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Tracking Performance of an LMS-Linear Equalizer for Fading
Channels

Veeraruna Kavitha and Vinod Sharma

Abstract— We consider a time varying wireless fading chan-
nel, equalized by an LMS linear equalizer. We study how
well this equalizer tracks the optimal Wiener equalizer. We
model the channel by an Auto-regressive (AR) process. Then
the LMS equalizer and the AR process are jointly approximated
by the solution of a system of ODEs (ordinary differential
equations). Using these ODEs, the error between the LMS
equalizer and the instantaneous Wiener filter is shown to
decay exponentially/polynomially to zero unless the channel is
marginally stable in which case the convergence may not hold.
Using the same ODEs, we also show that the corresponding
Mean Square Error (MSE) converges towards minimum MSE
(MMSE) at the same rate for a stable channel. We further show
that the difference between the MSE and the MMSE does not
explode with time even when the channel is unstable. Finally we
obtain an optimum step size for the linear equalizer in terms of
the AR parameters, whenever the error decay is exponential.

Key words: Fading channels, LMS Linear equalizer, track-
ing performance, ODE approximation.

I. INTRODUCTION

A channel equalizer is an important component of a
communication system and is used to mitigate the ISI (inter
symbol interference) introduced by the channel. The equal-
izer depends upon the channel characteristics. In a wireless
channel, due to multipath fading, the channel characteristics
change with time. Thus it may be necessary for the channel
equalizer to track the time varying channel in order to
provide reasonable performance.

Least Mean Square linear equalizer (LMS-LE) is a simple
equalizer and is extensively used ([1], [3]). For a fixed
channel its convergence to the Wiener filter has been studied
in [1], [10] (see also the references therein). For a time
varying channel, tracking behavior (how well LMS-LE tracks
the instantaneous Wiener filter) of the algorithm is also
important ([3]). However, although tracking of a channel
estimator has been extensively studied (see, e.g., convergence
analysis in [1], [6], [9], [14], and variable step size algorithms
in [2], [7], [13] and references therein), we are not aware
of theoretical studies on the tracking behavior of the LMS-
LE (although various studies have compared their behavior
with other schemes via simulations, approximations and
upper bounds on probability of error and found that the
tracking behavior of an LMS-LE may not be comparable
to some others, see, e.g., [3], [5], [11]). Since LMS-LE is
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an important equalizer, it is certainly useful to obtain its
tracking behavior theoretically. For example our study will
show a dependence of its tracking behavior on certain system
parameters which might not have been known before.

To study the tracking behavior theoretically, one needs
to have a theoretical model of the fading channel. Auto
Regressive (AR) processes have been shown to model such
channels quite satisfactorily ([8], [12]). Infact, it is sufficient
to model the fading channel by an AR(2) process ([5], [8],
[12]). Therefore in this paper we limit ourselves to AR(2)
processes. We will show that the trajectory of an AR(2)
process can be approximated by a set of ODEs. Using these
ODEs we show that the AR process can be approximated by
an exponential/polynomial or a cosine waveform. We will
also approximate the trajectory of the corresponding LMS-
LE by another ODE. Next we will study the error process of
the difference between the LMS-LE and the corresponding
Wiener filter using the ODEs obtained and show that the
error decays exponentially/polynomially with time unless
the channel is marginally stable in which case it may not
converge. We also show that the difference between MSE
and the MMSE (MSE corresponding to the Wiener filter)
decays exponentially at the same rate for a stable channel
and does not explode with time for an unstable channel .
Later on, for the cases, where the decay is exponential (this
includes all stable and a class of unstable AR(2) processes),
we obtain an optimum step size for the linear equalizer.

The paper is organized as follows. In Section II we explain
our model. Section III provides the ODE approximation
for the processes of interest. Section IV uses the ODE
approximation to provide exponential/polynomial decay of
the difference between the LMS-LE and the Wiener filter. We
also obtain an optimum step size in this section. Section V
provides examples to demonstrate the ODE approximations.
Section VI concludes the paper. The appendices contain
some details on the proofs.

II. SYSTEM MODEL AND NOTATIONS

We consider a system consisting of a wireless channel
followed by an adaptive linear equalizer. At time k, the input
to the channel is s, the channel impulse response is Zj
(assumed a time varying finite impulse response linear filter
with length, L), and the channel output is y; where,

L-1
Uk = Y ZkiSk—i + N
i=0
Here 7y, ; is the ith component of Z; and ny is a zero mean
AWGN with variance 02. We also assume sj to be an 11D



sequence from a finite alphabet with zero mean which is
independent of ny and Zj.

The adaptive equalizer at time k, is an FIR linear filter 6y,
of length M. The linear equalizer update equation is ,

9k+1 = Qk — ka(ang — Sk). (l)

where, the length M channel output vector Y}, can be written
as Yy = mpSip + Ni, where S, Nj are the appropriate
length input and noise vectors respectively. We assume
E [SkSg] = I. The convolutional matrix 7 depends upon

channel values Zy,---, Zx_pr4+1 and is given by
VAR Zi L 0o - 0
0 Zy_11 Zy—1,1-1 e 0
0 :
0 0 Zj—M+1,1 Ly M+1,L

We model the channel update process by an AR(2)
process,

Ziy1 =i Z + daZp—1 + pWy, ()

where W, is an IID white noise error sequence, independent
of {sr} and {ny} processes. We assume E|Wi|* < oo.
An AR(2) process can approximate a wireless channel quite
realistically ([12], [S]). The class of AR(2) processes include
the Random Walk model, the Filtered Random Walk model
(when d; + dos = 1 and |d3| < 1) and the Autoregressive
Second Order model (di = 2pcoswy, dy = —p? with
p and wy representing the degree of damping and the
dominating frequency respectively) ([8]). The analysis that
follows considers an AR(2) process. The general ideas of our
approach can be extended to an AR(n) process, n > 2 (see
[4] for comments).

I11.

Consider the AR(2) process (2). Define Z, = Z[%], t>
0, where [z] represents the integer part of x. Here n =1 for
dy € (—1,1) and n = 1/2 if dy = —1. In Appendix A we
will show that for p small, for any T' < oo, {Z;,0 <t < T}
can be approximated by the solution of the ODE,

ODE APPROXIMATION

aze) E(W1) +nZ(t) if dy=—1,

where né%, when Zy = Z_; = Z(0) (and Z (0) = 0
for d; = —1). The solution of the above ODEs is given by,

Cremat —ECR) oy #£0,dy € (—1,1],
BOy +C1 n=0,dy € (-1,1],
Z(t):=4 Cicosh(yij t) —EU) n>0,dy=—1, @
Cicos(y/In]| t) +% n<0,dy = -1,
EW) 42 +C1 n=0,dy=-1

Now we consider the linear equalizer (1). In Appendix B
we will show that for any finite 7', the process {(Zt, 6;),t <
T} (with 0, := Q[L]) can be approximated by the solution
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of system of ODEs (3) and (5), (Ryy(.), Rys(.) are defined
in the Appendix B)

0(t) = —Ryy(Z(1)6(t) + Rys(Z(1)). 5

When n < 0 and dy € (—1,1], i.e., when the channel
is stable, it is easy to see that the channel ODE (3) has a
unique global attractor. In the following Lemma we show
that the equalizer ODE (5) also has a unique global attractor
(the proof is provided in [4]).

Lemma 1: With 5 < 0 and ds € (—1,1], if Z* is the
unique attractor of ODE (3) and 6* is the Wiener filter
corresponding to channel Z*, then 6* is the unique globally
stable attractor for ODE (5).

IV. PERFORMANCE ANALYSIS

We will first show that a linear equalizer tracks the
instantaneous Wiener filter of the channel, whenever the
channel is not marginally stable. We study this performance
using the solutions of the ODEs (3), (5) which approximate
the trajectories of the channel and equalizer closely for
small values of u. We will also show that the difference
between the instantaneous MSE of the linear equalizer and
the instantaneous MMSE converges to zero.

Towards this end we first define the error process E(t)
as the error between the equalizer 6(¢) and the Wiener filter
corresponding to the channel value at ¢, i.e.,

where

E(t) 0(t) — 0. (1)
0.(t) [Ryy (Z(1)] ™ Rys (Z(1)).

We have proved the following theorem (see [4]).
Theorem 1: The process E(t) decays exponentially with
time:

> >

[E(t)| < cre™ont 4 cgelalt
whenever  Z(t) = Cie™ + Oy Tt decays
linearly/polynomially with time :

BO] < a2,

whenever Z(t) = C1t" + Co, n =1 or 2. O
Let M (t) define the difference between the MSE and
MMSE at time ¢, i.e.,

[0(t)Ryy (Z(2))0(t) — Rys(Z(1))0(t)]
— [04(1) Ryy (Z(1))04(t) — Rys(Z(1))0(t)] -
We have proved that (details in [4]), the process M (t) decays

exponentially with time whenever Z(t) = C1e® + Cs, with
a < 0 (i.e., for stable channels) :

M) £

M) < e ont 4 chelalt

For unstable channels (exponentially / polynomially raising
channels) we have shown that M (t) does not explode with
time, if required by using the Optimum Stepsize given below
(details are in P.18, [4]).

When dy = —1 and 1 < 0 (a marginally stable case) the
channel is approximated by a cosine waveform. Then we will
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see in Section V that the error may not decay to zero. For
all other cases, the above theorem shows that the processes
E(t) reduces to zero with time.

Optimum Stepsize for the equalizer :

With dy + ds # 1 and ds # —1 (either stable or unstable
channels), we see that the error decays exponentially at a
rate, which is equal to the minimum of 03, % B
introducing a constant 7 in the equalizer adaptation as below,

Ops1 = Op — urYe(0L Yy — sp),

we can see that the error F,.(t) (we have introduced the
subscript 7 to show the dependence on factor r) decays as,
L2 _ ldi+do—1]
B ()] < creap™ 7 4 coeap” 05
Now the new error decay rate is equal to minimum of

2 |ditda—1| 2 |[d1+d2—1]
TO0h  aTEd) If o7 << W) the error decay rate
2 |di+d2—1]

in Theorem 1, which equals minimum of {o;, a(tda)
reduces considerably. This can be compensated by choosing

an appropriate scaling factor r. Hence one can choose

optimum
Ty = max 7|d1+d2_1| 1
" opp(l+dz)" )7

to achieve the fastest decay in the error. But please note that
this decay only considers the first order analysis and hence
if the value of r is very large such that the overall equalizer
adaptation stepsize 7. is large then, one must choose a
smaller 7.

Similar optimum stepsize can be obtained even for unsta-
ble channels, given by Z(t) = Crexp® + Cy with a > 0.
In Section V, in Figure 4, we have shown the improvement
obtained, with p,. = r,u as stepsize.

Complex Signals and Channel :

The above analysis can be extended to a system with
complex input signals and a complex channel. Towards this,
we will have to convert each complex vector into a double
dimensional real vector and then get the corresponding ODEs
in the real domain. We have carried all these operations in
Section V of [4] and have shown that the norms of the
processes E(t) and M (t) behave in the same way as in the
case of real signals.

V. EXAMPLES

In this section we illustrate the theory developed so far
using some examples. We consider a three tap channel with
a two tap equalizer. Wy, ~ N (Mn, 1) for varying values of
mean Mn. Input is BPSK.

In Figure 1, in the first subfigure, we plot the actual
trajectory and the ODE solution of the AR(2) process. In
the second subfigure of Figure 1, we plot the corresponding
equalizer trajectory and the ODE solution for o2 = 0.1
and 0.5. We also, plot the instantaneous Wiener filter in
the same figure. In Figure 2, we plot the same (the real
and complex parts of the channel and equalizer coefficients),

WIIG.261

Channel Coefficients Versus Time

o — Actual trajectory o
. <=+ ODE

6,080,035  o=01
,

p=0.001 eror convergence slower

D00000000000000 e RN TR6OR RSN

— Actual Trajectory
<= ODE

o WF

Coefs

ooty

K

o 4 b #-t 5\

04 w=0.001 100, error convergende faster
1A /

Y d,=06 d2= 0.3995

% o 1 s 7 2
No of Iterations o'

No of lterations xot

Fig. 1. Trajectories of AR(2) process (3 tap channel), Equalizer coefficients
along with the trajectory of Wiener filter
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Fig. 2. Trajectories of Complex Channel and Equalizer coefficients

for a complex channel with BPSK input for 02 = 0.5. The
channel parameters are provided in the two figures.

It is clear from both the figures, that the ODE solutions
approximate the actual trajectories well. Figure 1 shows that
the error E(t) decays faster with 02 = 0.5. This is also
evident from Theorem 1. But as one can see from Figure 1,
this is mainly because the Wiener filter itself does not change
much with time for the same channel if the noise variance
is increased.

We have also varied dy,ds values keeping Mn,n fixed
and seen (via simulation results not provided here) that the
decay rate increases with decrease in ds, which is once again
evident from Theorem 1. In simulations we have seen that as
1 — (dy + da) increases, the AR process converges faster to
the attractor and this channel will be like a channel without
drift. In this case, it is very close to a IID Gaussian random
variable. This is also evident from the theory developed as
in this case |n| will be larger.

In Figure 4, we adapted the linear equalizer by optimum
stepsize, 7., given in Section IV. We see that the linear
equalizer catches up with the instantaneous Wiener filter
faster even for small o2. Also, please note that in this figure
we actually approximated the channel with an AR(4) process.
We used the ODE approximation suggested in [4]. We see
that the suggested ODE approximation is quite accurate even
for an AR(4) process.

In Figure 3, we considered a marginally stable channel.
Here the channel is approximated by an AR(2) process with
do = —1 and d; < 2. We see that these channels can
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be approximated by cosine waveforms as suggested by the
theory developed. But one can see from Figure 3, that the
error between the LMS linear equalizer and the instantaneous
Wiener filter actually oscillates and does not converge to
zero. Thus, we can conclude that for this kind of channels,
the error may not reduce to zero with time. Please note that
we used a bigger stepsize for the equalizer to achieve better
tracking performance.

We plotted the instantaneous MSE versus time in Figure
5. We have plotted it for the channel of Figure 1 for two
values of noise variances afl, 0.1 and 1.0. We can see from
the figure that the MSE converges exponentially to the steady
state value as is given by Theorem 1.
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Fig. 3. Trajectories of AR(2) process (3 tap channel), Equalizer coefficients
with do = —1 and di < 2.

VI. CONCLUSIONS AND REMARKS

In this paper we study an LMS-linear equalizer tracking
an AR(2) process. We obtain the first order analysis of the
error, which is defined as the deviation of the equalizer value
from the instantaneous Wiener filter, using the ODE method.
Towards this end we obtained the ODE of a general system
whose components may depend upon 2 previous values. We
then showed that the error between the equalizer and the
Wiener filter falls exponentially/polynomially with time if the
channel is not marginally stable. For the marginally stable
case the error may not converge to zero. The MSE is also
shown to approach the instantaneous MMSE exponentially
with time when the channel is stable. It is also shown that
the difference between the MSE and the MMSE does not
explode with time even when the channel unstable.

This study can be extended to an AR(n) process even for
n > 2. Also, we have only shown the theory when all the
taps of the channel are given by the same AR(2) process. But
in simulations we also considered different AR(2) processes
for different channel taps. This extension in the theory is
very easy but is not presented to make the explanations
simple. In future, we will also be extending the above results
to stationary non IID input signals. In this paper we have
not considered the problem of designing an equalizer with
delays greater than one. This is once again done to keep the
discussions simple and the analysis can be easily extended.
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Appendix A : ODE Approximation for AR(2) process
In this Appendix we consider a general system given by,
Zyy1 = (L= d2) Zy + doZy—1 + pH (Wi, Zi). (6)

We have shown in [4] that, this system can be approximated
by ODE (with h(Z(t)) := E[H (W, Z(t))])

Zz(t) = ﬁh(z(t))v if dy€(—1,1] (7
T = MZ@W), if de=-1,

under the following assumptions.

A.1 Wj is an IID sequence.

A2 h(Z)is a C! function.

A3 For any compact set () there exist constants

C1(Q), C(Q) such that,
E|H(Z, W) < C(Q) VZ € Q.
A3i E|H(Z,W)|* <C1(Q) VZ € Q.
Let Z(t,to, A) represent the solution of ODE (7) with
initial condition Z(tp) = A. With dy = —1, we require the

additional initial condition 7 (0) = 0. Let Q; and Qy be
any two compact sets such that )1 C Q)2 and we choose
T > 0 such that there exists an g > 0 and

d(Z(t,0,A),Q5) > 6y YA€ Qy and V¢t < T. )

Theorem 2: Under the above Assumptions for all § < dy,
with Zop = Z_1 = A,
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P {suplgkgmﬂJ \Zy — Z(kp, 0, A)| > 5} -0

if do € (—1,1],
P{Suplﬁkﬁl_T/\/ﬁJ ‘Zk —Z(/{i\/ﬂ,o,A)‘ > (5} — 0
if dy=—1,

as ¢ — 0 uniformly for all A € Q.

Theorems 1 and 2 of [4] constitute the above theorem.
Now we return to the specific example of the above

system, the AR(2) process (2). It can be written in the above

general form by,

Zyy1 = (1 —da)Zy + do + pu(Wy, + nZy)

where 7:=%4%=1 (Clearly assumptions A.1-A.3 are satis-

fied for the AR(2) process. It is easy to see that condition
(8) is satisfied by the ODE solution (4) for all T, when
appropriate (Q1,Q2 and &g > 0 are chosen. Thus the AR(2)
process can be approximated by the ODE (3).

Appendix B : ODE Approximation for AR(2) and
equalizer processes

Consider the following general system,

(1 —d2)Zk + d2Zk—1 + pH(Zy, W), (9)

(10)

Zyt1
Op+1 = Ok + puH1(Zy, 0k, Xit1)

where equation (9) satisfies all the conditions in Appendix
A and the equation (10) satisfies the assumptions B.1 to B.4
given below. We will show that the above equations can be
approximated by the solution of the ODE’s (7) and (11).

b(t) = hi(Z(t),6(1)), (11)

where hi(.,.) is defined in assumption B.3 We make the

following assumptions, which are similar to that in [1]. We

assume in the following that D is an open subset of R

B.1 There exists a family {Il;g;VZ, 0} of transition prob-
abilities Iz 4(X,A) on R¥ such that, for any Borel
subset A of R*, we have

P[X7L+1 S A|]:rb] - HZ,@(XnaA)

where F 20 (00, Zo, Z1, X0, X1, -, X3,). This in turn
implies that the tuple (Xy, 0k, Zk, Zp—1) will form a
Markov chain.

B.2 For any compact set () of D, there exist constants C, ¢1
such that V(Z,0) € D and all n, we have

|H1(Z,0,X)] < Ci(1+|X|%").
B.3 There exists a function hy on D, and for each Z,0 € D

a function vz ¢(.) on R* such that

a) hy is locally Lipschitz on D.

b) (I — HZ79)I/Z,9(X) = Hl(Z, H,X) — h(Z, 0)

¢) For all compact subsets Q of D, there exist constants
C3,C4,q3,q4 and X € [0.5,1], such that for all

Z,0,Z .0 €Q
lvzo(X)| < C3(1+[X][®),
Mzovz,0(X) =1l gy o (X)] < Ca(l4|X[|*)
! !/ A
(Z79)7(270)
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B.4 For any compact set ) in D and for any ¢ > 0, there
exists an pq(Q) < oo, such that for all n, X € RE,
A=(2,0)eR?

Ex a{I(Zk, 0k € Q,k <n) (1 + X419}
< pg(Q) (14 |X1%)

where E'x 4 represents the expectation taken with Xy =

X and (Zo,eo) =A.
Let Z(t, to,Z),0(t,to,0) represent solutions of ODE’s
(7), (11) with initial conditions Z(tq) = Z, 6(ty) = 6. Once

again for do = —1, we need VA (0) = 0. Let @1 and Q5
be any two compact sets of D, such that ;1 C Q2 and we
choose T' > 0 such that there exists an dg > 0 and, for all
(2,0) € Qu, t < T,

With Vé(Z7 0), representing the ordered pair Z,6, we
have proved Theorem 3 in [4], following the approach used
in [1].

Theorem 3: With Assumptions A.1-A.3, A.3.i of Appen-
dix A and B.1-B.4 of Appendix B, for all 6 < Jy and for
any initial condition X, with Z_1 = Zy = Z and 6y = 0,

— 0

Px .z sup

ks 7]
as u — 0, uniformly for all Z,0 € @1 when dy € (—1,1].

When dy = —1, the same theorem follows, after replacing
V(ku,0,(Z,0)) in the statement of the above theorem with
the ordered pair, (Z(k+/1,0,Z),0(kpu,0,0))(the details are
given in [4]).

Now we verify that the conditions of Theorem (3)
are satisfied by our system of Section III. Defining,
X12[ST, VTIT, one can rewrite the AR process and the
equalizer adaptation as,

(1 —d2)Zk + doZi—1 + (Wi +1Zk)
Or + pHy(0k, Xi+1)
—Yk(HZYk — Sk)

Zit1
Op11
Hi(0k, Xi+1)

> 1

{X}} is a chain whose transition probabilities Iz, (X, A)
are functions of Z;, alone. Thus condition B.1 is satisfied.
B.2 is also satisfied as for any compact set () and for any

0eqQ,

|H1(0, X)| <2 [mam {1,sup |6|} (1+]X%).
0eqQ

For any fixed Z, i.e., for a fixed channel, it is easy to see
that X (Z) has a stationary distribution given by
Uz([s1,82, 8] Xx A1) = Prob(S =[s1,82, - 8n])
Prob(N € Ay —mz[s1,52, - 5n)7)
where 7z is the M x M + L —1 length convolutional matrix

formed from vector Z and S, N are the input and noise
vectors of length M + L — 1, M respectively.
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Define,

Ry,(Z) £ Bz [Y(Z)Y(Z)T} = (ngm} +021),

Ry (Z) 2 Ez[Y(Z)s)=mz[10---0],

h(Z,0) 2 Ey(Hi(0,X(Z)) = —Ryuy(Z)0 + Rys(2),
vz(X) 2 én’%(m 0,X) — hi(Z,0)).

Since hy is continuously differentiable, it is locally Lipschitz.
Thus conditions B.3a, B.b are met. Also, since {Xj} is
a linear dynamical process depending upon the parameter
Z, condition B.3c can be verified using Proposition 10 in
Chapter 2, page 270 of [1] (The exact details are given in
[4D.

The condition B.4 is trivially met as for any n > M+L—1,
the expectation does not depend upon the initial condition X
but is bounded based on the compact set ( and because
of the Gaussian random variable N and discrete random
variable S.

We have shown in [4] (Lemma 1 and Lemma 2) that the
solution of the equalizer ODE (5) is bounded for any finite
time 7T'. Thus for any finite time 7', one can choose appro-
priate Q1,Q2 and &g such that condition (12) is satisfied.
Thus all the conditions in Theorem 3 are met verifying the
ODE approximation for the equalizer and the AR process of
Section III
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