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Abstract. We consider the problem of scheduling of a wireless channel
(server) to several queues. Each queue has its own link (transmission)
rate. The link rate of a queue can vary randomly from slot to slot. The
queue lengths and channel states of all users are known at the beginning
of each slot. We show the existence of an optimal policy that minimizes
the long term (discounted) average sum of queue lengths. The optimal
policy, in general needs to be computed numerically. Then we identify
a greedy (one step optimal) policy, MAX-TRANS which is easy to im-
plement and does not require the channel and traffic statistics. The cost
of this policy is close to optimal and better than other well-known poli-
cies (when stable) although it is not throughput optimal for asymmet-
ric systems. We (approximately) identify its stability region and obtain
approximations for its mean queue lengths and mean delays. We also
modify this policy to make it throughput optimal while retaining good
performance.

Keywords: Wireless channel, opportunistic scheduling, greedy schedul-
ing, throughput optimal scheduling, performance analysis.

1 Introduction

We consider the problem of scheduling of several users on a wireless link shared
by them. This problem is of relevance in scheduling in uplink and downlink of
cellular systems as well as multihop wireless networks. Such problems have been
addressed in wireline networks also (e.g., in a router, LAN, switches etc) but in
the wireless scenario an added complexity is that the link rates seen by different
queues can be different and usually vary randomly in time. Thus the wireline
solutions, TDMA weighted round-robin (when queue lengths and packet sizes
may not be available) or strict priority rules such as the cu rule (J21]) do not pro-
vide reasonable performance in the wireless systems. For good performance one
needs to exploit the multiuser rate diversity and use opportunistic scheduling.
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In principle one may allow simultaneous transmission by different users. How-
ever, in this paper we will limit ourselves to the case where at a time only one
user can transmit.

In [I0] it is shown that in a slotted wireless system allocating the slot to
the user with the best channel will provide maximum throughput if all the
users have always enough data to send. But, by this scheme the throughput
received by different users can be very unfair and the mean delays obtained can
be quite large ([4]). Thus, if all users always have data to transmit then different
approaches have been followed in [3], [5], [I2]. When we remove the constraint
that all users always have data to transmit, then [2], [6], [T7], provide policies
which are throughput optimal, i.e., these policies will stabilize the system if
any feasible policy will. Throughput optimal policies when the link rates are
0 or 1 were earlier obtained in [I9]. Generalization of these results when the
arrival processes and the channel availability processes satisfy some burstiness
constraints is provided in [20]. Two recent excellent survey-cum-tutorial papers
on this topic are [§] and [I3]. When we do not consider a slotted system then
optimal scheduling policies are also obtained in [7] and [2I] Chapter X. When
the link rates are constant then the cu rule is known to be optimal in many
different scenarios ([21], [I4]).

In this paper we consider a slotted single hop wireless system. The schedular
knows the queue lengths and the channel states of each of the queues. The packets
arrive at each queue as sequences of independent, identically distributed (iid)
random variables. The channel rates of each queue also form iid sequences. In
this scenario, as mentioned above, [2], [6], [I7] provide scheduling policies which
are throughput optimal. However, often mean delays are of concern. Although
the policies provided in [I7] also minimize the mean delays under heavy traffic,
the policies in [6] provide less mean delays than those provided in [I7] when it
is not a heavy traffic scenario. Optimal policies which minimize mean delays or
queue lengths under heavy traffic have also been studied in [I] when the link rates
can be 0 or 1. In this paper we look for policies which minimize mean delay at
different operating points. We start with considering the problem of minimizing
mean weighted delay. We first show the existence of an optimal policy. This policy
is also throughput optimal. However it is obtained numerically and requires the
knowledge of the statistics of the arrival traffic and the link rates. Next we look
for good sub-optimal policies. MAX-TRANS, also considered in [I8], is a one-step
optimal greedy policy. This does not require knowledge of channel and traffic
statistics and is easy to implement. We compare its performance (discounted
average and mean queuelength) to the optimal policy and the policies in [6], [17]
and a generalization of the policy in [I9]. The MAX-TRANS performs better
than the policies in [6], [I7] and [I9] and is also close to the optimal. However,
we will show that it is not throughput optimal for asymmetric traffic (thus there
will be traffic rates when the mean delays for MAX-TRANS will be infinite but
for the policies in [6] and [I7] finite. Even for such cases we have observed that
MAX-TRANS provides better performance for the discounted cost problem).
We will obtain its (approximate) stability region. We will also provide formulae
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for approximate mean delay and mean queue length of this policy. Formulae
for mean delay and mean queue lengths of policies in [6], [I7] and [19] are not
available. We will also modify this policy to make it throughput optimal while
retaining its performance.

Greedy policies, like MAX-TRANS, have also been considered before (see [3]
for comments) and have not been recommended because they are not throughput
optimal. However, our study indicates that such policies can indeed be useful
from performance (e.g., mean delay) point of view and can often be modified to
obtain throughput optimal policies.

The paper is organized as follows. In Section [2] we formulate the problem as a
Markov Decision Problem and show the existence of an optimal policy. In Section
we identify a one-step optimal policy and compare this policy to the optimal
policy and other policies available in literature. We find that its performance is
quite good as compared to other policies and is also close to the optimal.Thus
in Section Ml we study its performance theoretically: we find approximately its
stability region and its mean queue length and delays. We verify the accuracy of
our approximations with simulations in Section[Bl Section[d concludes the paper.

2 Problem Formulation and Existence of an Optimal
Policy

We consider the problem of scheduling transmission of N > 2 data users (flows)
sharing the same wireless channel (server). The system is slotted and multiple
transmissions in a slot are allowed. Each user has an infinite buffer to store the
data. At the time of transmission, the packets can be arbitrarily fragmented for
efficient transmission. We ignore the fragmentation overhead. These assumptions
have also been made in [6], [§], [I2]. Thus the buffer contents can be considered
at the bit level (i.e., queue lengths will be the number of bits in the queue). One
of the links is to be scheduled in a slot depending on the current queue lengths
and link rates of different users. We denote the queue size of the i*" queue at the
beginning of the time slot k& by g (i), the number of arrivals (bits) to queue 7 in
slot k by Xj(7), and the amount of service offered to queue i in slot k by 7y (7).
We assume that these parameters can only take non-negative integer values (not
really needed). The evolution of the size of the i'" queue is given by

Qer1(D) = (e (i) + Xp (@) —yu(@)ri(@)™, i=1,..,N (1)

where (y)T = max(0, y) and y(i) = 1 if i*" queue is scheduled in k" slot;
otherwise 0.

We assume that the channels of different users can be in any one of the M
states in a given slot, where M < oo. The channel state is assumed to be fixed
within a slot, but may vary from slot to slot and hence the model captures
the time-varying characteristics of a fading channel. The channel rate processes
{re(i),k > 1} and the arrival processes {X(¢),k > 1} are assumed to be iid
sequences. Also, these sequences are assumed to be independent of each other.
Some of these assumptions may not be true in practical systems but we think this
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setup captures the essential elements of the general problem and the solutions
proposed and the conditions presented should be relevant in the general setup.
We consider the problem of scheduling the channel such that

n N
lim sup Z Z w(i)qr (i)™ (2)
T =1 i=1
is minimized where w(i) > 0 are weights which reflect the priorities of different
users and 0 < a < 1. We also consider the optimization of the average cost

n N
lim sup 303 w(i)ge (i), 3)
n—oo i

A policy optimizing (2] will be called an a-discounted optimal policy and a
policy optimizing ([B]) will be called an average cost optimal. By Little’s law a
policy optimizing (3)) also optimizes weighted sums of mean stationary delays. In
addition it is throughput optimal. If the Quality of Service (QoS) requirement
demands more than mean delays, i.e., has soft or hard delay constraints then (2])
can be relevant.

Next we prove the existence of optimal policies for () and (B]). Obtaining the
optimal policies requires information about the statistics of the traffic and link
rates and needs to be numerically computed. Therefore, in Section Bl we identify
a policy which has performance close to the optimal cost and is better than other
well known policies. In Section ] we study the performance of this policy.

Existence of Optimal Policy

We assume that the rate process rp = (ri(1), ..., 7t (N)) is component-wise upper
bounded by 7, i.e., 7(4) is the largest value 74 (7) can take, i = 1,..., N. We use the
notation qx = (qx(1),...,qx(N)) and X3 = (Xi(1), ..., Xx(N)). Also, J(g,r) and
Ja(q,7) denote the optimal average cost and a-discounted optimal cost where
(g,7) denotes the queue and link rates at time k& = 1. In addition J, ,(q, ) and
Jn(gq,r) will denote the n-step optimal costs.

Proof of the following theorem is available in [16](see also [g]).

Theorem 1. Under our assumptions, there exists an a-discounted optimal
policy for any a, 0 < o < 1 and Jo n(q,7) — Jo(q,7) as n — oo. If there exists
a stationary policy under which the system can reach state (0,7) in a finite
mean time starting from any initial state (g, r) then there also exists an optimal
average cost policy.

Under the above conditions, value iteration and policy iteration algorithms for
the discounted problem also converge ([9]). Furthermore, for any ay — 1, J* =
J(g,r) = limg 00 Jou (g,7) (IDID

The condition in the above theorem that there is a stationary policy under
which the system can reach state (0,7) in a finite mean time is implied by the
condition that there is a stationary policy under which the process {qx, 4} is an
ergodic Markov chain. This is obviously a necessary condition to have a stable
stationary ergodic optimal policy.
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3 MAX-TRANS: A Good Suboptimal Policy

Theorem 1 provides the existence of a-discount and average cost optimal policies.
We have also seen above that the optimal policy can be obtained numerically via
value or policy iteration. However, numerical computations can be cumbersome
and may not be feasible in real time for a large number of queues (possible in
practical scenarios). Neither does it provide any insight into the problem nor
into the optimal policies. Thus in the following we consider suboptimal policies
which may be easier to implement and still provide good performance. These
policies have been taken from the literature and have been found to have many
desirable features. In particular they do not require the statistics of the input
traffic and link rates. Also, several of them are throughput optimal ie., they will
stabilize a system if it is possible to do so by any feasible policy. We compare
the performance of these policies to identify a good policy.

In the following z; will denote the index of the queue selected by a policy
in slot k. Often more than one index will be picked by the criterion used by a
policy. Then one can pick one of the selected queues probabilistically.

1. Mazimum Transmission Scheme (MAX-TRANS):

2 2 arg maxw(i) (min(rx (1), gu (i) + X(i))) -

This policy was used in [I8] and compared with several other policies. It was
found to provide good performance even when used for a whole frame and in a
multihop environment. This is a ’greedy’ policy and can be shown to be 1-step
optimal for () and @). However we will show that it is not throughput optimal.
2. Modified Longer Queue First:

z, = argmax (w(i)q (¢).1{rk (i) > 0}).

For r(i) € {0,1} this policy is known to be throughput optimal ([I9]). For a
symmetric system it also minimizes the mean delay for such (7).
3. Eryilmaz, Srikant and Perkins Policy [0]:

2k 2 arg max w(i)rg () qx (7).

This policy is throughput optimal. -
4. Shakkottai and Stolyar Policy [I7] : Define Qp = Zf\il a;qr (i) with a; =
2. Then

2, = argmax {w(z) ri(i) exp (aij;ili/—@i)k)} .

This policy is also throughput optimal and provides minimum delays under
heavy traffic.

We compare the performance of these policies for the discounted cost ([2)) and
the average cost (B)) for various queueing systems. In the following we provide



Opportunistic Scheduling of Wireless Links 1125

one example. We also obtain the optimal policies for () and (@) via Policy and
Value iteration. In addition the costs of the above four policies are obtained via
value iteration as well as via simulations.

We consider three queues and a single server. First we consider the discounted
(discount factor = 0.94) case and then the undiscounted case. All w(7) in (2]
and (3) are taken as 1. Arrival and service distributions for different queues are
given in Table 1. We have considered a buffer size of 4 (to keep the complexity of
computations small), for numerical computation of the optimal policies and for
computing the costs of the above suboptimal policies via value iteration. Thus
there are 3375 possible states. We refer to state (0, 0, 0, 0, 0, 0) as state number
1 and state (4, 4, 4, 2, 3, 4) as 3375. The discounted costs are provided in Table 2
for a few initial states. Table 3 has the discounted costs obtained via simulations.
Now we consider the queues with infinite buffer. We ran the simulations for 150
slots, two thousand times and obtained their average.

From Tables 2 and 3 we conclude that MAX-TRANS (Policy 1) is the best
among all suboptimal policies and is quite close to the optimal for all initial
values (although we have shown in these tables the cost for a few initial states
due to lack of space, the conclusions hold for other states also). Next is Policy
3. The other two policies can have much worse values. Policy 2 is the worst.

Table 4 contains the results for the average cost problem: via numerical com-
putations and simulations for a buffer size of 4 and via simulations for a buffer
size of infinite. Each simulation was run for 2 million slots. Here also we observe
the same trend as for the discounted case.

Table 1. Parameters for an example Table 2. Comparison of policies for discount
to compare 0.94; analytical results for buffer size 4

Q Link distributions Input distributions gtate no. Optimal Policy 1 Policy 2 Policy 3 Policy 4

2, w.p. = 0.6 2, w.p. = 0.250 500 79.061 82.275 92.608 83.012 83.965
1 1, wp. =03 1, wp. =0.168164 750 66.469 69.574 76.331 70.076 70.326
0, wp. =0.1 0, wp. = 0.581836 1000  82.021 85.221 94.659 85.906 87.013
3, w.p. = 0.2 3, w.p. = 0.15 1250  76.846 80.195 87.415 80.598 81.301

2 Lwp.=05 1, wp. =0151524 4559 71546 74.551 83.096 76.078 76.731
0, wp. =03 0, wp. =0.698476  55), 93088 96.026 107.080 97.430 99.213

5 427 v :,00'065 ) Sv’vW'p'f:o (2"012528 2250  78.951 81.984 90.004 82.748 83.571
o g)':_o o W'g' C oo 2500  82.918 85.948 94.107 86.597 87.744
»wep. = 0. »wep- =0 3000 82.977 86.120 95.151 86.874 88.171
3250 88.761 91.673 101.870 92.615 93.841

We simulated a large number of different queueing systems and observed the
same trend. Actually we observed that MAX-TRANS was always the best among
the four suboptimal policies for the discounted cost problem but sometimes the
policy 3 was slightly better than policy 1 for the average cost problem (of course
there were cases when MAX-TRANS was unstable but Policy 3 was stable). The
other two policies were generally worse than policies 1 and 3.

We present one more example to show that the improvement provided by
MAX-TRANS can be significant even with respect to the policy 3 which in the
above example is always quite close in performance to MAX-TRANS. Let N = 2,
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Table 3. Comparison for discount 0.94 Table 4. Comparison for undiscounted

(simulation with buffer = infinity) case

state no. Policy 1 Policy 2 Policy 3 Policy 4 Policy Theoretical Sim cost Sitr} with infi-
500  142.73 179.25 145.83 157.90 ) cost nite buffer
750  117.60 146.09 120.09 130.20 Optimal ~ 4.4489  4.0587 —
1000  133.35 167.83 136.57 148.19 Policyl ~ 4.6770  4.1764  106.5219
1250  149.83 185.79 152.43 164.98 Policy2 53521 5.2444  3.3814 x 10°
1500  119.76 149.99 122.54 133.12 Policy3 ~ 4.7452  4.3857  108.9936
2000 179.89 228.12 184.98 202.10 Policy4 ~ 4.8190  4.6256  3.5326 x 10°

2250 154.21 192.40 157.12 170.40
2500 158.88 205.27 163.12 177.17
3000 152.84 191.26 156.11 169.92
3250 160.72 207.31 165.65 180.26

k(1) =1, r,(2) = 2 and P[Xx(1) = 1] = 0.58 and 0 otherwise, P[X(2) = 2] =
0.4 and 0 otherwise. Then via simulations we found the average cost of the four
policies is 10.820, 14.246, 12.691, 13.863. Thus MAX-TRANS provides 17.3%
lower cost than policy 3.

As mentioned above one drawback of MAX-TRANS is that it may not be
throughput optimal when the system is not symmetric. We show it by an exam-
ple. Consider an example with N = 2. Let P[ry(1) = 1] = 0.01 = 1—P[r(1) = 0]
and P[ri(2) = 2] = 1. Also let P[X;(1) = 1] = 0.009 = 1 — P[Xx(1) = 0]
and P[Xj(2) =2] =09 =1 — P[X(2) = 0]. For this example, MAX-TRANS
will always serve queue 2 whenever it is non-empty. This happens with proba-
bility 0.9. Thus queue 1 gets service at most for probability 0.1. This will make
queue 1 unstable. As against this consider a policy that serves queue 1 whenever
rp(1)=1. Otherwise serve queue 2. This makes both the queues stable. Thus
MAX-TRANS is not throughput optimal.

We will show in Section 4 that for symmetric traffic and link statistics MAX-
TRANS is throughput optimal. For asymmetric statistics, as the above example
shows, a user with bad channel can get starved for unusually long times making
it an unstable queue. Throughput optimal policies do not starve any queue for
very long time. Thus we can make MAX-TRANS into a throughput optimal
policy, by modifying it appropriately. For example, if we make the following
policy: select an appropriately large constant L > 0. If all queue lengths are less
than L then use MAX-TRANS for scheduling. If one or more queues is larger
than L then use policy 3 on those queues to select a queue to serve. If L is very
large, the performance of this algorithm will be close to MAX-TRANS. If L is
taken small, its performance will be close to policy 3. But for any L > 0, the
policy will be throughput optimal.

We apply this modified MAX-TRANS on the above example where the MAX-
TRANS is unstable with L = 5. Then the average cost of this policy and that
of policies 2, 3, 4 is 10.70, 8.61, 9.66, 8.81. Thus one sees that the modified
MAX-TRANS is stable.

We propose that if the system statistics are symmetric then use
MAX-TRANS. Otherwise, if the system is well within the stability region of
the MAX-TRANS, then just use this policy. If it is close to the stability region of
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MAX-TRANS or outside it but within the stability region of the throughput
optimal policies then we can use the modified policy. If the traffic statistics
are not known but are asymmetric, then one can use the modified policy with
somewhat large L.

Of course to be able to use the above scheme, we need to know the stability
region of MAX-TRANS policy. We provide this in the next section. We show
that for symmetric conditions MAX-TRANS is throughput optimal. We will also
study the performance (mean delays and queue lengths) of this policy. When L
is large, then the performance of the modified policy will be close to this. This
encourages us to study the MAX-TRANS scheme in more detail.

4 Performance Analysis of MAX-TRANS Policy

As we observed in the last section MAX-TRANS is a promising policy. It is
a greedy and one-step optimal policy and compares well with other well-known
policies. Thus, it is useful to study its performance in more detail. In this section
we obtain the stability region of this policy. We first show that this policy may
have a smaller stability region for asymmetric traffic than policies 3 and 4 which
are throughput optimal. For simplicity we will first consider this policy for two
users and then generalize to multiple users. After studying the stability region
of this policy, we obtain approximations for mean queue lengths and delays. We
will show via simulations that our approximations work well atleast under heavy
traffic. Of course from practical point of view this is the most important region
of operation because QoS violation may happen in this region only.

First we provide sufficient conditions for stability for N = 2. We will show
later on, that for symmetric inter-arrival and link rate distributions these condi-
tions indeed are also necessary. The stability region provided by this theorem is
suboptimal for asymmetric traffic. Later we will improve upon these conditions
and provide approximate stability region for the asymmetric scenario.

In MAX-TRANS policy if min(gx (1)+X%(1), 7% (1)) = min(gx (2)+ X% (2), 7% (2))
then we will assign k*" slot to queue 1 with probability p, 0 < p < 1 and to queue
2 with probability (1 — p). Since X (i), 7(z) will often be discrete valued, this event
can happen with nonzero probability.

Let 7 < oo be the largest value r (1) and 74(2) can take.

Theorem 2. If

E[X(1)] < E[r(1)1raysr(2)3] + PR (D) 150)=r @)} (4)

E[X (2)] < E[r(2)1{r2)>r] + (1 = DEF(2)1{r2)=r(1)}] ()

then {(qx(1),qx(2))} stays bounded with probability 1 for any initial condition.
Also the inter visit time to set A = {x : < 7} by {qx(i)} has finite mean, for
1,2
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Proof. We consider another system {(gx(1), gx(2))} where the g1 2 (@r41(1),

Gr+1(2)) behaves as g as long as g (1) > 7 and ¢ (2) > 7. If g, (¢) < 7 then the
i*" queue is not served in the k" slot. Thus

To1(1) = (@ (1) + Xi(1) — z(1)"
where z;(1) =0, if gz(1) <7 and if g;(1) > 7, then

Zk(l) = 7’;9(1), if 7’;9(1) > Tk(2)7
=ri(l), w.p. p if r(l) =rK(2), (6)
=0, otherwise.

The dynamics of §x(2) behave in the same way. Observe that if g5 (i) > 7, it
gets the service as in (@) but in addition it can get service even when zx(7) = 0.
Unlike {qx (i), k > 0}, {gr(i),k > 0}, i = 1, 2 is a Markov chain.

Consider the Markov chain {(qx(1),Gk(2)),k > 0}. Let B = {(z,y) : @ >
x',y > y'} for some (2/,y’). Then one can easily show that

P[(q:(1),q1(2)) € Bl(Go(1),40(2)) = (q1,42)]
> Pl(q1(1),q1(2)) € Bl(q0(1),0(2)) = (a1, 42)]

for any («/,y) and (g1, ¢2). We can also construct {(gc(1), G (2), ar(1), ax(2)),
k > 1} on a common probability space ([I5]) such that starting from any initial
conditions (¢1,¢z), for all k > 1

Pl(qr(1),q1(2)) > (qx(1),qx(2))] qo(1) = qo(1) = q1.G0(2) = qo(2) = g2] = 1.(7)

Next we show that under @) and (&), {(gx(1),dx(2))} stays bounded with
probability 1 for any initial conditions. But considering {gx(i)}, i = 1, 2, we
realize it behaves as a GI/GI/1 queue with service times X} (i) and inter-arrival
times 2y (¢) whenever g (i) > 7. Also, with @) and (B, its traffic intensity p(i) <
1. Therefore, {gx(7)} stays bounded with probability 1. Furthermore, from results
on GI/GI/1 queues, the inter-visit times of i (7) to the set {x : < 7} have finite
mean (this is busy period for the corresponding GI/GI/1 queue).

The above results for (gx(1), gx(2)) along with () provide the corresponding
results for the process {(qx(1), ¢x(2))}. O

The results of the above theorem do not guarantee existence of a stationary
distribution for the process {(gx (1), qx(2))}. However, if we also assume that

P[Xi(i)=0] >0, i =1,2 (8)

then with some additional work, we can show that the inter-visit time of the
process {(qx(1),3x(2))} to the set {(z,y) : @ <7,y < 7} has a finite mean time.
Then from (7)) the same is true for the process {(qx(1), qx(2))}. Furthermore, the
process {(qr(1),qr(2))} can indeed visit the state (0, 0) with finite mean inter-
visit times and the process is an irreducible and aperiodic Markov chain. This
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guarantees that the Markov chain {¢;} has a unique stationary distribution and
starting from any initial conditions, it converges to the stationary distribution.

Although (@) and (@) have been shown to be sufficient conditions for stability,
for symmetric rate and traffic conditions they are actually also necessary (take
p= é in this case). To see this, one only has to observe that summing [{#]) and
([B) provides the maximum possible link rates one can obtain for this system. For
symmetric case, taking half of the sum provides the largest possible throughput
each queue can get. This argument holds for more than two queues (considered
below) also.

The conditions @) and (B can be immediately generalized to N > 2 user
case: for all 7,

E[X (i)] < E[r()1ir@ysryviea) D, Dlisjtsfa, oo di)-

(J1,925---Jk)

B ()1 {r(i)y=r ()= iz (i) > ()it oo} 9)

where p(i, j1, ..., jx) are the probabilities used for breaking ties and the summa-
tion is over all possible subsets of {1,..., N} — {i}.

Next let us consider the asymmetric case. For simplicity we restrict ourselves
to two queues. See the generalization in the next section.

If (say) E[X(2)] is much smaller than the RHS of (@), then () is too conser-
vative for E[X (1)]. At least when ¢;(2) + X;(2) = 0, then MAX-TRANS will
allow Q1 to transmit as long as gx(1) + X (1) > 0. Thus @) can be relaxed to

E[Xx (D] < E[re(1)1p)>ro@3] + PErE (D)L, (1)=r(2)}]
+ (1= p)E[re (D)1 g, (1)=r(2)} L {ge (2)+ X0 (2)=0}]
+ Elre (D1 (1) <re 203 Har @)+ Xk (2)=0]- (10)

Since gy (i) + Xk (7) is independent of (1) and r,(2) the last two expressions
in the RHS of the above inequality can be simplified. For example, the last
expression becomes E[ry (1)1, (1)<r, (23] P(qr(2) + Xx(2) = 0) where P(qx(2) +
Xk(2) = 0) is the probability under stationarity. But we do not know P (g (2) +
X%(2) = 0). Motivated by GI/GI/1 queues, we approximate it by 1 — p(2) where

p(2) = ELX)] . (11)
Elr@2)1r@>rpy] + (1 = p)EF2) 1 2)=ra)]

Finally we provide approximations for mean queue lengths and delays. For
simplicity we limit to two queue case. The general case is considered in the next
section. First consider E[g(i)], the mean queue length of the i*" queue under
steady state. We use the approximation formula for a GI/GI/I queue available

in [I1]:

_ p g EIX](C% +C7)

H="" a0 )

(12)
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where g, C%, C? are

var(X var(r
p=BIXVE], Ch= mri) . Ci= gt
_ L—p (1-C7)? : 2
g—exp[_Q 3p 03+C§J’ i o<t
C? -1 .

We use statistics for X (i) and r(7) in (IZ) but the p(¢) will be as follows. Queuel
at least under heavy traffic receives rate E[z;(1)] where

Elzx(1)] = E[re(1)1{re(1) > r£(2)}] + pE[rr(1)1{rr(1) = rx(2)}].  (13)

But it will also receive (as argued above for stability) an extra service

(1 =p)(1 = p2)E[r(D)l{ry=r@y] + (1= p@2)E[r()1pmy<r@yl-  (14)

Thus we define p(1) for queuel as E[X (1)] divided by the sum of (I3) and (I4).
Similarly we define E[z(2)] and p(2).

Once E[q(i)] has been approximated we obtain approximations for E[D(7)],
the mean delay of the first bit arriving at a slot under heavy traffic as (see details

in [16))

El2()] * 2(E[()])? T 28[(0) "
where d is the lattice span of the arithmetic distribution of r (and equals 0 if it
is non-arithmetic). We will see in the next section that (IT) in fact provides a
good approximation even under low traffic intensities (we will in fact show it for
more than two queues).

Similarly one can get approximation of the mean delay of the last bit arriving
at a slot and the mean delay of any bit (average delay of all bits).

5 Simulations

Now we compare the stability results and the approximate mean delays and
queue lengths obtained in Section @l with simulations and verify our claims.
First we consider a system with 10 queues and symmetric statistics. We take
ri(i) = 25, 15, 0 with probabilities 0.3, 0.4 and 0.3 respectively. We break the
ties assigning a slot with equal probabilities. Then stability boundary from (@)
is 2.47. Let X}, (7) take values 5, 2 and 1. The distributions of X} (i) are the same
and we change them so that E[X} ()] is increased from 2.2 to 2.8. For each case
simulations were run for 2 million slots. The mean queue lengths of the first
five queues are plotted in Figure 1. We see that all the queues start becoming
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unstable around 2.47 verifying our claim. The same is true for the other five
queues also.

Next we consider an asymmetric case with 10 queues. Now the 74 (i) are 50
with probability 0.65 and 0 otherwise. The X (i) take values 0 and 10. For i =
1,2, 3, P[Xy(i) = 10] = 0.2.

The stability region for the queues ¢ = 4,...,10 is (approximately) obtained
by adding to ([@) the extra terms

3(1-p) .
o BIr(OLpr@y=r)r@)>r()for all j#1,0)]
32.(1-p) .
s ErO @ =)= @ 0> ()04 120}

3 .
+4(1 — PE[ (D)1 (5)=r(1)=r(2)=r(3),r())>r(),j#1,2,3,i})-

The justification for adding these extra terms is that queues 1, 2, 3 are lightly
loaded and hence the other queues can get their share of slots if these are empty.
The probability that any of the queues 1, 2, 3 is empty is approximated by (1—p)
where p = E[X (1)]/E[+'(1)] and E[r'(1)] is obtained from (@)). Thus the stability
region for queues 4, ..., 10 is 6.162.

The P[Xj(i) = 10], ¢ = 4, ..., 10 is the same and increased such that E[X (i)]
varies from 5.80 to 6.80.
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Fig. 1. Average queue length: 10 queue  Fig. 2. Average queue length: 10 queue
symmetric case asymmetric case

The plots for E[g(i)] ¢« = 1, 2, ..., 5 are provided in Figure 2. We see that
queues 1, 2, 3 stay stable but queues 4 and 5 become unstable at 6.3. The same
happens with the queues 6, 7, 8, 9, 10.

Finally we verify the accuracy of the approximate formulae (I2) and (I3) for
mean queue lengths and mean delays. We consider a 2 queue symmetric case.
The r(i) take values 10 and 0 with probabilities 0.75 and 0.25. The X (i) take
values 15 and 0 and their probabilities are changed to vary the traffic intensity.
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The theoretical and simulated values of the mean delays and the mean queue
lengths are provided in Table 5. We see that our approximations match the
simulated values, quite well.

Table 5. Comparison of theoretical and simulated values ofE[Q1] and E[D:] for 2 queue
case

traffic simulated theoretical simulated theoretical E[D1]
E[Q1] E[Q4] E[D1]  with correction

0.30 1.60 1.68 2.54 2.49

0.50 3.76 3.86 2.90 2.96

0.70 8.82 8.87 3.86 4.03

0.90 33.95 33.87 9.11 9.31

0.95 71.72 70. 78 17.07 17.23

0.98 187.52 182.11 41.76 40.98
Table 6. queue, symmetric case Table 7. queue, asymmetric case
traf- simu- theor- simu- theor- traf- simu- theor- simu- theor-
fic lated etical lated etical fic lated etical lated etical
E[Q1] E[Q1] E[D1] E[D] E[@1] E[Q1] E[D1] E[D]

with correction with correction

0.30 3.86 3.77 3.02 2.94 0.30 6.53 7.38 241 1.76
0.50 8.76 5.88 3.63 3.15 0.50 15.00 16.48 2.73 2.25
0.70 15.09 11.66 3.99 3.73 0.70 33.87 36.76 3.49 3.33
0.80 19.76 19.57 4.22 4.53 0.80 59.65 61.58 4.64 4.66
0.85 23.18 27.84 4.42 5.36 0.85 86.59 86.23 5.89 5.98

Next we verify these formulae for a five queue example. First consider the
symmetric case. The r(i) take values 50 and 1 with probabilities 0.65 and 0.35
respectively. The theoretical and simulated E[Q1] and E[D;] are shown in Table
6 for different E[X (¢)]. We see that the approximations are quite reasonable,
particularly for E[D;].

We also consider a five queue asymmetric case. The r(i) have the same dis-
tributions as for the symmetric case. The X (i) take values 40 and 0. We take
P[X (i) = 40] = 0.05, for ¢ = 1, 2, 3, and P[X (i) = 40], i = 4, 5 are varied to
have different traffic intensities. The values of E[Q4] and E[D,] are provided in
Table 7. We see a good match between theory and simulations.

6 Conclusions

In this paper we considered the problem of optimal scheduling of wireless links.
We proved the existence of optimal and average cost optimal policies. Then we
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identified a greedy policy, called MAX-TRANS which is easy to implement, per-
forms close to optimal and does not require the channel and link rate statistics.
Its performance (mean queue lengths and delays) is better than the other well
known policies. However, it is not throughput optimal (for asymmetric systems).
Thus, we obtained stability region of this policy and approximate mean queue
lengths and delays. We also modified this policy to make it throughput optimal.
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