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Abstract

We consider the problem of transmission of correlated dis-
crete alphabet sources over a Gaussian Multiple Access
Channel (GMAC). A distributed bit-to-Gaussian mapping
is proposed which yields jointly Gaussian codewords. This
can guarantee lossless transmission or lossy transmission
with given distortions, if possible. The technique can be ex-
tended to the system with side information at the encoders
and decoder.

Keywords: Gaussian multiple access channel, Joint
source-channel coding, Discrete correlated sources.

1. INTRODUCTION AND SURVEY

Sensor networks are used in a wide variety of applica-
tions, one of the most common being the spatio-temporal
monitoring of a random field [2]. In this case, the sen-
sor nodes need to transmit their observations to a fusion
center which uses this data to estimate the sensed random
field. Since the sensor nodes has very limited energy and
the transmission is very energy intensive, it is important to
compress the transmitted data.

The sensor nodes transmit their observations to the fu-
sion center (or a cluster head) usually over a Multiple Ac-
cess Channel (MAC) ([3], [14]). Often the received symbol
is a super-position of the transmitted symbols corrupted by
additive white Gaussian noise (AWGN) yielding a Gaus-
sian MAC (GMAC). Usually the observations sensed by the
sensor nodes are discretized and then transmitted. This mo-
tivates us to consider the transmission of discrete alphabet
sources over a GMAC. The physical proximity of the sen-
sor nodes makes their observations correlated. This correla-
tion can be exploited to compress the transmitted data. We
propose a distributed ‘correlation preserving’ joint source-
channel coding scheme yielding jointly Gaussian channel
codewords which will be shown to compress the data effi-
ciently. The proposed technique is interesting in other sce-
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narios also.

In the following we survey the related literature. Cover,
El Gamal and Salehi [4] provided sufficient conditions for
transmitting losslessly discrete correlated observations over
a discrete MAC. They also show that unlike for independent
sources, the source-channel separation does not hold in this
case. The correlation preserving mapping was extended to
more general models in [1]. The results of [4] have been
extended in [11] and [13] to the case of lossy transmission
with side information.

In [8] it is shown that feed back increases the capac-
ity of a GMAC. GMAC under received power constraints
is studied in [5] and it is shown that the source-channel
separation holds in this case. The GMAC with correlated
jointly Gaussian sources is studied in [9] and the edge ca-
pacities obtained are similar to the expressions in [8]. In [7]
one necessary and two sufficient conditions for transmission
are provided for this case. The performance comparison of
the schemes in [7] with a separation based scheme is given
in [10].

This paper makes the following contributions. From
our general results in [11] we obtain explicit conditions for
transmission of correlated discrete sources over a GMAC.
A new bit-to-Gaussian joint source-channel coding scheme
is introduced to yield jointly Gaussian channel codewords
for a GMAC. Examples are provided to show the efficiency
of the scheme and the technique is extended to the case of
lossy transmission with side information.

The paper is organized as follows. Sufficient condi-
tions for transmission of discrete alphabet sources over a
Gaussian MAC are given in Section 2. A new joint source-
channel coding scheme is proposed in 3. An example is
given in Section 4 to illustrate the results. In Section 5 the
scheme is extended to lossy transmission and transmission
with side information. Section 6 summarizes the results.

2. DISCRETE ALPHABET SOURCES OVER A
GAUSSIAN MAC

We consider a system with two discrete alphabet sources



{U1ik, k > 1} and {Uax,k > 1}, each forming an iid
sequence although (Ui, Usy) may be possibly dependent.
Sequence {Ux, k > 1}, = 1,2 is made available to en-
coder i only. The encoder i generates sequence { X;x, k >
1} to be transmitted over a memoryless MAC such that the
receiver can reproduce {(Uig,Uszi),k > 1} losslessly, if
possible. If MAC input at time k is z;;,¢ = 1,2 then its

output Y, will be distributed as p(y|z1x, 2x). By memo-
ryless MAC we mean (y’“é(yl, .., Yk ), similarly for other
sequences) p(y"|a7,z8) = [I,_; p(yk|vik, v2r). The
MAC inputs X;x, Xox and output Yy can take values in fi-
nite/countable/uncountable sets. In the following we will
be interested in the GMAC where X, Xok, Y will be real
valued.

At the end of the paper we will extend the model to also
include multiple (> 2) sources, and the encoder and/or the
decoder have certain side information. We will also allow
lossy transmission.

Since in the above setup, our conditions for lossless
transmission will have single letter characterization, in-
stead of sequences {Uy, k > 1}, {Uak, k > 1} we will
only consider r.v.s (U, Uz) which have the distribution of
(U1k, Usag). Similarly, (X1, X2,Y) will be r.v.s with the
distribution of (X1, Xok, Yi) which are also iid sequences.
Also, X < Y < Z will indicate that {X,Y, Z} forms a
Markov chain.

Specializing the general results in [11] to the case of
lossless transmission of two discrete sources (U1, Uz) (gen-
erating vid sequences in time) over a general MAC, the suf-
ficient conditions are

H(U,|Uz) < I(X1;Y]X2,Us),
H(Us|Uy) < I(X9;Y|Xy,Uy), (D
H(Ul,UQ) < I(Xl,XQ;Y)

where X7, X5 are the channel inputs, Y is the channel out-
put and X; <« U; <« Uy < X, is satisfied. These are also
the sufficient conditions available in [4] for discrete sources
and channels.

In this section, we further specialize the above results
for lossless transmission of discrete correlated sources over
an additive memoryless Gaussian Multiple Access Channel
(GMAC): Y = X1+ X5+ N where N is a Gaussian random
variable independent of X; and X5. The noise N satisfies
E[N] = 0 and Var(N) = 0% . We will also have the
transmit power constraints: E[X?] < P;,i = 1,2. Since
source-channel separation does not hold for this system, a
joint source-channel coding scheme is needed for optimal
performance.

The dependence of R.H.S. of (1) on input alphabets pre-
vents us from getting a closed form expression for the ad-
missibility criterion. Therefore we relax the conditions by
taking away the dependence on the input alphabets. This
will allow us to obtain good joint source-channel codes.

Lemma 1: Under our

I(X]_, Y‘XQ, U2) S I(X]_, Y|X2)
Proof: Let A 2 I(X1; Y| Xs,Up) — I(X1; Y| Xa).
Then

assumptions,

A = WY |Xs,Uz) = WY |X1, Xo,Us)

[A(Y]X2) — (Y] X1, X2)].

where h is the differential entropy.
Since the channel is memoryless,

h(Y| Xy, X2,Us) = h(Y] X1, X2).

Thus, A = h(Y| X3, Us) — h(Y]X3) < 0.

|
Thus from (1),
H(U1|U2) < I(Xl;Y|X2,U2) SI(X17Y|X2),(2)
H(U2|U1) < I(XQ;Y|X1,U1) SI(XQ,Y|X1),(3)
H(U,,Uz) < I(X1,X5Y). 4)

The relaxation of the upper bounds is only in (2), (3) and
not in (4).

We show that the relaxed upper bounds are maximized if
(X1, X2) is jointly Gaussian and the correlation p in X5 and
Xo is high (the highest possible p may not give the largest
upper bound in the three inequalities in (2)-(4)).

Lemma 2: A jointly Gaussian distribution for (X7, X2)
maximizes I(X1;Y|X2),I(X2;Y|X;) and I(X;, X2;Y)
simultaneously.

Proof: Since

I(X1, X9Y) = h(Y)—h(Y]X1,Xs)
= h(Xi+ X2+ N)—h(N),

it is maximized when h(X; + X5 + N) is maximized. This
entropy is maximized when X; + X5 is Gaussian with the
largest possible variance = Py + P,. If (X7, X5) is jointly
Gaussian then so is X7 + Xs.
Next consider I(X7;Y | X2). This equals

h(Y|X3) — h(N) h(X1 + X2 + N|X3) — h(N)
— h(X) + N|Xa) — h(N)
which is maximized when p(z1|z2) is Gaussian and this
happens when X, X are jointly Gaussian.

A similar result holds for

The difference between the bounds in (2) is

I(Xl,Y|X2) - I(Xl,Y|X2, Uz) - I(Xl + N; U2|X2)
%)



This difference is small if correlation between (Uy, Us) is
small. In that case H(U;|Us) and H(Uz|Uy) will be large
and (2) and (3) can be active constraints. If correlation be-
tween (Uy, Us) is large, H(U1|Usz) and H (Uz|Uy) will be
small and (4) will be the only active constraint. In this case
the difference between the two bounds in (2) and (3) is large
but not important. Thus, the outer bounds in (2) and (3) are
close to the inner bounds whenever the constraints (2) and
(3) are active. Often (4) will be the only active constraint.

An advantage of outer bounds in (2)-(4) is that we will
be able to obtain a good source-channel coding scheme.
Once (X1, Xo) are obtained we can check for sufficient
conditions (1). If these are not satisfied for the (X7, X3) ob-
tained, we will increase the correlation p between (X1, X5)
if possible (see details below). Increasing the correlation in
(X1, X2) will decrease the difference in (5) and increase the
possibility of satisfying (1) when the outer bounds in (2),(3)
are satisfied.

We evaluate the (relaxed) rate region (2)-(4) for the
Gaussian MAC with jointly Gaussian channel inputs
(X1, X>2) with the transmit power constraints. For maxi-
mization of this region we need mean vector [0 0] and co-

. . P, 1 PV P, 1 P2
variance matrix Kx, x, = ( PGy P,

p is the correlation between X; and X». Then (2)-(4) pro-
vide the relaxed constraints

where

[ Pi(1-p?
H(U;|Uy) < 0.5log 1+1(2p)}, (6)
I ON
[ Py(1—p?
H(UQ‘Ul) < 0.510g 1+2(2p):|7 )
L ON
[ P+ P+ 20/PP;
H(U,,Uy) < 05log |1+~ 2: v 2](8)
L N

Interestingly, these upper bounds are similar to those in
[8] for the GMAC with feedback. In their set up the feed-
back induces correlation between the channel alphabets and
the rate region is enlarged. The expressions are also same
as the edge capacities of [9].

The upper bounds in the first two inequalities in (6) and
(7) decrease as p increases. But the third upper bound (8)
increases with p and often the third constraint is the limiting
constraint.

This motivates us to consider the GMAC with correlated
jointly Gaussian inputs. The next lemma provides an upper
bound on the correlation between (X7, X2) in terms of the
distribution of (Uy, Us).

Lemma 3: Let (Uy,Us) be the correlated sources and
Xy < Uy < Uy < X, where X7 and X5 are jointly
Gaussian. Then the correlation between (X7, X5) satisfies
p2 <1- 2721(U1,U2).

Proof: Since X1 < Uy <« Uy < X,
is a Markov chain, by data processing inequality
I(X17X2) < I(Ul,UQ) Takmg Xl,XQ to be jointly

Gaussian with zero mean, unit variance and correla-
tion p, I(X7,X3) = 0.5[092(#). This implies
p2 S 1_2—2I(U1,U2)' ]

It is stated in [12], without proof, that the correlation
between (X7, X2) cannot be greater than the correlation
of the source (U;,Usz). Lemma 3 gives a tighter bound
in many cases. Consider (U, Us) with the joint distribu-
tion: P(Ul = 0;U; = 0) = P(Ul = 1;U; = 1) =
1/3;P(U1 = 1;U2 = 0) = P(Ul = O;Ug = 1) =
1/6. The correlation between the sources is 0.33 but from
Lemma 3, the correlation between (X, X2) cannot exceed
0.327.

3. A CODING SCHEME

In this section we develop a coding scheme for mapping
the discrete alphabets into jointly Gaussian correlated code
words which also satisfy the Markov condition. The heart of
the scheme is to approximate a jointly Gaussian distribution
with the sum of product of Gaussian marginals. Although
this is stated in the following lemma for two dimensional
vectors (X7, X2), the results hold for any finite dimensional
vectors.

Lemma 4: Any jointly Gaussian two dimensional den-
sity can be uniformly arbitrarily closely approximated by a
weighted sum of product of marginal Gaussian densities:

N
P o (z1—a14)? 4qi 5o (2 —a2;)?
e2c1i - _p2c2 . 9
Z vV 27TCQZ' ( )

Proof: By Stone-Weierstrass theorem ([6]) the class

=1 _ 2 =1 _ 2
of functions (z1,zs) +— eZor (171 g7 (T2702) oy pe
shown to be dense in Cy under uniform convergence where
Cy is the set of all continuous functions on R? such that

lim x| —oo | f(2)| = 0. Since the jointly Gaussian density
5o (L

@242 —2pz 20

(z1,22) — €27 ——i== isin Co, it can be approxi-

mated arbitrarily closely uniformly by the functions (9).
|
From the above lemma we can form a sequence of func-
tions f,,(x1, x2) of type (9) such that supy, 4, |fn (21, x2) —
f(x1,22)| — 0asn — oo, where f is a given jointly Gaus-
sian density. Although f,, are not guaranteed to be prob-
ability densities, due to uniform convergence, for large n,
they will almost be. In the following lemma we will assume
that we have made the minor modification to ensure that f;,
is a proper density for large enough n. This lemma shows
that obtaining (X, X2) from such approximations can pro-
vide the (relaxed) upper bounds in (2)-(4) (we actually show
for the third inequality only but this can be shown for the
other inequalities in the same way). Let (X1, X;n2) and
(X1, X5) be random variables with densities f,,, and f and



SUDgy o | frn (21, 22) — f(21,22)| — 0as m — o0. Let Yy,
and Y denote the corresponding channel outputs.

Lemma 5: For the random variables defined above,
if {logfm(Ym),m > 1} is uniformly integrable,
I( X1, Xmo; Vi) — 1( X1, Xo;Y)asm — 0.

Proof: Since

I(th Xm2§ Ym) = h(Ym) - h(Ym|Xm17 Xm2)
= h(Yn) — h(N),
it is sufficient to show that h(Y,,) — h(Y).
From (X1, X7n2)i>(X1, X2) and  indepen-

dence of (X,,1,Xpme) from N, we get Y, =
X1 + X2 + N“%X, + Xy + N = Y. Then

fm — f uniformly implies that f,, (Y, )—>f( ). Since
fo(Ym) > 0, f(Y) > 0 a.s and log is continuous

except at 0, we obtain logfn, (Y, )—>log f(Y). Then
uniform integrability provides I(Xp1,Xmo;Ym) —
I(Xl, XQ; Y) . |

A set of sufficient conditions for uniform integrability
of {log fim(Ym),m > 1} is

(1) Number of components in (9) is upper bounded.

(2) Variance of component densities in (9) is upper
bounded and lower bounded away from zero.

(3) The means of the component densities in (9) are in a
bounded set.

From Lemma 4 any function in Cy (in particular joint
Gaussian density with any correlation) can be expressed by
a linear combination of marginal Gaussian densities. But
the coefficients p; and ¢; in (9) may be positive or negative.
To realize our coding scheme, we would like to have the p;’s
and ¢;’s to be non negative. This introduces constraints on
the realizable Gaussian densities in our coding scheme. For
example, from Lemma 3, the correlation p between X; and
X5 cannot exceed v1 — 2—21(U1;U2) _ Also there is still the
question of getting a good linear combination of marginal
densities to obtain the joint density for a given N in (9).

This motivates us to consider an optimization procedure
for finding p;, q;, a1;, a2i,c1; and co; in (9) that provides
the best approximation to a given joint Gaussian density.
We illustrate this with an example. Consider Uy, U to be
binary. Let P(Ul = 0;U; = O) = poo;P(U1 =0;U; =
1) = po1; P(Uy = 1;U; = 0) = prp and P(U; = 1, U =

1) = p11. We can consider

f(X1 = |U1 =0) = proaN (ai01, c101) + pro2N (aio2, c102)
-+ pror N (aior, s c1om ), (10)

f(X1=.]U1 =1) = piuN(ai11, c111) + pri2N (a2, c112)
+ PrirN(a11r,: Cl1ry), (11)

f(X2 = |Uy = 0) = pao1N (az01, c201) + p202NV (a202, c202)
-+ p20rs N (a20r5 5 C2015), (12)

f(Xo = .|Uz = 1) = pouiN(az11, c211) + p212N (a212, c212)
o+ P21, N (a1, 210y ). (13)

where N (a,b) denotes Gaussian density with mean
a and variance b. Let p be the vector with components
P1o1s -+, P10ry 5 P1115 -5 P11rg, P2015 -+-5 P20rg P2115 -+-5 D217y -
Similarly we denote by a and c the vectors with components
@101 +++5 A107ry 5 A1115 ++5 Allrgs 2015 -y A20735 A2115 -+ A21ry
and €101, -+, €107, 5 C1115 +++5 C11rg s C2015 -++, C20r3> C211 5 +++5 C211y -
Let f,(x1,x2) be the jointly Gaussian density that we
want to approximate. Let it has zero mean and covari-

p
1

of marginal densities with parameters p, a, c approximating
fo - The best g is obtained by solving the following mini-
mization problem:

min, o / [9p.a,

subject to

. 1
ance matrix Kx, x, = (p ) Let gp 4, be the sum

(xl, £U2) fp(xlv xg)]2dx1dx2 (14)

1 2
(oo + po1) Zplomloi + (pro + p11) Zpllialli =0,
i=1 i=1

4
(oo + P10) szoiazoi + (po1 + p11) szuami =0,
i=1 i=1

1
(Poo + Po1) Y proi(croi + afo,)+
i=1

T2
(p10 + p11) Zplli(clli +afy) =1,
i=1

(Poo + P10) Y _ Paoi(ca0i + a3g;)+
=1

(Po1 + p11) szu(czu +a3;) =1,
i=1

1 T 3 T4
Y opoi=1Y pi=1Y pi=1Y pui=1,
i—1 i—1 i—1 i—1



p1oi > 0,¢106 > 0 fori € {1,2..
p11i > 0,¢115 > 0 fori € {1,2...r2},
P20i > 0,c20; > 0 fori e {1,2..r3},
pa1i > 0,¢015 > 0 fori € {1,2...74}.

.7"1},

The above constraints are such that the resulting distribution
g for (X1, Xo) will satisfy E[X;] =0and E[X2] =1, i =
1,2.

The above coding scheme will be used to obtain a code-
book as follows. If user 1 produces U; = 0, then with prob-
ability pig; the encoder 1 obtains codeword X; from the
distribution N '(a10;, c10;). Similarly we obtain the code-
words for U; = 1 and for user 2. Once we have found the
encoder maps the encoding and decoding are as described
in the proof of Theorem 1 in [11] . The decoding is done by
joint typicality of the received Y™ with (U7, U}).

This coding scheme can be extended to any discrete al-
phabet case. We give an example below to illustrate the
coding scheme.

4. EXAMPLE

Consider (Uy, Usy) with the joint distribution: P(U; =
O;UQ = 0) = P(Ul = 1;U2 = 1) = P(Ul = O;UQ =
1) = 1/3; P(Uy = 1;U; = 0) = 0 and power constraints
P, = 3; P, = 4. Also consider a Gaussian multiple access
channel with 0%, = 1. If the sources are mapped into inde-
pendent channel code words, then the sum rate condition in
(8) with p = 0 should hold. The LHS evaluates to 1.585 bits
whereas the RHS is 1.5 bits. Thus condition (8) is violated
and hence the sufficient conditions in (1) are also violated.

In the following we explore the possibility of using
correlated (X1, X5) to see if we can transmit this source on
the given MAC. The inputs (U1, Us) can be distributedly
mapped to jointly Gaussian channel code words (X7, X5)
by the technique mentioned above. The maximum p which
satisfies (6) and (7) are 0.7024 and 0.7874 respectively and
the minimum p which satisfies (8) is 0.144. Thus, we can
pick a p which satisfies (6)-(8). From Lemma 3, p is upper
bounded by 0.546. Therefore we want to obtain jointly
Gaussian (X7, X5) satisfying X7 < U; < Uy < X,
with correlation p € [0.144,0.546]. If we pick a p
that satisfies the original bounds, then we will be able
to transmit the sources (Up,Us) reliably on this MAC.
Without loss of generality the jointly Gaussian channel
inputs required are chosen with mean vector [0 0] and

covariance matrix Kx, x, = i) The p chosen is 0.3
and hence is such that it meets all the conditions (6)-(8).
Also, we choose 11 = r9 = r3 = 4 = 2. We solve

the optimization problem (14) via MATLAB to get the
function g. The normalized minimum distortion, defined as

f [ggg&(xlﬁa’?) - fp(l’hl‘z)]le‘lde/f fp2($1,$2)d.’11‘1da?2

is 0.137% when the marginals are chosen as:

f(X1|U; = 0) = N (-0.0002,0.9108),
f(X1|U; = 1) = N(-0.0001, 1.0446),
f(X2|Us = 0) = N(—0.0021,1.1358),
[(X2|Uy = 1) = N(—0.0042,0.7283).

The approximation is shown in Figure 1. If we take
p = 0.6 which violates Lemma 3 then the approximation
is shown in Fig 2. We can see from Fig 2 that the error
in this case is more. Now the normalized marginal dis-
tortion is 10.5 %. The original upper bound in (2) and
(3) for this example with p = 0.3 is I(X1;Y|X5,Us) =
0.792, I(X2;Y|X;,Up) = 0.996. Also, I(X1;Y]X2) =
0949, I(XQ,Y|X1) S 1107 H(U1|U2) — H(UQ‘Ul) =
0.66 and we conclude that the original bounds too are satis-
fied by the choice of p = 0.3.

Crogs section of the Joint Gaussian and approximation at x1=0
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Figure 1: Cross section of the approximation of the joint
Gaussian with p = 0.3

5. EXTENSIONS

The procedure mentioned in Section 3 can be extended
to systems with discrete alphabets, multiple sources, lossy
transmissions and side information. Consider multiple users
with each source taking values in a discrete alphabet. Let
N be the number of sources. Let user ¢ generate sym-
bols taking values in alphabets /;. In such a case for
each user we find P(X; = .|U; = w;), u; € U; using the
mapping mentioned in Section III to yield jointly Gaussian
(X1, Xo, ..., XN).

We can also consider distortion in the set-up by appro-
priate discrete auxiliary random variables W; satisfying the
distortion criterion and a suitable decoder. Consider the Ex-
ample given in Section I'V. Suppose there was no p that sat-
isfied all the inequalities in (6)-(8). Then one could consider



Cross section of the Joint Gaussian and approximation at x1=0
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Figure 2: Cross section of the approximation of the joint
Gaussian with p = 0.6

the transmission of (Uy, Us) within a permissible distortion
of (say) d%. We can form auxiliary random variables W
and W5 such that X1 <« Wp < U; < Uy «— Wy < Xy
and we can recover (Uy, Uz) from (W5, W5) within the per-
missible distortion. We need to choose (W;, W5) such that
the generalization of (6)-(8) to lossy case given in [11] are
satisfied, if possible. Then we can form (X7, X5) from
(W7, W>) via the optimization procedure(14).

The same procedure of finding the auxiliary random
variables holds for the cases with side information also. For
example if Z; and Z, are the side information available,
then f(X; = .|U;, Z;), i € {1,2} can be obtained via the
optimization procedure (14).

6. CONCLUSIONS

We have provided a bit-to-Gaussian mapping which pro-
vides jointly Gaussian codewords in a distributed fashion.
This technique is used for the transmission of correlated
discrete sources over a GMAC. It is also extended to multi-
ple sources, discrete alphabets, lossy transmission and cases
with side information.
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