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Abstract—\We propose an energy efficient distributed cooper- control engineering, and recently, distributed detectmn
atlve’Change Detection scheme called DualCUSUM based ongpectrum holes in cognitive radio networks ([16], [28]).€Th
Page’s CUSUM algorithm. In the algorithm, each sensor runs gisyrinytion of the observations of all the sensors changes

a CUSUM and transmits only when the CUSUM is above . It v at d int of ti While thi
some threshold. The transmissions from the sensors are fusedS/Multaneously at some random point of time. e this

at the physical layer. The channel is modeled as a Multiple Modelis slightly restrictive, it is the most widely studiewdel
Access Channel (MAC) corrupted with noise. The fusion center in the literature. As evident from the work in [3], [37] and in
performs another CUSUM to detect the change. The algorithm this paper, even this model is not well explored.
performs better than several existing schemes when energy is at |, the absence of communication and resource constraints
a premium. We also generalize the algorithm to also include h d th b . he fusi '
nonparametric CUSUM and provide a unified analysis. Our the sensors can send the raw o servatlon§ to the USI_Orrcente
results show that while the false alarm probability is smaller for @nd the problem reduces to the centralized one discussed
observation distribution with a lighter tail, the detection delay is above. However, in applications like sensor networks, the
asymptotically the same for any distribution. Consequently, we sensors are low power, battery operated devices and thies the
provide a new viewpoint on why parametric CUSUM performs 5.6 severe constraints on their communication and progessi
better than nonparametric CUSUM. In the process, we also .
develop new results on a reflected random walk which can be of capabilities. 'Therefore, itis .SUQQGSted that Sensor?’ pemd
independent interest. cessed version (e.g., quantized) of their observationh¢o t
fusion center and the fusion center fuses the informatiomfr
various sensors to make the decision (see [7], [33], [39] [3

I. INTRODUCTION for various processing possibilities).

The detection of an abrupt change in the distribution of a Several distributed algorithms have been proposed for de-
sequence of random variables is a classical problem irsstaffction of change. When sensors send quantized version of
tics. In this problem, a decision maker observes a sequefggir observations to the fusion center, the author in [38feh
of random variables. At some point of time, unknown to th@Ptained asymptotically optimal algorithms in the Bayasia
decision maker, the distribution of these observationsghs. Setting. In [20], a CUSUM based algorithm is proposed which
The decision maker has to detect this change of law as sd®nshown to be asymptotically Min-Max optimal. In this
as possible subject to some false alarm constraint. This@§0rithm, each sensor runs the CUSUM algorithm and sends
also called thecentralized version of thechange detection @ "1 if it detects a change and a ‘0" otherwise. The fusion
problem and has been well studied. When the observatidifdter declares a change when all the sensors transmit a 1’
are independent and identically distributéitl) conditioned Simultaneously. In [33] and [34], various distributed chan
on the time of change and the distribution of the change tifitection algorithms are compared.

T is known (this is called the Bayesian setting), the optimal The problem formulations do not explicitly take energy con-
algorithm was obtained by Shiryaev ([29]). When distribatioSUmPtion in to account. Furthermore, these algorithmsrigno
of T is not known, the CUSUM algorithm, first proposed b);he un_rellablllty of_the communlcatlon_channel. Recenﬂy,_
Page in [23], was shown by Lorden ([17]) and Moustakidddayesian formulauon of the.decentrallzed_ change detectio
([22]) to minimize the worst case delay (Min-Max optima)ity problem ywth energy _constramtg was conS|d.ered in [371. The

In the distributedversion of the change detection problemProblem is solved using dynamic programming by restricting
multiple geographically distributed sensors take obsema the solution to a class of algorithms. _
and send the processed information to a decision makedn thiS paper we propose a CUSUM based algorithm called
(fusion center) for the detection of change. This model find&ualCUSUM and show that, for given constraints on false
application in biomedical signal processing, intrusiotedgon &larm probability and energy, its mean detection delay ishmu

in computer and sensor networks ([35], [33]), finance, auaaliless than that [37]. Also, DyaICUSUM is computatlonally
much less complex and requires no feedback from the fusion
Vinod Sharma and A.K. Jayaprakasam are with the Dept. ¢iode. We also provide the false alarm and delay analysis of
Electrical Communication Engineering, 11Sc, Bangalore, idndEmail:  qyr algorithm.

vinod@ece.iisc.ernet.in, jarun.research@gmail.com . . .
Taposh Banerjee is with the University of lllinois at UrbaBhampaign. DualCUSUM uses physical layer fusion to reduce transmis-

Email:taposh@gmail.com sion delays from different nodes. Physical layer fusionunexs
V. Kavitha is with the University of Avignon, France. Email phase, frequency and time synchronization of differentesod

Kavitha.Voleti Veeraruna@sophia.inria.fr This is f ible i t K 191. [30 H &r i
Preliminary versions of the paper have been presented in 8PA3008 IS IS TeasIble In sensor Networks ([ ]* [ ]) owever, |

and MSWiM 2009. one does not provide for such synchronization, DualCUSUM



can be used without physical layer fusion (using other MAGbservations. The fusion node receivgs= z}zlYkJ + Zmacs

layer protocols, e.g., TDMA). Due to other features mergbn where {Zyac} is iid receiver noise. The distribution of the

above, it still provides good performance (compared to thlbservations at each sensor changes simultaneously at a ran

algorithms available in literature). Even in the absence dbm timeT, with a known distribution. ThegX,,l > 1} are

an energy constraint, our preliminary investigations ¢éatk independent and identically distributed (iid) overand are

that DualCUSUM performs better than other distributed algindependent ovek, conditioned on change time. Before the

rithms, some of which have been identified to be asymptothangeX, have densityfo and after the change the density

cally optimal ([20], [33], [35]). is f1. The expectation undef will be denoted byE;, i = 0,1,
DualCUSUM has been used for cooperative spectrum seasdP,, andP; denote the probability measure under no change

ing in Cognitive Radio Systems in [28] and shown to providand when change happens at time 1, respectively.

better performance than other algorithms available imditee  These assumptions are commonly made in the literature (see

not only in delay but also in saving energy. e.g., [7], [35], [36]). Physical layer fusion is consideiad21]
Although this algorithm has many desirable features, theggq [37].

is one practical limitation: to use CUSUM one needs the The objective of the fusion center is to detect this change as

distribution of observations before and after change aheag . - possible at tine(say) using the messages transmitted

sensor node. This may not be a realistic assumption in M3y 1 all the L sensors subject to an upper boumdon the
cases. For example, there can be random time varying fadin '

. A
in the wireless channels in sensor networks (see othetwticor%bab'IIty of False AlarmP:a = P[r < T] and & on the
in [30]), and in the Cognitive Radio Systems ([16], [28])ese?erage energy used. Often the desiceds quite low, e.g.,
also [7] for other practical examples. Thus in this paper 107 in |ntru5|o_n detection in sensor networks. Then, the
also extend DualCUSUM to a nonparametric set up. general problem is:

We analyze a generalized version of DualCUSUM of which MinEpp A E[(T—T)*]
parametric and nonparametric versions are special cases. A ’ .
few interesting facts emerge from this analysis: mean tetec Subj to R < @ and &= E [Z Yk2I
delay is insensitive to the distribution of the observadidaut - &
the false alarm probability crucially depends on the taildoe
ior of the distributions at least for the nonparametric CU&U
The lighter the tail, the lower the false alarm probabilitye

<o, 1<1<L(1)

For this distributed optimization problem there is no opti-
mal solution available so far although asymptotically oyati

solution have been identified ([33] - [35]). In the following

also show that the log likelihood function converts a heav . L .
. S : o ! .~ Instead of solving the optimization problem directly, we- de
tailed distribution to a light tail distribution.Since, q@anetric . : :
velop an efficient parametric class of algorithms. We also

CUSUM uses log likelihood and nonparametric CUSUM doeasnal ze its performance. This analysis can be used to g@imi
not, the former performs better than the latter for a giv Y P X Y

el . X
) . its parameter. Our algorithm has several desirable festure
distribution of observations. . .

. . . to provide better performance than the algorithms we are
Since CUSUM is, or will be a fundamental element of mang : . . : . .

. . : ware of (including the asymptotically optimal solutioriBhis
distributed algorithms for detection of change, the tooid a : . : )
. . .alc%onthm is called DualCUSUM and is as follows:

techniques used here can be of general interest. Also, sin

the CUSUM algorithm is essentially a reflected random walk,1) Sensol uses CUSUM,

during our analysis, we obtain new results on passage times,

overshoot distribution and excursion above a level for cédie Wi = max{0, W1 +1og[ f1 (ki) /fo (Xci )]}, (2)
random walks. Despite extensive studies on random walks, where,Wy; =0,1<1<L.

there are comparatively few results on reflected randomsvalk  Remark: One can see that the CUSUM is a reflected

([10]). random walk.

The paper is organized as follows. We explain the model an$) sensoil transmitsYy; = bl ~y;- Here 1y denotes the
introduce the algorithm in Section Il. Section Il analyzbs indicator function of set A.
performance of the algorithm and provides comparison with  Remark: This is the energy saving step. The parameter b
simulations. Section IV concludes the paper. is chosen offline based on the energy constraint.

3) Physical layer fusion (as in [37]) is used to reduce
Il. MODEL AND ALGORITHM transmission delay, i.eYk = S}, Yk + Zuack, Where
Let there be. sensors in a sensor field, sensing observations  zy,ac is the receiver noise.
and transmitting to a fusion node. The transmissions from4) Finally, Fusion center runs CUSUM:
the sensor nodes to the fusion node are over a MAC. In our Yo)
system we assume that all the sensor nodes can transmit at F= max{o, Fc_1+1log 0 (Y }; Fo=0, (3)
the same time. There is physical layer fusion at the fusion 9o (i)
node (commonly studied Gaussian MAC is a special case). wheregp is the density oZyack, the MAC noise at the
The fusion node receives data over time and decides if there fusion node, and is the density oZyvack+bl, | being
is a change in distribution of the observations at the sensor  a design parameter.
Let X be the observation made at senlsat timek. Sensor Remark: In the absence of MAC noise, it is Min-Max
| transmitsYy, at time k after processingX, and its past optimal for the fusion center to declare change when




Yk = Lb. In the presence of noise, such a decision is ndg, f1, different algorithms/variations on CUSUM are available
possible and hence we use another CUSUM to detect (fi@], [15]). One common algorithm, called nonparametric
change. Before the change, sensors transmit rarely a@USUM is to replace (2) by

hence ¥ can be approximated by (9, 07). Also, well
after the change has taken place, when all the sensors are W1, = max{0, Wy + Xy — D}, ®)
transmitting, ¥ ~ N(Lb, 63). But the number of sensorswhere,D is an appropriate constant such thgX, — D] is
transmitting evolves froni to L after the change and negative before change and positive after change. If themea
hence, we represeng,Ypost change, by Nb,03) and of X1 is known before and after the chan@®can be chosen

optimize over the choice of LK | <L). as the average of the two means. For Gaussian and exponential
5) The fusion center declares a change at ti, y,b,1) distributions, nonparametric CUSUM becomes CUSUM for
when R crosses a threshol@: some appropriat® and scaling. If at the fusion nodg is
(B,y,b,1) = inf{k: F > B} not known (in our CUSUM algorithm (3) at the fusion node,

g1 (x) = Ib 4+ go(x)), then one can use (5) even at the fusion
Remark: After the change, when the mean jpfsYLb, node.

the drift of K will be positive (becausé <1 <L) and In the following we will computeR-a and Epp for a
change will be detected with probability 1. generalized class of algorithms where at the sensor nodks an
Multiple values of B,y,b,1) will satisfy both the false at the fusion node we use the algorithm,
alarm and the energy constraint. One can minintg 2 W1 = max{O, W+ Zy 1}, (6)

E[(T—T)™] over this parameter set. In Section Il we obtain ) i ) ) o
the performance of DualCUSUM for given valué8,y,b,1) Where, {Z} is an iid sequence with different distributions
which then can be used to solve the optimization problem:Pefore and after the change. (At the fusion node the sitatio
is more complicated; we will comment on it as and when
(B%y',b7,1") =arg min Epp(B,y,b1) (4) needed). We will assume th&(z < 0 before the change
(Bybl) andE[Z,] > O after the change. We will denote Hy,F; and
subj to P[T(B,y,b,I) < T] < a, energy&avg(B,y,0,1) < &. P, the density, cdf and probability measure &y
For the case of Gaussian distribution and Geomefriand Algorithm (6) contains CUSUM and nonparametric
explicit optimization algorithm is provided in [3] to sol@). CUSUM as special cases. In the next section we analyze the
Figure (1) compares the optimal DualCUSUM (obtained Vigeneralized DualCUSUM with (6). We emphasize that unlike
the optimization algorithm in [3]) with the scheme in [37]dan DualCUSUM, this algorithmmay notrequire knowledge of
the optimal centralized Shiryaev scheme via simulation. Wg and f,, (e.g. we only need to choos® appropriately
use the parametert:=2,1 =1, fo ~ N(0,1), f; ~N(0.75,1), for nonparametric CUSUM). But, the performance of this
Zyack ~N(0,1), T ~ Geonfp = 0.05) and&p = 7.61. Clearly algorithm, as we show in the next section, does depend on
DualCUSUM performs better than [37] and the performangge underlying distribution. This is typical of such algbris.
tends to improve aBra decreases.
If the distribution of T is known, then for a single node, [ll. ANALYSIS
Shiryaev algorithm is optimal ([15], [35]). One could pdsgi In this section, we first compute the false alarm probability
use that also in our setup at the secondary or fusion nodes, and then the delafpp. The idea is to model the times
However, especially, in cooperative setup its performaneg which the CUSUM{W} at the local sensors, crosses the
analysis may become intractable. DualCUSUM itself has begtresholdy (we drop subscripit for convenience) and the local
difficult to analyze. Thus for cooperative Shiryaev aldurit nodes transmit to the fusion node (Fig. 2).
getting optimal parameters will be almost impossible excep ComputingP:a requires finding (wherz, has distribution
via simulations. Furthermore, surprisingly DualCUSUM -perfy) the distribution ofty, the first timeW, crossesy, the
forms as well as an algorithm where Shiryaev algorithm &mount of time it stays abowe(excursion time abovg), and
used at the local nodes and CUSUM at the fusion node. Thige probability that the fusion node declares a change durin
comparison is also shown in Figure 1. Surprisingly our ahiti an excursion time. These are computed in Sections I11-AzllI
investigations also show that DualCUSUM may work bettéfhe delayEpp is computed in Section IlI-G.
than the algorithm which uses Shiryaev algorithm at both We will need the following notations and definitions. Lét
the fusion nodes as well as at the fusion center. In additidme a random variable with distributiof. Then F*" denotes
DualCUSUM can be used in the non-Bayesian setup. Most bk n-fold convolution ofF andF(x) = 1—F(x). A function
the analysis remains the same. I is slowly varyingif for all A >0, [(AX)/I(x) — 1 asx — .
More recently we have used DualCUSUM for spectrum Definition 1: ([1]) F is heavy tailedif for any & > 0,
sensing and shown in [28] that it performs better than sévetef!X|] = . F is subexponentiaif F*2(x)/F (x) — 2 asx —
recently proposed algorithms. This motivates us to study. If F is not heavy tailed, we call light tailed. If 1 —F(x) =
DualCUSUM further. [(X)x"?,a > 0 wherel is slowly varying thenF is regularly
DualCUSUM, as the original CUSUM itself, has a strongarying with index—a.
limitation. It requires exact knowledge ofy and f;. This Gaussian, Exponential and Laplace distributions are light
information will be available apriori to varying degreesan tailed. Pareto, Lognormal and Weibull distributions arbesu
practical scenario. Depending upon the type of uncertdamty ponential. Subexponential distributions are a subcla$eaty



tailed distributions and regularly varying distributioase a by solving integral equations obtained via renewal argusien
subclass of subexponential distributions. We will also be-c ([25]), one can obtain the mean of FPT for any distribution.
cerned with a sub family”* of subexponential distributions Epochs whem\{ = 0 are renewal epochs for this process. Let
defined in [11] which contains all the above members af(s) be the mean FPT witkp = s> 0. HenceA, = 1/L(0).
subexponential family if they have a finite mean. Then from renewal arguments:
Often it is said that light tailed distributions may provide y
better system behavior than the heavy tailed ([8]). We demda(s) = Fz(—s)L(0) +/ L(s+2)d”z(z)dz+P[Z> y—¢. (10)
strate this for the probability of false alarm. In partiaulse ) o _S_ o
will show that if the positive tail ofF; is light thenPes is 1hiS equation is obtained by conditioning dfy = z If
much less than if it is heavy tailed. Interestingly, we wiga 20 < —S thenW; =0, providing the first term on the right. If
show thatEpp is largely insensitive to the tail behavior B§. <> Y—S then the threshold is approached in one step only,
CUSUM has the interesting property that it transforms Rfoviding the last term. _
large class of heavy tailed distributions into light taile- ~ Equation (10) can be shown to be a Fredholm integral
tributions. This important property of log likelihood segrto equation of second kind ([26]). Theorem 1 shows that Eqnatio
have escaped the attention of investigators before. Thiesna(10) has a unique continuous solution in our set up under weak
CUSUM perform better than the nonparametric CUSUMEONditions.
Lemma 1 (in Appendix A) states this property in reasonable Theorem 1:If Fz is continuous anéz(y) < 1 then (10) has

generality. a unigue continuous solution.
Proof: See Appendix B. [ ]
A. Behavior of Wunder R, Equation (10) can be solved recursively bfs),0 <s<y.

The procesgW} is a reflected random walk with negativeAn efficient algorithm is provided in [18].

drift under P,. Figure (2) shows a typical sample path for From (10) not only we can compute ﬂﬁr"] _exactly, but

{Wk}. The process visits 0 (regenerates) a finite number G also get some asympiotic rates. Talsag0 in (1.0.)’ and

times before it crosses the threshldt, writing L(0) asL(0) to make dependence gnexplicit, we
get (sinceLy(0) > L,(y) for 0<y<y)

Ty = int{k>1:We >y} D L0 = 1+ROL0)+ JL()fzy)dy
We call 1, the First Passage Time (FPT)The overshootl < 1+Fz(0)Ly(0) +Ly(0)(Fz(y) — Fz(0)).
is defined asV;, —y. The time between two regenerations ighys,
inter-regeneration time. UnderPR.,, E[T] < . Let L,(0) < 1 . (11)
roﬁinf{k: k> 1,,W <0} — 1, and, _ _ L-R0) _
_ Equation (11) provides the dependenceEgf,| on the tail of
n=#k:W=y Ty <k<Ty+To}. (8) distribution ofF. For example, if - Fz(y) ~ y 9, a > 0, then

During timen (called a batch) a local node transmits to thE[Ty] < ¥ and if 7 is light tailed ¢~ e~?Y) thenE[t,| ~ V.
fusion node. Thus, these are the times during which the fiusiélthough (11) only gives an upper bound on the growth of
node will most likely declare a change. The overshbatan E[Ty] with y, it turns out that this upper bound in fact gives
have significant impact on. the exact rate of growth. This can be seen from the following

It has been shown in [24] that the point process of efacts (due to lack of space we will be brief). Lp} be the
ceedances off by W, converges to a compound Poissofrobability of Wk exceedingy in one regeneration length. Let
process ay — . The points appear as clusters. The intervafs[T] be the mean regeneration length. From [14],
between the clusters have the same distribution as thaj of pyE[1)]
in (7) and the distribution of) in (8) gives the distribution of “Em 1asy— . (12)
the size of the cluster, i.e., the batch of the compound Boiss . S
process. Since, one has to choose large valuggmkeepPea From [1], if Z has subexponential distribution then fotarge,
small, a batch Poisson process provides a good approximatRy =~ PIZ > VIE[t] and hence from (12)&[ty| ~ 1/P[Z > y.
in our scenario. If there exists any > 0 with E[e¥’] = €' then from [27],

In the next few sections we give results on the distributiod 109y — —yand hence from (12) we ggt *logE(1y] — .
of Ty, overshoot™, and the distribution of the bato which ~ Table I providesE|[t,] for Pareto distribution wittK = 2.1

will be used in computing:a. and Gaussian distribution witBz, = —0.5 andvar(Z) = 1.
We see that ay increasesk[r,] for Gaussian distribution
B. First Passage Time undet,P becomes much larger than for the Pareto distribution. This

implies thatP:a for the Gaussian distribution should be much

From the compound Poisson process approximation M&D=c than for Paretd = 2.1 if y is large

tioned above,

J'L'la PolTy > ] = exp(=Ayx), x>0, ) ¢. Distribution of overshoot

where, A, a positive constant. In [3] a formula fdr, was used ~ Next we consider the mean and the distribution of the
which is computable for Gaussian distribution only. Howeveovershoof . From renewal equations as in (10), we can exactly



E[I] with Wp =X, For subexponential distributions, wiffx in MDA of anH

with parametem, ([1]),

lim FY (@(y)y) = Pa(y),

X—00

where,F)(x) = 1— (Fo(x+) — Fo(x)) /Fo(X), w(y) = E[Z—
y|Z« > y] and Py is the generalized Pareto distribution, with

computeE(['] for any distribution. IfR(x) =
RX) = E[Z—(y=X|Z> (y=X)|Pz[Zc>y—x+

[ ROEy-0dy+ROF(0. (1)

The mean overshod[l'] equalsR(0). Similar to the equation

(20), this is also a Fredholm integral equation of second kin
Thus, we can obtain existence of a unique continuous salutio {

(14)

(1+y/(a=1)"% a <,

of this equation as in Theorem 1 under the same conditiond (Y) = y>0. (15)

For light tailsE[I'] converges quickly to a constant value as e’ a = oo,

y — . Thus for light tails (13) can be evaluated for a mucpiere, a < » corresponds to the Frechet case ane- o to
smaller value ofy which can then be used for all higher valueghe Gumbel case.

of threshold as well.

As in case of (10), (13) also provides some asymptotic rates K

and dependence &([I'] on the tails ofZ. Takingx=0 in (13)
and denotingR(0) asRy(0), we get

Ry(0) E[Z—-y|Z> y|P[Z > y]+ Ry (0)Fz(0)
+ [ Ry
y=0

and henceR,(0) > %ﬂoﬁ’bﬂ_
If 1 —F; is of regular variation with index-a then

E[Z—y)[Z>yPIZ> Y] :/szda(z)—yp[z> Vi

is of regular variation with index-a +1 and hencer,(0) >
I(y)y— 9+ for slowly varying functionl.

If Z is of exponential type, i.e., Iimm%&)‘o =e M for
all y >0 for someA > 0, thenR/(0) > Be~*Y for large y.

We plot the distribution of overshoot for Pareto distributi
= 2.1 in Figure (3). The mean overshoai(y) was
obtained using equation (13). We observe that equation (15)
gives a very good estimate of the overshoot distribution. We
have verified that (15) is a good approximation even whgn
is Lognormal (withew(y) obtained from (13)).

The above arguments suggest that even for the light tailed
distributions, the overshoot converges to exponentiafidis
tion where the mean can be obtained from (13). We plot this
approximation for Gaussian distribution in Figure (4) amifi
an excellent match with simulations. We have verified this fo
Laplace distribution also.

Comparing Figures (3) and (4), we see that the overshoot
for Pareto distribution is much more than for the Gaussian
distribution.

This suggests that for heavy tail@dmean overshoot will be p_ Distribution of the Batch

much more. The following results further strengthen thist L

M(7) = max{W,0< k< 1-—1}.
Theorem 2:The following hold:
(@) If Ze . then forx >0, P[F(y) > X <PM(T) > y+
XM(T) > y] — 1 asy — o andM(1) is subexponential.
(b) If Z is regular with index—a, a > 1, thenM(1) is regular
-1
with indexl—a and for anye >0, (y)y©@#9 — 0 a.s. and
E[F(y)]y@® — 0 asy — oo.
(c) If there is ana > 0 such thatE[e?4] = 1 then[ is light
tailed andE[l (y)] < e 9.
Proof: See Appendix C. |
Theorem 2(c) states thatZf is light tailed, E[I" (y)] decays

In this section we give the distribution of the batch. Al-
though the distribution of batch for sub-exponential tads
given in [1], the one for light tails is not previously avdila
in the literature (for example, it is not explicitly providen
[24)).

1) Distribution of batch for heavy tail:From Theorem
2.4 of [1], the batch size distribution for subexponental
(belonging to theMDA of a Frechet distributionH with
parameterr) satisfies

E[Z] ~d

——N = Ya,

oY) (16)

exponentially withy. The following discussion suggests thaBsy — «, wherew(y) = E[Z—y|Z > y] andY, has distribution
I'(y) has an exponential distribution gs— co. Pa-

To express the results related to distribution of the over- Figure (5) shows the plot of Batch complementary CDF for
shoot, we need the conceptMaximum Domain of Attraction Pareto distribution with parameteks= 2.1. One sees a good
(MDH). Let My, = max{Wi, ..., Wy }. Since,{W} is Harris er- match with simulations.

godic and hence strongly mixing, (see [1d)(M, —bp) S H, 2) Distribution of batch for light tail: Let Gj(x) be the

where % denotes convergence in distribution aagb, are conditional batch distribution,

a_ppr_opri_ate positive constflnts. Heke is either a Frechet Gj(x) = P[n < j|Wg, = y+X,
distribution, H(x) = exp(—x~%),x > 0, for somea > 0 or
the Gumbel distributiont (x) = exp(—e ), —c0 < X < 0. The
distribution of\ is said to belong to th®1DA of H. The MDA
of Subexponential distributions is a Frechet distributiwhile
light tailed distributions belong to th®DA of the Gumbel
distribution.

when the overshoot i& We now obtairG;(x) using Brownian
Motion (BM) approximation of{W}.

The reflected random Wall{\/\,i(ﬂy};io is given by an
ordinary random walk. Further, with large valuesyofneeded
for large Pea), 1o is sufficiently large. Thus, using Donsker’s



theorem [6] we approximate (with lardé): below). Therefore, ifT ~ Geomn(p), then one can show that:

k To g (Ao+AyLp)
To To -~ / o _ p
Wty heo ~ {Way +Suhico {WTV +osviNg <N> hH }k>0 ra=1- 1— e Ro+AkP) (1 p)’ 0
where{(t),t > 0 is a standard Brownian motion (BM} = Similarly, one can obtain expression fBga whenT is not

EZ andos = var(Z). GivenWy, = y+X, To is approximated geometric.
by the time taken by the above BM to reach O starting with
Yov= Y+ X This is given by ([13]): False Alarm within a Batch:
_ui ey We have seen above that for light tail&g, the E[t)] is
Plto > i] :¢<y°" “ )—e 9% GJ(M), (A7) large and the batch sizes are small. Thus, the batches by
osvi osvi different local nodes do not overlap. However, it is not true
where ® denotes the CDF of the standard Gaussian distribior heavy tailed distributions. Thus we compute théof the
tion. two cases separately.
We obtain the batch distribution using occupation measure,
abovey, of the BM till time 1o ([32]). Choose timeg such  Light Tailed
that for some small enougk > 0, P[tp <tg] > 1—¢ and The false alarm probabilityp Within a batch, can be com-
Plty > tg] > 1—¢. This is possible ifP[1o << 1,2] is close puted asp= 3>, P[n =i]P[FA [n =i], whereP[FA [n =]
to 1, which is true for smalP:s (and hence large). represents the probability of FA (CUSUM at the fusion center
Define 5 = (y+x) /(0s\/fs), and m = puy/ig /os The crossingp) in i transmissions when one local node is already
conditional batch size distribution is approximated us[gg], transmitting, i.e.Yi = b+ Zvac. If 7 is the FPT variable at

as the fusion center, therR[FA |n = i] = P[tg <i]. Sincen is
i r(myI=u) small for negative drift undefy (sinceD in (5) is chosen that
Gj(x) =2 S i md(my1-u) way) we use integral equations to compute the distribution o
) 0 v1—u

Tg for observationsyi given in this paragraph.
[¢ ( 0~ mU) 1 mezmaq,( —0-— m)} du, (18) Table Il gives the comparison of thi#a values obtained via

Vu /y/u Vu (20) and simulations for light tailed distributions (Gaiass
where, ¢ represents the standard Gaussian pdf. Since thed Laplace). It turns out that the expression is also valid
overshoot distribution is exponential, for light tail&g, for heavy tailed distributions like Lognormal (also shown i

- 1 . Table II). One can see a good match.
P <':/G-x—ex ———)dx 19

Heavy Tailed

The mean oversho®&['] = R(0), whereR(0) is obtained from  Now, we use different arguments to compptand then use

equation (13). Figure (6) plots the distributionmpfor Z, with it in (20). For simplicity, in the following, the fusion cest

Laplace distribution via (19) and via simulations. is assumed to use (3) for detection and not nonparametric
For Lognormal distribution, which can be approximated vigUSUM. From [3], the optimal choice df is found to be

both heavy tailed and light tailed approximations providedlways greater than 1.

above, (19) provides a better approximation. Let m be the minimum number of sensors required to make

Comparing Figures (5) and (6) one sees that the batch st Of Fi positive. We denote byim the drift with m nodes
for a Pareto distribution is larger than for a Laplace distiion ~transmitting. Then we approximate by the probability that

even when they have same mean and variance. This is a diféctVill have positive drift during a batch and that the batch
consequence of having larger overshoots. lasts f_or_B/um time (the time needed fdf t_o_crossB when
the drift is ym) afterm sensors start transmitting. We compute

this in the following.

Within a batch of sizey, let Ty be the time at which one
out of the remainingL — 1 nodes transmit. Let the second
The false alarm in DualCUSUM can happen in two waystansmission (one out df — 2) happens af; + T, and so on.
one within a batch (we denote its probability pyahd another Sincert, is exponentialT; are also exponential with parameter

outside it, i.e., due td Zyack}. We will compute these later (L —i)A, if fi1 < tm. Then,
on. First, we compute thB:a from these quantities. B
From the assumptions made and the above approximation, P~P | Ti+To+...+ Tn1+—<n|.
the inter-arrival time of the batches in the system (at tistofu Hm
center) is exponentially distributed with rate, (because We use this approximation to compuRe, for ParetoK = 2.1
the processe$W, } are independent for different nodes eacHistribution. This is also provided in Table Il. We see thz t
generating batches as Poisson processes withArat&hen, approximation is indeed good for Paréfo=2.1.
the number of batches appearing before the time of change is a )
Poisson random variable with parametet,i, whenT =i. In  False Alarm outside a Batch
the following, we will show that the time to FA outside a batch In the absence of any transmission from the sensqrs;
is exponentially distributed with parametds (to be defined N(0,03xc) if Zuac ~ N(0, 0% ac), WhereN(0, 07 ,c) denotes

E. False Alarm Analysis



Gaussian distribution with mean 0 and variarax,‘?pAC. Hence, (based on whether (3) or (5) is used at the fusion center)esom
F« has negative drift. Thus the time to first rea@h i.e., of the y’s can be negative or zero. Taking these factors into
time till FA, is approximately exponentially distributedittv account, we have developed an approximationHgs which

parameter\g which can be obtained from Section IlI-B. works quite well forL > 1 (see [4]). However, in the following
we use a somewhat different approach which is useful in more
F. Comparative overall performance general scenario also.

The effect of tail ofZ, on FPT, overshoot and batch size Wa]'s Utstlrzlg the above gpptr_oxmanon V'ah LLTh atnfd via chentrjl
shown in the previous sections. This causes much |ghger imit theorem approximation, we can show that for each node,

2 .
for heavy tailedz, compared to the light tailed distributions?y ™~ N( %)- Thus, to compute the time(l) whenl node

for same mean and variance. This gets reflected into largf@rt transmitting one can compute thbie order statistics ot

Epp for heavy tailed distributions for a giveRea. Table 11 i.i.d. random variables with the distribution of. Let | nodes
confirms these conclusions as gy for a light tailed system need to transmit before the CUSUM at the fusion node has
is much smaller as compared to the one from a heavy taildift 4 positive. Then we approximatéyp by E[t(1)]+B/H
system. The individual systems are optimized to make suMieref/u approximate the time CUSUM at the fusion node
that each performs at its best. takes to cros$ with drift 1.

Table IV shows the comparative performance of parametricSince, the strong law of large number and the central
and nonparametric DualCUSUM'’s for givefy and f;. The limit theorem suffice to build the approximations, tBgp is
difference in performance is most pronounced when the tiidependent of the distribution & but depends only on its
of fo is heaviest, i.e. foK = 7, while the performance is samemnean and variance. The results are shown in Table V for dif-

for Gaussian distributions on which log likelihood funetibas ~ferent distributions. The second column is our approxioTati
no effect. developed above and the rest are obtained via actual system

Note that in Table IV, the variance &, is different for Simulations. It can be seen that, pseaches 50, th&pp of
parametric and nonparametric CUSUMs. The overall effegll the distributions considered is nearly 147.
is thus a combination of the effect of tails and that of the
variances. However, as can be seen from the table, the effect IV. CONCLUSIONS

of tail dominates and _the general conclusion that lighethil We have proposed an energy efficient distributed change de-
systems are better, still holds. . ; : . .
) ) L . tection scheme which uses the physical layer fusion tecieniq
Epp in Tables Il and IV is computed via simulations. .
. . . and CUSUM at the sensors as well as at the fusion center. We
However in the next section we theoretically evalu&isy . . )
and then compare with the simulated values havg shoyvn.that it performs better than various algorithms
' available in literature. We also extended the algorithmiso a
include the nonparametric CUSUM. We have theoretically

G. Computation of bp computed the probability of false alarm and mean delay in
The mean detection delalpp, at the fusion node, after thechange detection for the general algorithm. The analytical
change has occurred, can be written as, results provide good approximations for different digitibns.

Our analysis provides interesting conclusions and insight
Eop =E[(T-T)"] =E[r-T[t>T](1-Rxa). (21) One is that the tail of the distribution has significant effec
When u = E[Z] > 0, the timet, for W, at a local node to on the performance of nonparametric CUSUM. We also show
cross threshol satisfiesE[1]/x — 1/u asx — . Thus for why parametric CUSUM is relatively insensitive to the tails
largey, E[1)] ~ y/u. In the process we obtain new results on the reflected random
Let y; be the drift of fusion CUSUMR, whenl local nodes walk which can be of independent interest.
are transmitting.
Let L = 1. Let the change take place &t= 0. After APPENDIX A

approximatelyt, slots the local node will start transmitting Thi ) q L 1 which sh h
signal levelb to the fusion center. Hence, aftgrslots the drift lis section states and proves Lemma 1 which shows that
éog likelihood converts a large class of distributions ifight

of F is u1. Sincel =1, u; has to be positive for reasonable™: e f209 f100)
system performance. Then, the mean time for fusion cenf@fled distributions. LeZ = log ;7 and g(x) = 7. Then,
to touch thresholdg, for large B is approximatelyB/p,. the following hold:

Therefore a reasonable asymptotic estimat&gs, for large ~ Lemma 1:(a) If g(x) < xP for somef3 >0, and allx large
y and B is, Epp ~ y/u + B/ We have verified that this is ~ €nough and L Fo(x) < x~% for all large x then the

a good approximation even for small positive driftsii. positive tail of distribution oZ decays exponentially with
ForL >2,y/u+ B/ is not a good approximation f&pp. parametemy/3.

This is because of three reasons. First, when there is mane tkP) If 9(X) < exp(ax®) for somea. 8 >0 and allx large and

one node running CUSUM\, any one of them can cross 1—Fo(x) < exp(—aoxf0) for ao,Bo > 0, thenP[z> x| <

and the time for the first among them to cross is much less eXp(*aogﬁo/B)-

than % especially wherL is large. Second, as the number of ~ Proof:
nodes crossing increases, the drift at the fusion node changgsa) For x > 0, Py[Z > x| = Ry[g(X) > €] < Ry[XP > €] <
from pp throughy, . Finally, depending on the choice bbr D e Xao/B,



(b) For x>0, Ry[Z > X = Ry[g(X) > €] < Polexp(aXF) >
& = Ro[aXP > X < exp(—ao XFo/P).

The above Lemma covers a large number of cases as we <«

illustrate now. Part (a) of the theorem shows thatgifand f;

are heavy tailedZ can become light tailed. Part (b) of theorem

shows that light tailedfg, f1 will keep Z light tailed. For

example let~; andFy be of regular variation with parameters

—ap and —ay, i.e.,, 1-FK(X) = L(x)x %,i=1,2 for x> 0,
wherel; are slowly varying functions, angt > 0 with ag # a3.
Then, Theorem 1(a) applies. dfp > o, g(x) = (x)x0~91 <
x%~a1+h1 for any B; > O for all largex. Also, 1— Fy(x) <
x%+P2 for any B, > 0 for x large enough. Chose<0 3, < do.
Hence,Ry[Z > x| < exp(—x(—to+ fB2)/(ao— a1+ B1)) for all
x large enough providin@ with light tail underPy. If ag <
ay, theng(x) < ¥ for any B; > 0 and we getp[Z > X] <
exp( —X(Og)—ﬁz) ).

1
Next consider exponential distributions: fi(x) =
Aiexp(—Aix), Ai >0, x> 0, Ag # A1. Then, g(x) < et~
and Ry[Z > x| < e Ao(x—logA1/A0)/IA1—~Aol  ThusZ is light tailed
underP,.

A
have, for| || = supgy, |f(Y)],

sup | [ k(sy)F(y)dy

lall = el
Il sup :/Oyfz(yS)dw/oyfz(y)lE_(rz(s()))dy
ZWQgLEW—$—EG$+E(sfﬁQQEmy
_ ”f”oiﬁg _(E(V_S)(l_51(8))&3(_3)(5(”_1)}

< [If]l sup Fz(y—s) <|[[f[[Fz(y).
0<s<y

Thus if Fz(y) < 0, this operator is a contractor and hence has
a unique fixed point which is the trivial functiop(s) =0. |

APPENDIXC
This appendix provides the proof of Theorem 2.
Proof: (a) If Z € .* then from [1], Theorem 2.1

PIM(1) > X ~ E[T]P[Z > X] (24)

Now we show the versatility of the above result by consider-

ing f1(x) = Bix~% and fo(x) = exp(— (X— Ho)?/202) //2100.
Then, g(x) = Bix %2 exp((X — Ho)%/20?)v/21ay < exp(ax?)
for appropriately chosem > O for all large x. Thus, since
1—Fo(x) < exp(—(x— po)?/408) < exp(aox?), Po[Z > X] <

exp(—52).

APPENDIXB

This appendix provides the proof of Theorem 1.
Proof: Obtain an equation fok (0) by substituting O for
sin (10) and then plug in the expression 10{0) in (10). We
obtain

L = (1+ 1'?;%) +
v Fz(y)Fz(-s)
/0 Ly(y) (I‘z(y— s)+ 1—|'7(0)) dy (22)

for largex. ThusM(1) is subexponential i is. Let {Y,} be
i.i.d. with the distribution oM (7). Let N(y) =inf{n:Yy > y}.
ThenWr, <st Yn(y) (X <stY denotesP[X < x] > P[Y < x| for
all x). Thus forx> 0,

PW,

Ty

—y>x < Py —Y>X

8

= PYn > y+x,N(y) =n]

]
Il
et

8

= PlY; max Yg <
X [Yo>y+x max Y<y

>
[l

= PY>y+x Yy Py <y)™*
n=1
PIY > y+x
= — 71 25
PlY >y (25)
BecauseY is subexponentiaP[Y > y+X]/P[Y > y] — 1 as
Y — . Also taking expectations in above inequallyl] <
EY —y]Y >y
(b) From (24), if Z is of regular variation with index-a,
a > 1 thenM(T) is of regular variation with index-o. Also
then E[Z] < o and E[M(1)] < . Therefore,E[Y? €] < o
for any £> 0. Hence,l from Gut [12], Chapter 1, Th.2.3,

which is Fredholm integral equation of second kind with 1 =
kernel k(s,y) = fz(y—s) + ZYEZCS and we consider the (F(Y)Y™® < Yy y(@® — 0 as. becausdl(y) — « as.

—F(0
mapping f — g defined by ©

Y
o(s) = [ k(sy)f(y)dy 23

on the space of functioris;([0, y]). From [26] (pp. 269-270),

to show that (22) has a continuous solution, Fgrcontinuous

we need to show thap(s) = [Jk(s,y)@(y)dy has a unique

solution which then is the trivial solutiop(s) = 0.

For this we show that (23) is a contraction mapping on the

space of continuous functions d@,y| (with sup norm). We

asy— o andN(y)/y — 1/E[y] a.s. Also since{N(y)/y} is
uniformly integrable (Gut [12], P.54), we get from Gut [12],
Chapter 1, Thm.7.2, lig. 22k = 0.

(c) From [2], Chapter 7P[M(T) > x| ~ ce “? for u> 0 for

somec > 0. Thus from (25)

PF(y)>x = PMg,—y>X

PIY > y+x o ax
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Fig. 2.

excursions.

MEAN FPTE[1,] FORPARETO (K = 2.1) AND GAUSSIAN WITH

Sojiurn time abovey
r

y | E[t,] Gauss| E[r,] Pareto

5 930 800

6 2551 1100

7 6950 1455

8 19020 1880
TABLE |

EZ = —0.5.

Excursions of\f abovey can be approximated by a compound
Poisson process. A local node transmits to the fusion nodengluhese

10

Li1] v| B Pea Pea

Anal. Sim

x1074 | x1074

Gauss| 5|2 | 15| 18 1.22 1.1
10| 2| 15| 18 2.43 2.28
Laplace| 6|2 | 16| 16 2.57 2.06
12| 3| 16| 16 0.66 0.55

Log-| 512|25]| 20 1.47 1.76
normal | 10| 2 | 25| 20 2.97 3.5
Pareto| 5|3 | 30| 30 1.93 1.77
K=2.1| 5|3|50|50 0.23 0.25

TABLE II

P:-a FOR VARIOUS DISTRIBUTIONS USING(5) AT THE LOCAL NODE AND
(3) AT THE FUSION NODE EZ, = —0.3,var(Z) =1, p = 0.005AND b=1.

p| Pa| Epp Eop
Gauss| Pareto
K=2.1
5e-4| e-2 29 36
5e-4| e-3 33 49
le-4| e-3 41 95
TABLE IlI

COMPARISON OFEf, OF GAUSSIAN (I* = 3) AND PARETO (I* =4) WITH
L=5,0=5EZ = —0.5,var(Z) =1AND Zyac = N(0,1).

fo — f1 L/| EBD EISD

nonparametrig parametric

Paretoxm =1 | 5/4 54.8 4.4
K=7to0K=3

Paretoxm=1 | 5/4 69.1 24.9
K=40toK =30

Gaussiano =1 | 5/3 10.1 10.1
EZ=0toEZ =0.6

TABLE IV

COMPARATIVE PERFORMANCE OF PARAMETRIC AND NONPARAMETRIC
DUALCUSUM FOR P = 0.01WITH p = 0.05, & = 7.61, AND

Zyac =N(0,1).
Ebp Epp
Yy | Ebp Epp Epp | Log— | Pareto
Anal. | Gauss| Laplace | normal | K=3
5 5.3 9.1 9.3 9.3 10.7
8| 11.4| 16.6 16.8 16.9 18.7
15| 30.3| 36.3 36.5 36.7 38.5
50 | 146.7| 146.8 147.1| 147.6| 150.5

TABLE V

COMPARISON OFEpp FOR VARIOUS DISTRIBUTIONS L =101 =1,8=Yy
EZ = -0.3, VAR(Z)=1AND b=1.
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Fig. 4. Complementary CDF df for Zx ~N(—0.3,1) andy > 6
0.2}
Analysis Simulation 0 . . ) .
a | L (B".y.b) Epp (Pea, Epp, favg) 0 10 20 30 40
S5e-5 | 2 | (15.17, 7.88, .69) 4759 | (4.7e-5, 47.06, 10.05)
le-5] 2 | (1654, 8.13, .60) 55.60 | (1.1e-5, 55.04, 10.01) Fig. 6. Complementary CDF of Bataf for LaplaceZ, with EZ, = —0.3
5e5 | 4 | (21.00, 6.76, .71) 30.0 | (4.0e5, 29.80, 05.02) andvar(z) =1 andy > 7.
1e5 | 4 | (22.00, 7.32, .65) 343 | (0.9e-5, 34.02, 05.01) -
TABLE VI

PERFORMANCE OFOPTIMAL DUALCUSUM : COMPARISON OF
SIMULATION WITH ANALYSIS FOR My =0,m =0.75,05=1,0m =1,
p =0.005, =2AND L&y =20, .

—— Simulation
—— Analysis
0.8r 4
0.6 1
0.4r 1
0.21 1
o ‘ ‘ ‘ ‘
0 40 80 120 160

Fig. 5. Complementary CDF of Batah for ParetoK = 2.1, EZ = —0.3
andvar(Zy) =1 andy = 15.



