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Abstract— We consider the problem of transmission of several
discrete sources over a multiple access channel (MAC) with
side information at the sources and the decoder. Source-channel
separation does not hold for this channel. Sufficient conditions
are provided for transmission of sources with a given distortion.
The channel could have continuous alphabets (Gaussian MAC is
a special case). Various previous results are obtained as special
cases.

Keywords: Multiple access channel, Side information, Dis-
tributed joint source-channel coding.

1. INTRODUCTION AND SURVEY

The use of sensor networks to monitor spatio-temporal
processes is gaining interest due to the availability of using
inexpensive, distributed sensor nodes. These nodes have lim-
ited computational and storage capabilities and very limited
energy [1]. These sensor nodes need to transmit their obser-
vations to a fusion center which uses this data to estimate
the sensed random field. Since transmission is very energy
intensive, it is important to minimize transmission.

The proximity of the sensing nodes to each other induces
high correlations between the observations of adjacent sensors.
One can exploit these correlations to compress the transmitted
data significantly. Furthermore, some of the nodes can be more
powerful and can act as cluster heads ([2]). Neighboring nodes
can first transmit their data to a cluster head which can further
compress information before transmission to the fusion center.
The transmission of data from sensor nodes to their cluster-
head is usually through a multiple access channel (MAC). At
the fusion center the underlying physical process is estimated.
The main trade-off possible is between the rates at which the
sensors send their observations and the distortion incurred in
the estimation at the fusion center. The availability of side
information at the encoders and/or the decoder can reduce the
rate of transmission ([9], [21]).

The above considerations open up new interesting problems
in multi-user information theory and the quest for finding the
optimal performance for various models of sources, channels
and side information have made this an active area of research.
The optimal solution is unknown except in a few simple
cases. In this paper a joint source channel coding approach
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is discussed under various assumptions of side information
and distortion criteria. The paper gives sufficient conditions for
transmission of finite alphabet sources over a discrete alphabet
MAC. Suitable examples are also given. These conditions are
further extended to continuous alphabet channels. Our results
generalize the previous results available on this problem.

In the following we survey the related literature. The semi-
nal paper, Cover, El Gamal and Salehi [5] provided sufficient
conditions for transmitting losslessly correlated observations
over a multiple access channel (MAC). However single letter
characterization of the capacity region is still unknown. Indeed
Duek [7] proved that the conditions given in [5] are only
sufficient and may not be necessary. Joint source channel
coding with discrete sources, channels and side information is
discussed in [18]. In this paper we extend the side information
scenario and also consider continuous alphabet channels. This
covers the important special case of the Gaussian MAC.

The classical results on distributed source coding are in
[3], [17] and [21]. More recent results are [9] and [19] (see also
references therein). Exact rate region for the distributed Gaus-
sian source coding problem is provided in [20]. The scaling
laws for the problem without side information are discussed
in [10] and it is shown that the standard practice of separating
source from channel coding may require exponential growth in
communication bandwidth, as a function of number of sensors.
One necessary and two sufficient conditions for transmission
of bi-variate Gaussian sources over a Gaussian MAC (GMAC)
are given in [12]. The joint source-channel coding problem
also bears relationship to the CEO problem [4]. The Gaussian
version of the CEO problem is studied in [13].

The organization of the paper is as follows. The discrete
alphabet sources on a discrete alphabet MAC are discussed in
Section II and previous results are shown as special cases. An
example is provided to show the effectiveness of side infor-
mation in Section III. In Section IV the results of Section II
are generalized to multiple sources. Extensions to continuous
channels are given in Section V. Section VI gives the proof of
the main theorem. Section V1I summarizes the results.
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II. DISCRETE ALPHABET SOURCES OVER A DISCRETE
CHANNEL

In this section we consider the transmission of discrete
memoryless dependent sources, through a discrete memoryless
multiple access channel with side information and fidelity
requirements at the decoder (see Fig 1).
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Fig. 1. Transmission of correlated sources over a MAC with side information

We consider discrete alphabet sources (U7, Us) and side in-
formation random variables 77, Z5, Z with a known joint dis-
tribution F'(uq,us, 21, 22, 2). Side information Z; is available
to source ¢, ¢ = {1, 2} and the decoder has side information Z.
The random vector sequence {(Uin,Uan, Z1n, Zon, Zn),n >
1} formed from the source outputs and the side information
with distribution F' is independent identically distributed in
time. The sources transmit their codewords X;’s to a single
decoder through a memoryless multiple access channel. The
channel output Y has distribution P(y|z1,22) if 21 and o
are transmitted at that time. The decoder receives Y and also
has access to the side information Z. It uses Y and Z to
estimate the sensor observations U; as U;, i = {1,2}. It
is of interest to find encoders and a decoder such that the
encoded {Uy,, Uayn,n > 1} can be transmitted over the given
MAC such that E[d, (U, U;)] < Dy and E[dy(Us, Us)] < Dy
where d; are bounded distortion measures upper bounded by
dmaz and D; are the given distortion constraints. The encoders
at the two users do not communicate with each other except
via the side information. Source channel separation does not
hold in this case.

We will denote {U;;},7 =1,2,..,nby U",i =1,2.

De finition : The source (U}*, UL) can be transmitted over
the multiple access channel with distortions Dé(Dl, D,) if
for any € > 0 there is an ng such that for all n > ng there exist
encoders f5 , : U x ZI' — X', € {1,2} and a decoder f7 :
YU x Zn s (U, Ug) such that LB S0 d(Uy, Uy)] <
D;+e, i€ {1,2} where (U}, U3) = fp(Y",Z").

We denote the joint distribution of (U, Us) by p(uq, uz)
and let p(y|z1,z2) be the transition probabilities of the
MAC. Since the MAC is memoryless, p(y"|z},x%) =
[[j= p(yjlz1j,225). X < Y « Z will indicate that
{X,Y, Z} form a Markov chain.

Now we state the main Theorem.

Theorem 1: A source can be transmitted over the multiple

access channel with distortions (D1, Ds) if there exist random
variables (W1, Wa, X1, X5) such that

L p(u1,ug, 21, 22, 2, W1, W2, T1, T2,Y) =
p(Uh Uz, 21, 22, Z)p(w1|u17 Zl)P(w2|u27 22)

p(z1|wi)p(@2|wa)p(y|21, z2).

2. There exists a function fp : Wi x W x Z — (121 X Z;Ig)
such that E[d(U;,U;)] < D; + €, i = 1,2 and the constraints

LUy, Z1; Wi |Wa, Z) < 1(X1;Y | Xo, Wa, Z),
LUz, Zo; Wa|Wh, Z) < 1(X2; Y| X1, W1, Z), (D
I(Ul,UQ,Zl,ZQ;Wl,W2|Z) <I(X1,X2;Y|Z)

are satisfied where U;, Z;, Z, W, &;, YV, Z/L are the sets
in which U;, Z;, Z, W;, X;, Y, ﬁz take values and € > 0
is any small constant. ]

The proof of the theorem is given in section VI. Due to
strong typicality, the proof of this theorem works if in addition
to estimating (U7, Us) we were also estimating at the receiver
a function g(Uy, Us) and the distortion measures were jointly
over (Uy, Us, U1, UQ). We need to pick fp and Wy, Wy such
that in addition to E[d(U;,U;)] < D; + ¢, i = 1,2 they also
satisfy the corresponding extra conditions.

This theorem is generalized to the continuous channel
alphabet case in Section V. This will cover the practically
important case of a Gaussian MAC.

A. Special Cases

In the following, to obtain the results for the lossless case,
we will take Z;{Z =U;, i = 1,2 and the distortion measure as
Hamming distance. Our results generalize the system in [18].

1) Correlated sources with lossless transmission over mul-
tiuser channels with receiver side information [11]: 1f we
consider (Z1, Z2) L(Uy, Us), Wi = Uy and Wy = Us then we
recover the conditions

H(U1|Up, Z2) < I(X1;Y|X2,Us, Z),
H(U2‘U1»Z) < I(XQ;Y|X17U17Z)7 (2)
H(U,,Us|Z) < I(X1,X3;Y|2)

in Theorem 2.1 in [11].

2) Lossy  multiple access  communication:  Take
(Z1,2Z5,Z)L(Uy,Usy). In this case the constraints in (1)
reduce to

I(Ul; W1|W2)

I(UQ; W2|W1)
I(Uy, Ug; Wy, W)

< I(Xl;Y|X2,W2),
< I(XQ;Y|X17W1)7 (3)
< I(Xl,XQ;Y).

This is an immediate generalization of [5] to the lossy case.

3) Lossless multiple access communication with correlated
sources: Take (Z1,Z2,7Z)L(Uy,Usz) and Wy = Uy and Wy =
U, then the constraints of (1) reduce to the conditions in [5].
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4) Lossy distributed source coding with side information:
The multiple access channel is taken as a dummy channel
which reproduces its inputs. In this case we obtain that the
sources can be coded with rates R; and R, to obtain the
specified distortions at the decoder if

Ry > I(Uy, Zy; Whi|Wo, Z),
R2 > I(UQ,ZQ;W2|W172)a (4)
R1+R2 > I(U17U27217Z2;W17W2|Z)'

This recovers the result in [19], and generalizes the results in
[9], [17] and [21].

5) Mixed Side Information [8]: Consider the system in
Fig 1(c) of [8]. This has the system in Fig 1(a) and (b) of [8]
as special cases. The results of Fig 1(c) can be recovered
from our Theorem if we take X,Y,Z, W in [8] as U; =
X, Z=(2,Y),Z1 =Y,W; = W. Uy and Z, are taken to be
constants.

III. EXAMPLE

We provide an example to show the reduction possible in
transmission rates by exploiting the correlation between the
sources, the side information and the permissible distortions.

Consider (Uy,Usz) with the joint distribution: P(U; =
O;UQ = 0) = P(Ul = ].;UQ = 1) = 1/3;P(U1 =
LUy = 0) = PUy = 0;U; = 1) = 1/6. If we use
independent encoders which do not exploit the correlation
among the sources then we need Ry > H(U;) = 1 bit and
Ry > H(Uy) = 1 bit for lossless coding of the sources. If
we use the coding scheme in [23], then Ry > H(U,|Us) =
0.918 bits, Ry > H(UQ|U1) = 0.918 bits and Ry + Ry >
I’I(Ul7 UQ) =1.918 bits.

Next consider a multiple access channel such that Y = X;+
Xy where X; and X take values from the alphabet {0,1}
and Y takes values from the alphabet {0, 1,2}. This does not
satisfy the separation conditions ([16]). The sum capacity C
of such a channel with independent X; and X, is 1.5 bits
and if we use source-channel separation, the given sources are
not admissible because H(Uy, Us) > C. Now we use a joint-
source channel code to improve the capacity of the channel.
Take U; = X and U, = X5. Then the capacity of the channel
is improved to 1.585 bits. This is still not enough to transmit
the sources over the given MAC. Next we exploit the side
information.

The side-information random variables are generated as
follows. Z; is generated from Us by using a binary symmetric
channel (BSC) with cross over probability p = 0.3. Similarly
Zy is generated from U; by using the same BSC. Let Z =
(Z1,Z2,V), V is generated by V = U;.Us.N, where N is a
binary random variable with P(N = 0) = P(N =1) = 0.5
independent of U; and Us and ‘.’ denotes the logical AND
operation. Then from (1) if we use just the side information
Z the sum rate for sources can be 1.8 bits and by symmetry
the same holds for Z5. If we use Z; and Z, then we get
1.683 bits as the sum rate and 1.606 bits if only V is used.
If all the information in Zi, 75, Z is used then we need

ISIT 2008, Toronto, Canada, July 6 - 11, 2008

Ry + Ry > 1.4120 bits. Thus with the aid of Zi, 725, 7
we can transmit (Uy, Us) losslessly over the MAC even with
independent X; and Xo.

Next we consider the distortion criterion to be the Hamming
distance and the allowable distortion as 4%. Then for com-
pressing the individual sources without side information 27 >
H(p) — H(d) = 0.758bits, where H(x) = —zlogs(x) — (1 —
x)loga(1—x). Thus we still cannot transmit (Uy, Us) with this
distortion when (X7, X3) are independent. If U; and U, are
encoded, exploiting their correlations, (X7, X2) can be corre-
lated. Assume side information Z = (Z1, Z5) to be available at
the decoder only. Thus we need Ry > I(Uy; W1 ) —I(Z1; Wh)
where W is an auxiliary random variable generated from U;.
W1 and Z; are related by a cascade of a BSC with crossover
probability 0.3 with a BSC with crossover probability 0.04.
This implies that Ry > 0.6577 bits and Ro > 0.6577 bits.

IV. EXTENSION TO MULTIPLE SOURCES

The above results can be generalized to the multiple source
(> 2) case. Let S = {1,2,...,m} be the set of sensors. Let
p(u1, ug...u,) denote the joint distribution of the sources.

Theorem 2: Sources (Ul*,i € S) can be communicated in
a distributed fashion over the discrete memoryless multiple
access channel p(y|z;,7 € S) with distortions (D;,i € S)
if there exist auxiliary random variables (W;, X;,i € §)
satisfying

1. p(uiaziaz:wi:whyvi € S) =
plug, 2, 2,1 € S)p(y|zi,i € S)

1 p(w;lu;, z)p(jlw;)
j€ES
2. There exists a function fp : [[;cs(Wi) x 2 — U;,i € S)
such that E[d(U;, Ul)] < D;+¢, i €8 and the constraints
I(UA7 Za; WA‘WAa, Z) < ](XA; Y|XAC7 W pe, Z)
forall ACS
are satisfied where A€ is the compliment of set A. [ |
The proof is along the lines of the proof of Theorem 1 and
is omitted for brevity.

V. DISCRETE SOURCES OVER A CONTINUOUS ALPHABET
CHANNEL

Theorem 1 can be extended to discrete alphabet sources
and continuous channels. We provide the changes required
in the proof of Theorem 1 when the channel alphabets are
uncountable (we will take them real-valued). An important
practical example of this is Gaussian MAC.

Now (Ui,Us, Z1,Z5,7) will take values in a discrete
alphabet but (X7, X5,Y") can be real valued. For example, we
show in [14], [15] that if the channel is a Gaussian MAC then
one should choose (X7, X3) to be jointly Gaussian. Indeed
in [14], [15] we also provide a distributed algorithm to map
discrete (Uy, Usa, Z1, Z5) into jointly Gaussian (X1, X5) which
sastisfy the Markovian assumptions in Theorem 1.

The main difference in the proof for this scenario is that
for real valued r.v.s we cannot use strong typicality. One
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could use weak typicality but then one needs to deal with
distortion typical sets as in [6], Chapter 13. But to include
this will need substantial changes in the proofs. However,
in the current setup, since (Uy,Us, Z1,Z2, Z, W1, Ws) are
discrete, we can encode (U, Z!) into W/*, i = 1,2 such
that these form strongly typical sequences as in the original
proof. By Markov Lemma (U}, Z7, W, W2, Z2 U form a
strongly typical sequence. At the decoder we find the unique
(W, W3') which are weakly typical with the received se-
quence (z1 (W), zo(W3"), Y™, Z™) (although the proof uses
strongly typical sequences, if we use weak typicality at the
decoder this part of the proof goes through). With a high
probability we obtain the original sequences (W7, W) which
were coded and transmitted and hence is strongly typical with
(U,U3, Z™). Thus in this set the distortion constraints are
satisfied.

Similar extension to the multi-user Theorem 2 also holds.

The above proof does not work for continuous alphabet
sources. But recently we have worked throughout with weak
typicality and distortion typical sequences to generalize Theo-
rem 1 to continuous alphabet sources and channels ( see [15]).

VI. PROOF OF THEOREM 1

The scheme involves distributed quantization of the sources
and the side information followed by correlation preserving
mapping to the channel codewords. The decoding approach
involves first decoding the quantized version (W, Ws) of
(U1,U,), and then obtaining estimate (U;, Uy) as a function
of (W1, Ws) and the decoder side information.

We show the achievability of all points in the rate region (1).
Proof: Fix p(wy|ui, 21), p(wa|us, 22), p(x1|w ), p(xe|ws) as
well as f75(.) satisfying the distortion constraints.

Codebook Generation:Let R; = IU;, Zi; W) + 6,1 =
1,2 for some & > 0. Generate 2™ codewords of length n,
sampled iid from the marginal distribution p(w;),7 = 1,2.
For each w]' independently generate sequence X' according
to [Ty p(zijlwij), i = 1,2. Call these sequences z;(w}'),i €
1, 2. Reveal the codebooks to the encoders and the decoder.

Encoding: For i = 1,2, given the source sequence U
and Z7', the it encoder looks for a codeword W such that
opr,zr, wpr) e T*(U;, Z;, W;) and then transmits X; (/")
where T7(.) is the set of € strongly typical sequences ([6]) of
length n.

Decoding:  Upon  receiving
finds the unique (W, W3) pair such that
(W W3 oy (W), xe(W3), Y™, Z") € Tr. If it fails
to find such a unique pair, the decoder declares an error and
incurres a maximum distortion of d,,qq-

In the following we show that the probability of error for
the encoding decoding scheme tends to zero as n — co. The
error can occur because of the following four events E1-E4.
We show that P(Ei) — 0, for i = 1,2,3, 4.

E1 The encoders do not find the codewords. However
from rate distortion theory [6] lim, ., P(E;) = 0 if R; >

Y™, the  decoder
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E2 The codewords are not jointly typical with Z". Prob-
ability of this event goes to zero from the extended Markov
Lemma [18].

E3 There exists another codeword ] such that

(W, War, x1 (0}, xo(Wa), Y™, Z™) € Tr. Define
a2 (W7, WP, 21 (@h), 22 (W), Y™, Z™). Then,
P(E3) = Pr{There is w] #w} : « € T'}
< Z Pria eT!} Q)

BPEAWD (D7, W, Z™)ETR

The probability term inside the summation in (5) is

< ¥

(z1(.),z2(.),y™):€T?

< )
(z1(.),22(.),y™): €T
< o—n{H(X1|W1)+H (X2,Y|Wa2,Z)—de}

Pr{Il(w?)7$2(wS)7yn‘w?:wga Zn}

Pria (07)|[w7 } Prizs(wy), y"|ws, 2"}

(z1(.),z2(.),y™): €T
< 2nH(X1,Xz,Y\W1>W2,Z)27n{H(X1 |W1)+H(X2,Y|Wa,Z)—4e}

But from hypothesis, we have

H(Xq1, X2, YW1, W2, Z) — H(X1|[W1) — H(X2,Y[W2, Z)
= H(X|Wh) + H(Xo|Ws) + H(Y| X1, X3)
—H(X1|W1) — H(X2,Y|Wa, Z)
= H(Y|X1,Xo) — H(Y[X2, W2, Z)
=HY|X1, X2, W5, Z) — H(Y | X3, Ws, Z)
= —1(X1;Y| X2, Wa, Z).

Hence,

Pr{(@}, W3, a1(7), 22(W3), Y™, 2") € T/'}
< 9—n{I(X1;Y|X2,Ws,2)—6¢} 6)

Then from (5)
P(E3) < Z 9—n{I(X1;Y|X2,W2,2)—6¢}
DY AW (D] wg 2™ ) ETT
< {7 5 (a7, wh, 2") € Trpj 0y 1Xe Wa 2) =60
< (@} P, wh, o) € T} 2 00 1Xaba 2) o0
< on{I(U,Z1sWi)+e} 9=n{I(WisW2,2)=3¢}
9= n{I(X1;Y|X2,W2,2) 66}
— on{I(U1,Z;W1|W2,2)} 9—n{I(X1;Y|X2,W2,Z)~10c}
@)

The R.H.S of the above inequality tends to zero if
Uy, Z1; Wi |Wa, Z) < 1(X1;Y | X2, Wa, Z). In (7) we have
used the fact that
I(Uy, Zy;Wh) — I(W1; Wa, Z)
= H(W1|Ws, Z) — HW1|Uy, Z1)
= HW,|Ws,Z) — HWh|Uv, Z1,Wa, Z)
= I(Uy, Zy; Wh|Wa, Z).
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Similarly, by symmetry of the problem we require
I(U27 Zs; W2|W1, Z) < I(XQ; 1/|)(17 Wi, Z)
E4 There exist other codewords w] and w3 such that
aé(u}?, UA)EL, .’L‘l(if)?), %’2(7113), yn, Zn) € Ten Then,
P(E4) = Pr{There is (07, wy) # (wi,wy):a €T}
< > Pria e T"}.  (8)

(w7, w5 )# (Wi, wi): (W], 0L ,zn)eTH

The probability term inside the summation in (8) is

< > Pr{z, (@}), z2(w}),y" [}, b5, 2"}

(1(.),m2(.),y"): €T
<7 Pr{a (@) iy} Prizs(if) iy} Priy"|="}

< >
(@1(.),2(.),y™): €T
< gnH(X1, X2, Y |W1,W2,2)

o—n{H (X1 |Wi)+H (X2|W2)+H(Y|Z)—5€}

o—n{H(X1|W1)+H(X2|Wa)+H(Y|2)~Te}

But from hypothesis, we have

H(X1, X0, YWy, Wa, Z) — H(X,|Wy) — H(Xo|Wa)
—H(Y|Z) = H(Y|X1,X2) — H(Y|Z)
= H(Y|X1,X5,2) — H(Y|Z)
= —I(X1, X2:Y|2).

Hence,

Pr{(@}, @y, a1 (d7), (@5, y", 2") € T}
< 9 (X1, X23Y|2) =T} ©)

Then from (8)

P(E4) < 9—n{I(X1,X2;Y|Z) 7€}

>

(@F w3 ) #(wi' wy):
(07,03 ,2")ET]

(w{z’wg) . (w?’wg’ Zn) c Ten}|2—n{I(X1,X2;Y|Z)—7e}
@t} [{wg . Pr{(@y, @y, 2") € T}
.2771{I(X1,X2;Y\Z)775}

<
<

< 9{I(U1,Z;W1)+1(Uz,Z2W2)+2€}
2—n{I(W1;Wz,Z)+I(W2;W17Z)+I(W1?W2|Z)_4€}
2771{I(X1,X2;Y\Z)775}

_ 27L{I(U1 Uz,Z1,Z9; W1 ,Wa|Z)} .2—’IL{I(X1 ,X2;Y|Z)—13¢€} .
The RHS of the above inequality tends to zero if
I(Ul, UQ, Z1, ZQ; W1W2|Z)) < I(X17X27Y|Z)

Thus as n — oo, with probability tending to 1, the decoder
finds the correct sequence (W7, Wa') which is jointly strongly
typical with (U]*, Uy, Z™). Since for large n, the empirical dis-
tribution of (W7*, W3") is close to its joint distribution which
by assumption has distortion (D7, Ds), our claim follows.

VII. CONCLUSIONS

We have provided sufficient conditions for transmission of
several correlated sources over a multiple access channel.
There may be side information available at the encoders and
the decoder. Lossless and lossy transmission are considered.
The channels could have discrete or continuous alphabets.
Previous results are shown as special cases.
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