (1),n0(2)
whereay, (1y,n,2) = E[Elqr|Ni(1), Ni(2)]E[sT(5)]| N (1), N;(2)]. In this the outer expectation is with respect to the

joint distribution of W, (4), E[s7(j)], A(j) taken over the total population of Persistent as well as Non-Persistent
connections. We can solve fofy, (1), v, (2) in the same way as in Section 3. Then,

B 8)N, (1), Ny(2)] ~ &

Wmax (Z)
Ai) + aNt(l)sNt(Q)l(iV;(l)‘FNt(Q)) '

E[Ar(i,t)| Ny (1), Ny(2)] =

Again one can see the effectdf,,,,. (i), A(i), (1 — p) and E[sr ()] on the throughput of connectian

For a Non-Persistent TCP connection we use the above formula with a modification, because now we have to t
care of the slow start phase. Assume the initial window size tapbend that the receiver sends one ack for each TCP
packet it receives. The modifications required when an ack is sehtfackets is obvious. Then the amount of datin
number of packets) sent afterounds of slow start is given by

d=1+24+22+2% + ... 427w = (2 — 1)wy.

Therefore; = logg(wi0 + 1). The window size after sendinjamount of data becomes

d wo
Wi = = + —.
th 2+2

In the case whei;, > W4, (i) then we have to find out how much data was sent in slow start and how much after

reaching,,,.. (). The number of rounds required to red&h,q..(¢) is logg(W%g(“) + 1. The amount of data transfered

by the end of this round i18W,,,, (i) — wy. So the remaining datd — 2W,,,,, () + wo will be sent using,,,q, (7).
W az(i)‘l‘wo

Therefore, the number of rounds required by the remaining d S . Now we define a normalized window
size by :
d : .
W if Wth < Wiz (7/);
Wn(i) =

if Wth > Wmax (Z)

loga( Wmu()zogc @y TFug g

Wmaz (i)



which represents the window size if we were to transfer the data using the same number of rounds but with a cons
widow sizeW,, (7). In this paper we have taken = 2. For the Non-Persistent connections we will i&g(i) in place
of Winaz (2) in the above formula foE [Ar (7, )| N (1), N¢(2)].

From the above relation we observe th&f(:) depends upo#,, ... (i) and is independent of the other TCP parame-
tersA(i) and E[sp(4)]. Thus, qualitative effect of[ Ay (i, ¢)|NV;(1), Ny (2)] of a TCP Non-persistent connectionwith
parameterg\ (i), Wiq. (i), E[s7(i)] and(1 — p) is the same as for a persistent ON-OFF connection.

Finally we compute the mean file download timi8S(i)] of a persistent TCP connectian Let us assume that
when thei’” connection turns ON, the proceg®d (1), N;(2)} is stationary with distribution. This is an approximation,
justified via simulation in the next section. Lii;, n2) be the state after th& connection turns ON. L&E[S;(n1,n2)] be
the mean time for thé” connection to download its file starting from the stéatg n,). The mean time for the next jump
of the proces$ N, (1), N¢(2)} is E[Tn, ns] = AN +A(N —nq1) + (1 —p)u. Also, the probability that this jump corresponds
to the completion of transmission of the file of ti#& persistent TCP connection j&(i) E[Mr (i, t)|n1, 2] E[Tn, n,]-
Therefore, fom; =1,...,N,ny =0,1,2,....

E[Si(n1,m2)] (Bl ,n5)) () BT (i, 8) [, 1)
A(]V - nl)E[Tm,nz](E[Si(nl + 17’”'2)} + E[Tm,nz])

ANE[Tm,nQ](E[Si(nla ny + 1)} + E[Tm,m])
(——p(1 = p) — p(@) ED (i, ) 1, 12)) B[y o (E[Si (11 — 1,m2)] + Elri, ms))

ni + N9
"2 (1 = p) B[, o) (BISi(n1.ms = 1)] + ElTay n,),

+ o+ o+ +

n1 + N9
(14)

where on the right the first term corresponds to the first jump being due @ tbennection, the second is due to the
arrival of a persistent TCP connection, the third due to a non-persistent connection arrival, fourth due to a persis
connection (other than th#) turning OFF and the fifth term is due to a non-persistent connection turning OFF.

Unlike in section3, this is an infinite set of equations. However we can truneate a suitably largel/ and solve
this set of equations faE[S;(n,n2)],n1 = 1,..., N andny = 0,..., M. Then,

sy _ ZM_ B[S -1
E[S(Z)} _ n1=1"na=0 [Sl(nlﬂnQ)}ﬂ-(nl ’nQ).
1-— Z%ZOW(N, ng)

Next we obtain the mean file download tin# Sy (j)] for the Non-Persistent flow. In this case the TCP con-
nections arrive as a Poisson process. Therefore, by PASTA, when a Non-Persistent connection arrives it will find
{(N¢(1), N¢(2))} process under stationarity with the distributionNow we can solve (14) as a set of simultaneous equa-
tions to obtainE[S;(ni,n2)], n1 = 0,...,N,ny = 1,..., M for some suitable larg&/. However, in (14) only the last
two terms get modified from the persistent case to the non-persistent case. Moreover the symmetry of the equations
the common statistics ensure that the magnitude of the change is minimal. Hence, we have used the same set of equ
and solved them to g€i[S;(n1,n2)]. Then
_ ZmzoxgzlE[Sj(nl,’I’LQ)}’]T(’I’Ll,'I’LQ -1)

1-— Zglzoﬂ'(nl, M)

E[Sn(j)]

Now we consider the case when the queue deploys RED control. The analysis goes exactly in the same way &
Section 3. We have to ugg[WW (4)] in place ofiW,,,.. (%) in the formulas for throughput etc. In particular for the Persistent
TCP connections we computgAr (i, t)| Ny (1), N¢(2)] and E[S;(n1,n2)] and then the mean download tirigS(i)]. For
the Non-Persistent connections we calculate the normalized windoWi5iz¢ now with respect taZ[IW (j)] instead of
Winaz(j) to take care of the slow start phase. Finally we BgS;(n1,72)] and the mean download tinfe[Sx (j)].
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5 Simulation results

In this section we present simulation results for a small scale system (5 TCP), a large scale system (50 TCP) and a sy
of persistent ON-OFF and non-persistent TCP connections. We will compare these simulations with the theoretical res
obtained in the previous sections. There are no persistent TCPs in these simulations. We have used ns version 2.1k
these simulations. Only TCP Reno is considered. The link speed is 10Mbits/sec. The simulations were run for 20C
This run length provides stable estimates. In all the models the UDP parameters are same. It generates packets of |¢
750 bytes as a Poisson process with rate 500 packets/sec. For RED simfatioits* andp,,,, is kept at 0.1.

For the small scale model we simulated a system with 5 TCP connections and one UDP connection. The T
connections are persistent, each behaving as an ON-OFF sourcA.(Mh#/,,.. (i), E[s7(4)], the mean file sizé/pu (i)
and the mean OFF time/ () for the 5 TCPs connections are provided in Table 1. An infinite buffer queue and also &
finite length queue with RED control are considered. The RED parametef,are= 20, T,,,, = 60. Table 1 provides
the mean download times via simulations as well as from theory. In the data observe that TCP2 (almost) takes the s
time to download as TCP1 even though it is downloading a file of half the size. This is because of the smaller packet s
for TCP2 (all other parameters are same for both the TCPs). This observation justifies the hybrid analysis instead of |
fluid. Also observe that for TCP4 and TCP5, all parameters except the OFF time are same but the download time of TC
is more than that of TCP4 (this may appear surprising but is captured by our theory). This is explained by the fact t
because the mean OFF time of TCP5 is more, it is in the OFF state for a longer period and hence the other TCPs get b
throughput and download times than TCP5. The dependence of the mean download time on the various TCP param
as observed here are not provided by any of the other studies. In the table also note that the UDP sojourn time has
reduced by about 80% with the usage of RED as prediced by our theory. This supports RED as an effective queue le
management technique.

Next we consider the large scale model. For this we have considered a system with 50 TCPs. It is well beyond
reach of the small scale model but has very moderate computational requirements within the large scale model. A m
larger number of TCP connections can be handled with this approach. The parameters for different TCP connections |
the following distributions:W,,,4, is uniformly distributed over (10,20)\ is uniformly distributed over (0,0.2)2[s]
is uniformly distributed over (100,500) and these random variables are independent of each other. The mean OFF ti
and the file sizes for all the connections are same and are takef\as 3s and1/y = 200K B. For the RED case
Tnin = 100, Typae = 500.

The mean download time for all the 50 TCP connections via simulations and theory are plotted in Figs 1 and
Fig 1 provides the results for the infinite buffer case and Fig 2 for the RED controlled queue. We plot the theoretic
(obtained via an ODE) and the simulatééndng in Fig 3. The errors in the download time estimation for the RED
controlled queue are more than in the infinite buffer case. But for both the systems, errors are within ten percent
most of the TCP connections. Observe that there is significant difference in the mean download times of the vari
TCP connections although all of them have the sanad . As an illustration, connection 42 with the parameters
A = 0.142, W0 = 14, E[s7] = 111 has a download time of 29 secs and connection 43 with the paranieters
0.036, Wie = 19, E[st] = 196 has a download time of 8 secs. None of the previous studies have been able to captu
the effect of all three parameters, W,,,..., E[st] on the download times. The mean queue sojourn time of the UDP
connections in the infinite buffer case is 114 secs (theory) and in case of RED it is 51 secs (theory). The correspont
values via simulation are 106 secs and 45 secs. Observe that although the UDP sojourn times have been halved thel
not been much change in the file down load times of the TCP connections.

Finally we consider the system with combined Persistent as well as Non-Persistent TCP connections. The simula
parameters aré/X = 0.5,1/Ay = 0.3,1/u = 27K B. We have reduced the mean file size2i¥ B to show that
our approach works well for small file sizes as well. The parameters for different TCP connections have the followil
distributions: W,,,,, is uniformly distributed over (10,20)\ is uniform over (0,0.05) sec anfl[sy] is uniform over
(100,500) bytes and these random variables are independent of each other. Number of Persistent ON-OFF TCPs a
with flow ids 1, ..., 50. The Non-Persistent traffic has four classes with flowitls .., 54. A for all the four Non-

Persistent flow classes 19ms and thelV,,,,, and theE[sy| parameters are as follows: 10, 100 for flow id 51; 20, 100
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for flow id 52; 10, 500 for flow id 53 and 20, 500 for flow id 54. The valueldfin (14) is kept at 30. Fig 4 gives the
comparison of the mean download times for the infinite buffer case. For connections 51 and 53, observe that the pa
size for connection 53 is five times that for connection 51 and with other parameters remaining the same, the mean
down load time for connection 53 is almost one fifth of that for connection 51. Similarly observe between connection
and 52 how the download time decreases with an increadg,jn.

For the RED cas#&},,;, = 100, T, = 500. Fig 5 gives the mean download times for the RED case. One can see a
good match between theory and simulation. Almost all errors are within 10%. One can see that for connection numt
51 and 52 and similarly 53 and 54, the mean download time has become almost equal. This is in contrast to their va
in Fig 4. This is because in the RED case we are ugifi§ | instead ofi¥},,,,, and all the other parameters being same
we end up getting the same download times for them. Observe that packet size continues to have a significant impac
the download times. We also plot the theoretical and the simuiatsd.5 in Fig 6.

The error is more for the non-persistent connections especially for lArg€he error can be attributed to the manner
in which we use the slow start approximationl®f,.... The error is more prominent when RED comes into picture as
can be seen from Fig 5.

6 Conclusions

Made simple analytically tractable models for TCP-persistent, non-persistent and TCP ON-OFF which model the T
connections for long lived connections, short lived connections and for interactive webtraffic. The different connectic
can have different propagation delays, packet lenghts and maximum window size. Our analysis can handle several hur
TCP connections. Our formulae for throughputs and mean file download times explicitly show the impact of the:
parameters on the different connections. In particular we observe that for the persistent and ON-OFF connections,
TCP dynamics can be summarized in its mean window size but for the non-persistent TCP’s the show start phase of
TCP plays an important role in deciding above mentioned performance indices. Verified these theortical formulae w
NS Simulations and found that they match well with the NS-Simulation results. Our results also show that using RE
control does indeed reduce the mean delays of UDP and TCP traffic in the router significantly but does not affect
throughput and mean download time of the TCP connections.

The insight obtained from this study has been used in developing schemes to provide QoS (Quality of Service) to r
and non-real time and interactive applications in Internet in [11] and [15] where all the above three models of TCP :
employed.

Appendix A
Proof of ergodicity of the Markov Chain in section 4

Let {(Nk(1), Nx(2))} be the embedded discrete Markov chain at the jump times of dii@it1), NV;(2))}. We show
the ergodicity of this jump chain. This will imply the ergodicity fN. (1), N¢(2))}.

To prove the ergodicity of (N (1), Nx(2))} we use the Lyapunov method where we have to find a non-negative
function f (ny, n9) such that

Blf((Nk(1), Nk(2))|(Nk=1(1), Ng-1(2))] = f(Ng=1(1), Np-1(2)) < —e (15)

for somee > 0 and for(N;_1(1), Nx_1(2)) outside a finite set. Lef(n;1,n2) = ny and let the finite set bé(n,,ns) :
ny + ng < My}, whereM, > N. This would then imply thaty # 0 outside this set. Later on we will specify how to
pick M. To show (15) consider two cases: whan= 0 and whem; # 0.

Whenn; = 0, (15) can be written as

NA A 1-
F'I’LQ + %(TLQ + 1) + %(TLQ - 1) — Ny S —E€.
whereD = NX + Ay + p(1 — p). Then,
ny L p(l —p) — An)
D(N>\+>\N+u(1 p)) —ng < D .
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The above holds iy < p(1 — p).
Whenn; # 0, then (15) can be written as

N — A 1-— A
( Dnl) ng + (1 = p)na + —N(n2 +1)+

map(l =)y = 1)
(n1 + ng)D D 2 ’

(n1 4 n9)D -

whereD = (N — ni)A + u(1 — p) + An. Then,

n9 nap(l —p) AN
20N — A + a1 — p) + Ay) — Mol = p) AN
p (N =n)A+ p(l = p) +Ax) = s < (m +n9)D D

This implies that\y < ’Effl‘(j;;’f . Here, by makingV/; large enougt?m“TZnQ) can be made arbitrarily close to Therefore

the required condition &y < u(1 — p).
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TABLE 1: SMALL SCALE MODEL ON-OFF, 5 TCP CASE,
MEAN DOWNLOAD TIMES FOR TCP's (sec) AND
MEAN SOJOURN TIME OF UDP (ms).

TCPI[TCPZ[TCP3[TCP4TCP5| UDP
A [ 0.01]0.01]0.015[0.020]0.020| E[S /]
Winaw | 30 | 30 | 30 [ 60 | 60
E[sy] | 1000] 500 | 500 [1000] 1000| (ms)
NSy [ T | 1 [ 1T [ 1] 2
174K B)| 1000] 500 | 100 | 1000|1000
Infinite Theo. 3951357088 ]255]2.76[122.0
Buffer [ Siml. | 3.91] 3.73 [ 0.94 | 257 [ 2.70 [ 119.0
Fin. Buff.| Theo. 28712551066 [347]3.70 21.9
RED [ Siml. | 2.89] 2.64| 072358 |3.77] 184
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Figure 1:50 TCP ON-OFF model for the infinite buffer casEigure 2: 50 TCP ON-OFF model, finite buffer with RED
1/A = 3s,1/p = 200K B. Observe that the model capturegx = 3s,1/u = 200K B, Tyyin, = 100, Tz = 500,58 =
download times varying over an order of magnitude.
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1074,

via simul.

via theory

Down Load time (s)

m
L I

&

0 L L L
20 30

Connection flow id

Figure 4: Combined model for the infinite buffer case. Flow
ids1...50 are the Persistent flows and flow i8i&. . . 54 are the

Non-Persistent flowd,/X = 0.5,1/Axy = 0.3,1/u = 27K B.
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