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Abstract—1In a typical sensor network scenario a goal is
to monitor a spatio-temporal process through a number of
inexpensive sensing nodes, the key parameter being the fidelity
at which the process has to be estimated at distant locations.
We study such a scenario in which multiple encoders transmit
their correlated data at finite rates to a distant, common decoder
over a discrete time multiple access channel under various side
information assumptions. In particular, we derive an achievable
rate region for this communication problem.

Keywords: Sensor networks, multiple access channel, dis-
tributed joint source-channel coding.

I. INTRODUCTION

A commonly used model of sensor networks assumes
multiple encoders transmitting at finite rates to a distant,
common decoder over a multiple access channel. Since the
observations of these sensors are inherently correlated, it
is possible to achieve lower rates using astute techniques
than would have been required if sensors compressed their
respective observations disregarding others’. Moreover, the
availability of side information at the encoders or/and at the
decoder can also considerably reduce the required rate of
transmission. This is true irrespective of the required fidelity
at the decoder.

In this paper, we consider the situation depicted in Fig. 1.
We consider discrete memoryless dependent finite alphabet
sources Uy, Us and side information random variables 7,
Zy and Z with known joint distribution p(u1,us, 21, 22, 2),
ie, (Ui, Usi, Z1iy Zoiy Zi),t > 1 form an i.i.d. sequence
with distribution p(u1,ue, 21, 22, z). Our interest lies in the
rate region that allows the decoder to satisfy the distortion
constraints

Ed(Ui,Uy) < Dy,

Edy(Uy, Uz) < Dy, (1)

where U; is the estimate of U; produced by the receiver
and d; are arbitrary, bounded distortion measures. We will
generalize these results to multiple sources also.

It is well known that source channel separation does not
hold in this case ([1], [2]). The best known achievable bound
on the rate region for the case of lossless transmission with-
out any side information was obtained by Cover, Gamal and
Salehi in [2]. However, they did not prove the converse and
hence the capacity region (Since source-channel separation
does not hold, it depends on the source statistics also.) for
this system is still not available.

We study this problem from lossy perspective under vari-
ous side information assumptions, as depicted in Fig. 1. The
sensors transmit their codewords X;s to a single decoder
through a multiple access channel. The receiver obtains Y,
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which is a superposition of transmitted symbols X;s and
the receiver noise. The receiver also has access to side
information Z; available to the encoder ¢, for all 7 and some
extra side information Z. It uses Y, Z;s and Z to estimate
the sensor observations U; as Ui We obtain an inner bound
on the rate region (the rates at which the encoders have to
transmit) of this problem for a given mean square distortion.
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Fig. 1. Lossy communication over a Multiple Access Channel.

The above setup is useful in the following sensor net-
work scenario. N sensor nodes scattered in a random field
are sensing the field. The field can be divided in various
subregions. The sensors in a subregion transmit their data
to a clusterhead in the subregion (See, [3]). Many of the
sensors in a subregion may be close to each other and
hence their observations can be correlated. These correlated
observations need to be transmitted to the clusterhead via the
multiple access wireless channel. The correlations among the
observations U;’s can be used by the encoders to compress
U;’s more efficiently. The clusterhead decodes (estimates)
the data from different sensors based on the superposition
of symbols it receives and also the data Z it senses itself.
The sensors can also communicate with each other (77, Z3)
before sending the data to the clusterhead. Since it is a
multiple access channel Z;, and Z, will also be available
available to the clusterhead.

The side information Z;, and Z5 can also be interpreted
as the information transmitted by other sensor nodes in the
cluster to the clusterhead which is relayed by the sensors 1,
and 2 respectively.

Distributed source coding without channel has also re-
ceived much attention in literature. For the case when ob-
servations are to be decoded losslessly with arbitrarily low
error probability, Slepian and Wolf [4] proved the coding
theorem for two sensors. Cover [5] extended their results to
an arbitrary number of discrete sources with ergodic mem-
ory using an important technique now known as “random
binning”. Inspired by Slepian-Wolf results, Wyner and Ziv
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[6] obtained the rate distortion region for a source when the
decoder has access to side information. Their result requires
the encoder to communicate at higher rate than it will if it
too had access to the same side information. The latter result
(when the encoder and the decoder have side information)
was first obtained by Gray (See, [7]) and is generally known
as conditional rate distortion theorem. The difference in the
rates stems from the Markov Chain condition present in the
Wyner-Ziv result. The most important contributions to the
lossy Slepian-Wolf problem are those of Berger and Tung
[7] in the form of an inner and an outer bound on the
rate distortion region. Despite numerous attempts (e.g. [8],
[9]), exact rate distortion region is still unknown. Recently,
Gastpar [10] studied the distributed source coding problem
when the decoder has access to side information. He derived
an inner and an outer bound on the rate region and proved
the tightness of his bounds for the case when the sources
are conditionally independent given side information. Finally,
in [11] the authors obtain inner and outer bounds on the
rate distortion region with side information. The present
paper extends the result in [11] by requiring the encoders to
communicate over a multiple access channel. All the results
mentioned above are special cases of our main result.

Other related work includes that of [12], [13], and [14].
In [12], the authors work with independent channels for the
case when sources are to be estimated with arbitrarily small
probability of errors. They obtain the joint souce/channel
capacity region, and prove the separation theorem for their
problem. We pause to mention that our work differs from the
work in [12] in two ways. First, we consider a multiple access
channel which may be more realistic in some scenario, and
secondly we study the more general problem of lossy com-
munication. In [13], the authors study the scaling laws for the
transport capacity of a many-to-one data gathering wireless
channel. The authors in [14] derive a lower bound on the
best achievable end-to-end distortion for the gaussian sensor
network, and shows that separate source and channel coding
may incur an exponential penalty in terms of communication
resources, as a function of the number of sources.

The rest of the paper is organized as follows. After
presenting the formal statement of the problem and the main
results in Section II for two nodes we prove the results in
Section III. In Section IV, we study a few special case of the
problem studied by us and relate them to the previous work.
We generalize our main results to more than two sources in
Section V. The paper is finally summarized and concluded
in Section VI.

II. PROBLEM STATEMENT AND MAIN RESULT

Consider discrete memoryless dependent finite alphabet
sources Uy, Us and side information random variables Z;, Z5
and Z3 with a known joint distribution p(uy, us, 21, 22, 23).
Encoder i after observing and processing the source U;
and side information Z; communicates with the single
decoder over a discrete memoryless multiple access channel
(X1 x Ao, Y,p(ylx1,z2)). Let U denote the sequence
(Uin, Uiz, ..., Uin), where U, ; is the j'* symbol emitted
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by source Uj;.

Definition 2.1: The source (U7',U}) can be transmitted
over the multiple access channel (X; x Xz, Y, p(y|z1,22))
with distortions D £ (D1, Ds), if for any € > 0, there
is an ng such that for all n > ng there exist encoders
[t U x 2 — x™ i e {1,2}, and a decoder
B Y X 2P x 2P x 2" — (UMUY), such that
%F[Z?:ld(UlJ’Ul])} < D, +¢ i € {1,2}, where
U, Us) = fo(Y"™, 21, 25, Z").

We now state the main theorem of this paper.

Theorem 2.2: A source (U7, UR) ~ T[T, p(ui, ug;)
can be communicated in a distributed fashion over
a discrete memoryless multiple access channel (X; X
Xa, Y, p(y|z1,z2)) with distortion (Dq, Ds) if there exist
auxiliary random variables (W7, Ws) satisfying

D) p(ui,ug, 21, 22, 2, w1, w2) = p(u, ug, 21, 22, 2)
p(wi|urz1)p(ws|uzzs);

2) There exists a function f, : Wy x Wa x 21 X Z5 X
Z — (Ul,ﬁg) such that %E[Z;‘Lzl d(U,’j,U,’jH <
D;+e,ie{l,2}

and such that the constraints

I(Ul;W1|WgzleZ) (Xl;Y|X2W2Z122Z),

<I
LU WolW1 212> 2) < I(Xo; Y| XiWhZ12:27), (2)
I(UlUQ; W1W2|Z1Z2Z) § I(XlXQ,Y|leQZ)
are satisfied for some random variable X; and
Xy satisfying  p(uy,ug, 21, 22, 2, w1, wa, T1, T2, Y)

p(uh Uz, 21, 22, Z)p(wl |U1Z1)p(w2 |u222)p($1 \wl)P(@ |w2)
p(ylr172).

III. PROOF OF THE MAIN RESULT
A. Preliminaries

Let T7(X) be the set of strongly e-typical sequences of
length n generated according to the distribution px (z) ([1, p.
288,358], [7]). The following lemma, introduced by Berger
([71, [1]), is handy while proving many multiterminal source
coding results. It ensures the transitivity of joint typicality. In
the following for r.v.’s X, Y, and Z the notation X —Y — Z
denotes that {X, Y, Z} forms a Markov sequence.

Lemma 3.1 (Markov Lemma): Suppose X —Y — Z. If for
a given (z",y") € T™(X,Y), Z™ is drawn ~ [ [\, p(z|y;),
then with high probability (z",y",Z") € T(X,Y, Z) for
n sufficiently large.

The proofs of following Lemmas are simple and omitted for
the sake of brevity. The following extension of the Markov
lemma is required for proving our results.

Lemma 3.2 (extended Markov Lemma 1): Suppose
W1 — X1Y1 — XQWQYQY and WQ — X2Y2 — X1W1Y1Y. If
for a given (27,2%,y7,93,y") € TI(X1,X2,Y1,Y2,Y),
Wi and W3 are drawn respectively ~ []7"_, p(wi;|z1;y1:)
and T[], p(wa;|ziy2;), then with high probability
(.’Erll, l’g, yf, yg, y", Wln’ WQn) S TETL(XlXQYlYQYWlWQ)
for n sufficiently large.
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The following lemma is a generalization of Lemma 3.2 to
more than two encoders. This is helpful while proving the
results for multiple sources.

Lemma 3.3 (extended Markov Lemma 2): Suppose
W, — X;Y; — X{i}cW{i}cY{i}cY for all ¢ € &£, where £ is
the set of encoders, and Xy;3c = (Xy, k € €\ {i}). If for
a given (P, yl,y™i € &) € TMNX,;,Y;,Y,i € &), Wlis
drawn ~ H?le(wmxijyij), then with high probability
(@, yr,y™ Wi € £) € THMX,)Y,YW,;,i € &) for n
sufficiently large.

We further need the following lemmas during the course of
the proof. The proofs given below are established assuming
weak typicality for the sake of brevity.

Lemma 3.4: If (W", WY Y3, V™) ~ p(wayry2y)
plwr), then Pr( (Wi, Wg, V7Y, Y™ € Tg) <
2—n{I(W1;W2Y1Y2Y)—3€}.

Proof :

Pr(Wy" W, Y Y9, Y"™) € T

M, n,n

(w'f sWo Y1 Ys y")GTE"
< o(H(WiW2Y1Y2Y)+e) g—n(H (W2 Y1Y2Y)+H(W1)—2e)

n,n

p(wyyrysy"™ )p(wy)

= 27”{I(W1§W2Y1Y2Y)73€}

|
Lemma 3.5: 1f (Wln,Wgn,Yln,YQ”,Y”) ~ p(y1y29)
. p(w)p(ws), then Pr((W1 WY YY) e T <
2777.{[(W1;W2Y1YQY)JrI(WQ;WlYlYQY)*I(Wl;W2|Y1Y2Y)74€ .
Proof :
Pr(W, " Wo" Y, YY) € T
(wi wiylyiy™) T
< 9=n{H(M1Y2Y)+H(W1)+H(Wa)—H(W1WaY1Y2Y)—4e}

n

p(y1yzy")p(wi)p(wy)

— 27TL{I(W1;W2Y1Y2Y)+I(W2;W1Y1Y2Y)71(W1;W2|Y1Y2Y)74€}

B. Proof of main result

We now show the achievability of all points in the rate
region (2).

Proof: Fix p(wiluiz1), p(waluzzz), p(zi|wi) and
p(x2|we) as well as fp(.) satisfying the distortion con-
straints.

Codebook Generation : Let R, = I(U;Z;; W;) + 4,1 €
{1,2} for some § > 0. Generate 2" codewords of
length n, sampled iid from the marginal distribution p(w;).
Similary, generate 28 codewords of length n, sampled iid
from the marginal distribution p(ws). For each w?" indepen-
dently generate sequence z7 according to H?=1 p(z1jlwij)
and for each wj generate sequence xj according to
[ 1=, p(x25]ws;). Call these sequences a1 (w') and 22(w)
respectively. Reveal the codebooks to the encoders and the
decoder.

Encoding: For i € {1,2}, given source sequences U]
and Z7, the i'" encoder looks for a codeword W/ such

1986

that (U, 2, W) € T*(U;, Z;,W;) and then transmits

Decoding: Upon receiving y", the de-
coder finds the unique (w},w)) pair such
that(w?awgaxl(wln)vxQ(WQn)aynaZ{L7Z§,Zn) € Tsn

If it fails to find such a unique pair, the decoder declares an
error and incurs a maximum distortion of d,,,q.

In the following we show that the probability of error for
this encoding-decoding scheme tends to zero as n — oo.
The error can occur because of the following four events E1
- E4. We show that P(E;) — 0, for i =1,...,4.

E1 The encoders do not find codewords. However,
from rate distortion theory (See, e.g., [1], pp. 336)
lim, ... P(E1) = 0 if R} > I(U1Z;;W;) and R, >
I(UQ ZQ; Wg) .

E2 The codewords are not jointly typical with (2], 2%, 2™).
Probability of this event goes to zero from Lemma 3.2.

E3 There exists another codeword w7 such that
(W, W a1 (W), xo (W3, y™, 21, 25, 2") € T2. Define
o £ (D, wh, z1 (B}, z2(wh), y", 23, 2%, 2™). Then,

P(E3) = Pr{ Thereis ] #w} :a €T}

E Pr{ia eT}.
Wi AwT:
(7w e
1->%25°1 72 €

IN

3)

The probability term inside the summation in (3) is

< Y Pr{w(ap), za(wh), y @], wh, 2, 25, 2"
(Il(')va(')ﬁ
y")a€T
< > Priz (@) ey} Pri{ey (wh), y"|ws, 27, 25, 2"}
< Z 27TL{H(X1|W1)+H(X2Y‘W221222)746}
(z1(.),m2(.),y™):
aeT
< gn{HX1 XY |W1W2Z1 22 Z)+2e} o—n{H (X1|W1)—2e}

o= {H(X2Y |Ws 2122 2)—2¢}

But from hypothesis, we have

H(X 1 XoY|\WiWoZ1ZoZ)—H (X, |[Wh)—H (XY | WoZ1Z57)

—  H(X\ XY Wi Wa) — H(X,|W))
CH(XoY |WaZi Z22)
= H(X1[Wh) + H(X2[W2) + H(Y|X1X2)
CH(X\WY) — H(XoY |WaZ1 Z22)
— HY|X1Xs) — H(Y |XoWaZ) Zo7)
H(Y| X1 XoWaZ1 Z2Z) — H(Y |XoWaZ1 Z22)
= (X0 Y| XoWaZi 2o 7).

Hence,

Pr{(wf, W3, z1(01), z2a(W3'),y", 21, 25, 2") € T)'} <
o—n{I(X1;Y|Xo W2 2122 Z)—6e}
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Then from (3)

P(E3) < Z 2—n{](X1;Y|X2WQleQZ)—6}

@7 £l (0] i
21 ,zy,2")eT

< Hwy' s (wf wy, 27, 23, 2") € T}
o—n{I(X13Y | X2 W2Z1 Z22)—6¢e}

< Rwt} Pr{(ay,ws, 27, 23, 2") € T'}
27TL{I(X1;Y‘X2W221ZQZ)76€}

< Qn{I(U1Z1;W1)+s}.2—n{I(W1;W221Z2Z)—35}

o—n{I(X1;Y|X2W2 2122 2)—6¢}
on{I(UysW1|W221222)}
o—n{I(X1;Y | XoW221222)—10e}

“)
The R.H.S. in the above inequality tends to zero if
LU ;Wi \WaZhZ2Z) < 1(X1; Y| XoWaZ1Z57). In (4) we
have used Lemma 3.4 and the fact that [(U1Z1;Wq) —
I(W; WaZ1Z57)
H(W\WaZ1ZsZ) — HW1|U1 Z4)
= HW |\WaZ1Z57) — HW1|U1 Z1 Z2ZWs)
= U ;Wi |\WaZ1Z27).

Similarly, by symmetry of the problem we require
I(Ug, W2|W1Z1Z2Z) < I(Xg, Y|X1W1Z1222)

E4 There exist other codewords %} and @} such that o £
(W7, Wy, x1(WF), x2 (W), y™, 27, 25, 2™) € TI. Then,
P(E4) Pr{ There is (0}, w]) # (wf,wy) : € T}
Z Pr{a e TI'}.

WY w1 ) A (W], wy):
(@73 ,21 525 ,2" ) €T

IN

The probability term inside the summation is

< 2
(Il(.),l’z(’.),
y")aET

Y Pr{zi()fyPrizy ()a5}Priy"|=1, 5, 2"}

2

(@1(.),@2(.),
y"):a€T

< 2TL{H(X1X2Y|W1W2Z1ZQZ)+2E}

Pr{z1(.), z2(.), y" |07, 0%, 27, 25, 2" }

IA

9—n{H(X1|W1)+H (X2|W2)+H(Y|21222)~5¢}

IN

'27n{H(X1‘W1)+H(X2|W2)+H(Y|ZlZ2Z)75€}.
But from hypothesis, we have :

H(X\ XoY [WiWaZ1 Zo7) — H(X1|Wh) — H(Xo|Wa) —
H(Y|Z1Z>2)
—  H(X\ XoY Wi W) — H(X1|Wh) — H(Xa|Wa) —
H(Y|2:2:2)
= H(Xi|Wh)+ H(Xo[W2) + H(Y[X1X2) —
H(X1|Wh) — H(Xa|Wa) — H(Y|Z1Z2)
— H(Y|X\XoZ1252) — H(Y|Z1227)
= (Y X\ Xs| 2125 2).
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Hence,

PT{('LD?vwgvxl(w?)axQ(wg)vynaz?vngzn) € Tsn}
< 2—n{I(Y;X1X2‘Z1Z2Z)—7€},

and hence
P(E4) S Z 27n{I(Y;X1X2|Z1ZQZ)77€}
(@7 ,w3)#(wi ,wy):
(@7, 03,27 25,2 ) €T,
< Hwi,wy) : (wi',wy, 21, 23, 2") € T}
9—n{I(X1X2;Y |21 22 2)~Te}
< Hwi'}Hwz }|-Pri(ef, @3, 21", 25, 2") € TI'}
.Q—R{I(XIXQ;leleZ)—7E}
< 2n{I(U121;W1)+I(U2Z2;W2)+25}
.2—71{I(W1;W221ZQZ)+I(W2;W1Z122Z)}
.2—n{I(W1;W2|Z1Z2Z)—4E}
.27TL{I(X1X2;Y|2122Z)776}
— 2n{I(U1U2;W1W2|Z1Z2Z)7I(X1X2;Y|Z1Z2Z)+13E}.
The R.H.S. tends to 0 if I(UlUQ;W1W2|21Z2Z) S

I(X1X9;Y|Z1Z57), where we have used Lemma 3.5 and
the independence conditions from the hypothesis.

Thus as n — oo, with probability tending to 1, the
decoder finds the correct sequence (W{*, W3') which is
jointly strongly typical with (Z7, Z3, Z™). Since for large n,
the empirical distribution of (W, W3 Z# Z8 Z™) is close
to its joint distribution which by assumption has distortion
(D1, D5), our claim follows. |

IV. SPECIAL CASES

In this section, we study a few special cases of the problem
studied, and connect them with the previous work.

1) Lossy Distributed Source Coding with Side Infor-
mation ([11]): Take the multiple access channel to be
a dummy channel, i.e., the channel which reproduces
it’s inputs. In this case we obtain that the sources can
be coded with rates R; and R to obtain the specified
distortions if they satisfy

(U, Wi |\WeZ1Z5Z) < Ry,
(U, Wo|W1Z1Z2Z) < Ra,
I(UlUQ; W1W2|Z1Z2Z) S Rl + RQ.

&)

2) Lossy Multiple Access Communication: Take
(Z1,Z2,7Z) L (Uy,Us). In this case the constraints
(2) reduce to

I(Ul;W1|W2) S I(Xl;Y‘X2W2)7
I(Uy; W |Wh) < I(Xo; Y[ X1 W), (6)
I(UlUQ; W1W2) S I(XlXQ;Y).

which is an immediate generalization of [2] to the lossy
case.

3) Multiple Access Communication with Correlated
Sources (lossless case):By taking (Z1Z>2) L (U1U2),
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Wy = Uy, and W5 = Us, the constraints (2) reduce to
their constraints,

H(U1|Uz2) < I(X1; Y[ X2Us2),
H(Up|Uy) < I(X2;Y[X1Uy), (N
H(UlUQ) S I(XlXQ,Y)

which is the result obtained in [2].

V. GENERALIZATION TO SEVERAL SOURCES

Let S £ {1,2,...,n} be the index set of sensors, and
(Uk, Zr,k € S,7Z) be a discrete memoryless source with
joint probability distribution p(ug,zk,k € S,z) on Z X
[Lics(Ui x 2;) which is observed by |S| (= the cardinality
of &) sensors in a distributed fashion. Sensor k observes
(Uk, Zi) and communicates it’s observations over a multiple
access channel ([];.s Xi, V,p(ylzi,i € S)) to a decoder
which has access to (Z, Zy, k € S).

Achievability for n sources can be defined similar to
Definition 2.1.

Theorem 5.1: A source (Ui € S) ~ [[}_, p(uij,i €
S) can be communicated in a distributed fashion
over a discrete memoryless multiple access channel
(ILics &6, Y, p(ylzs,i € S)) with distortion (D;,i € S) if
there exist auxiliary random variables (W, i € S) satisfying

1) plus, zi, 2z, wi, 1 €8) = plug, 2, 2,0 €8S)

'HieS p(wi\uizi),
2) There exists a function fp, : [[;csWi X 2Z4) x 2 —
(Ui,i € 8) such that 2E[3"_, d(Ui;,Uij)] < Di +e,
and such that the constraints
I(U_A; WA|WACZSZ) < I(XA; Y‘XACWACZSZ)’

3
forall ACS,

are satisfied for some p(u;,z;, 2, w;, z;,y,0 € S) =
plui,zi, 20 € S)T1jes(plwlu;z)p(a;lwy))plyle i €
S).
|
The proof of this theorem is similar to that of Theorem
2.2, so we omit it for the sake of brevity.

VI. CONCLUSIONS

In this paper, we investigated the distributed lossy com-
pression with various assumptions on the side information
at the encoders and the decoder in the scenario of multiple
access communication. We derived an inner bound on the
rate region for this communication problem. The results
are of particular interest to distributed compression and
signal processing in low power sensor networks. Our results
generalize the results in [2], [4], [7] and [11].
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