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Power Minimization for
CDMA under Colored Noise
Arun Padakandla and Rajesh Sundaresan, Senior Member, IEEE

Abstract—Rate-constrained power minimization (PMIN) over
a code division multiple-access (CDMA) channel with correlated
noise is studied. PMIN is shown to be an instance of a sepa-
rable convex optimization problem subject to linear ascending
constraints. PMIN is further reduced to a dual problem of sum-
rate maximization (RMAX). The results highlight the underlying
unity between PMIN, RMAX, and a problem closely related
to PMIN but with linear receiver constraints. Subsequently,
conceptually simple sequence design algorithms are proposed to
explicitly identify an assignment of sequences and powers that
solve PMIN. The algorithms yield an upper bound of 2𝑁 − 1
on the number of distinct sequences where 𝑁 is the processing
gain. The sequences generated using the proposed algorithms are
in general real-valued. If a rate-splitting and multi-dimensional
CDMA approach is allowed, the upper bound reduces to 𝑁
distinct sequences, in which case the sequences can form an
orthogonal set and be binary ±1-valued.

Index Terms—Code division multiple access (CDMA), sepa-
rable convex optimization, linear receivers, inverse eigenvalue
problems, sequences.

I. INTRODUCTION

WE consider the code division multiple-access (CDMA)
channel

𝑌 =
𝐾∑

𝑘=1

𝑠𝑘𝑋𝑘 + 𝑍. (1)

There are 𝐾 users in the system. User 𝑘 modulates the vector
(sequence) 𝑠𝑘 ∈ ℝ

𝑁 by its data symbol 𝑋𝑘 and transmits
𝑠𝑘𝑋𝑘 over the air. The received signal 𝑌 is the superposition
of the transmissions embedded in Gaussian noise 𝑍 . The
random vector 𝑍 is jointly Gaussian with mean zero and
a positive definite (pd) covariance Σ. Equation (1) models
the received CDMA signal at the output of a channel with a
frequency-flat response. CDMA may be employed on such a
system to get some resilience to jamming. We assume symbols
are synchronous and study the following problem:
PMIN: User 𝑘 demands reliable transmission at a minimum
rate 𝑟𝑘 bits/symbol. The goal is to assign sequences and

Paper approved by L. K. Rasmussen, the Editor for Iterative Detection De-
coding and ARQ of the IEEE Communications Society. Manuscript received
April 3, 2008; revised August 6, 2008.

A. Padakandla is with the Department of Electrical Engineering and
Computer Science, University of Michigan, Ann Arbor 48109-2122, USA
(e-mail: arun.padakandla@gmail.com).

R. Sundaresan is with the Department of Electrical Communication En-
gineering, Indian Institute of Science, Bangalore 560012, India (e-mail:
rajeshs@ece.iisc.ernet.in).

This work was supported by the Department of Science and Technology
under Grant DST0748 and by the University Grants Commission under Grant
Part (2B) UGC-CAS-(Ph.IV).

Material in this paper was published in part at the International Symposium
on Information Theory held in Nice, France, June 2007.

Digital Object Identifier 10.1109/TCOMM.2009.10.080165

powers to users so that despite their mutual interference and
noise, each of the users can transmit reliably at or greater
than their demanded rates, and the sum of the received powers
(energy/symbol) at the base-station is minimized.

The above problem is one of intra-cell interference man-
agement for efficient use of system resources (power) in an
overloaded CDMA system (𝐾 ≥ 𝑁 ). Our main contributions
are (1) a solution to PMIN for any pd Σ; (2) a new finite-
step algorithm for optimal sequence assignment. Our solution
provides theoretical limits on rate-constrained sum power
allocation and aims to manage intra-cell interference. The
motivations for minimization of sum received power are as
follows. First, it enables users to meet their requirements with
lesser overall transmitted power, when viewed from a system
perspective. Second, this sum received power is a scaled
version of the interference seen at a neighboring receiver,
when the neighbor models the users’ locations as identically
distributed over the cell.

PMIN was solved for the case Σ = 𝐼𝑁 by Guess [1]. A dual
problem of sum rate maximization (RMAX) given 𝐾 users,
processing gain 𝑁 , and power constraints 𝑝1, 𝑝2, ⋅ ⋅ ⋅ , 𝑝𝐾 was
solved for any pd Σ by Viswanath & Anantharam [2]. (See
Viswanath & Anantharam [3] for the Σ = 𝐼𝑁 case). They
also address a version of PMIN, say PMIN-LR, where the
receivers are constrained to be linear. Our solution extends
Guess’ result in [1] to a system with any pd Σ. We remark
that we consider a system where the sequences are real-valued
and not restricted to a finite alphabet set. Later in the paper we
remark how we may restrict attention to orthogonal sequences
alone. Such sequences can then come from a finite alphabet
set.

Our method to solve PMIN is interesting in itself. It brings
to light a unity among PMIN, RMAX, and PMIN-LR. They
are instances of a class of separable convex optimization prob-
lems with linear ascending inequality and equality constraints
[4]. Furthermore, we prove a strong duality between PMIN and
RMAX : an instance of PMIN can be mapped to an instance
of RMAX and vice versa. This implies that a solution to one
can be mapped to a solution on the other.

Several algorithms to identify optimal sequence sets un-
der frequency-selective fading, asynchronism, and under re-
quirements of scalability ([3], [5], [6], [7], [8], and [9])
are known. Viswanath & Anantharam [3] provide recursive
algorithms based on 𝑇 -transforms to identify sequences that
solve RMAX. Tropp et al. [6] recognize sequence design
problems as inverse singular value problems and provide
𝑂 (𝐾𝑁) finite step algorithms. Anigstein & Anantharam [9]
provide an iterative algorithm to identify sequence sets that
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achieve minimum total squared correlation. These are suited
for distributed implementation. All the algorithms in the above
papers (as do the algorithms presented in this one) output
sequences in ℝ

𝑁 . In contrast, the works of [10], [11], [12],
[13], and [14] focus on binary-valued sequence sets. While we
do not place such restrictions in the first part of the paper, we
do remark in Section III-C that the rate-splitting technique of
Guess [1] and Urbanke & Rimoldi [15] enables us to restrict
attention to 𝑁 orthogonal sequences which can further be
restricted to come from a finite alphabet. All works described
above with the exception of [2] focus on Σ = 𝐼𝑁 .

Our new algorithm (the second contribution) is based on
a solution to an inverse eigenvalue problem for rank-one
perturbations [16]. The solution can be adapted to provide a
new algorithm for RMAX. The distinguishing feature of our
algorithm is a bound on the size of the optimal sequence set:
at most 2𝑁 − 1 sequences are output, a bound independent of
the number of users. In a system with a large number of users
𝐾 ≫ 2𝑁 − 1, the upper bound implies savings in downlink
signaling for sequence allocation. The algorithm also admits
a simple “water-filling” interpretation.

Our paper is organized as follows. We present the solution
to PMIN in two steps. In Section II we reduce PMIN to an
instance of the aforementioned convex optimization problem.
This enables us characterize the minimum sum power and
identify necessary and sufficient conditions satisfied by an
assignment of sequences and powers that solves PMIN. In
Section III we provide finite step algorithms to explicitly
identify such an assignment. We also present bounds on the
size of the optimal sequence sets, with and without multi-
dimensional signaling.

II. MINIMUM SUM POWER

The search for sequences and powers that solve PMIN may
be restricted to a so-called set of tight commuting designs
(Definition 1(e)). We prove this in Section II-B and provide
a characterization of such designs in Section II-C. In Section
II-D we prove PMIN is an instance of a structured convex
optimization problem and illustrate the RMAX-PMIN duality.
We begin with a precise formulation of the problem.

A. Problem Statement

The following are some remarks on notation. For integers
𝑖, 𝑗, define the integer interval

�𝑖, 𝑗� =

{
{𝑖, 𝑖+ 1, ⋅ ⋅ ⋅ , 𝑗} if 𝑖 ≤ 𝑗

∅ otherwise.

For vectors 𝑎, 𝑏 ∈ ℝ
𝑛, define 𝑎 ⋅𝑏, 𝑎/𝑏, exp {𝑎} , and log 𝑎 ∈

ℝ
𝑛 as follows1: (𝑎⋅𝑏)𝑖 = 𝑎𝑖𝑏𝑖, (𝑎/𝑏)𝑖 = 𝑎𝑖/𝑏𝑖 (when 𝑏𝑖 ∕= 0),

(exp {𝑎})𝑖 = exp {𝑎𝑖}, and (log 𝑎)𝑖 = log 𝑎𝑖 (when 𝑎𝑖 > 0)
for 𝑖 ∈ �1, 𝑛�. The quantity ∥𝑎∥ denotes the Euclidean norm
of 𝑎, and diag(𝑎) the diagonal 𝑛×𝑛 matrix with 𝑖th diagonal
entry 𝑎𝑖. Ordering of components plays a key role in this paper.
We denote by 𝑎[𝑖] the 𝑖th largest component of 𝑎.

1The log and exp functions may be taken with base 2 in which case the
unit of rate is bits/symbol.

∣𝐴∣ is the determinant of a square ℝ-valued matrix 𝐴. We
say 𝐴 is pd if the matrix 𝐴 is positive definite (i.e., symmetric
with strictly positive eigenvalues). tr(𝐴) is the trace of the
square matrix 𝐴. For a symmetric 𝐴, eig(𝐴) denotes the
eigenvalues of 𝐴 in decreasing order. (In this paper, we deal
with eig of only pd matrices). For a pd 𝐴 we denote its square
root and inverse square root by 𝐴

1
2 and 𝐴− 1

2 , respectively.
There are 𝐾 users in the system. The 𝑘th user is received

with power at most 𝑝𝑘, where 𝑝𝑘 naturally depends on the
actual transmit power constraint and the distance of the user
𝑘 from the uplink receiver. The 𝑘th user transmits over an 𝑁 -
dimensional space using a unit-norm signature vector 𝑠𝑘 ∈ ℝ

𝑁

satisfying 𝑠𝑡𝑘𝑠𝑘 = 1. The signature matrix 𝑆 := [𝑠1 𝑠2 ⋅ ⋅ ⋅ 𝑠𝐾 ]
is of size 𝑁 ×𝐾 with columns 𝑠𝑘, 𝑘 ∈ �1,𝐾�. The received
power matrix is 𝑃 := diag(𝑝1, ⋅ ⋅ ⋅ , 𝑝𝐾). The sum received
power is tr(𝑃 ) =

∑𝐾
𝑘=1 𝑝𝑘. For a subset of users 𝐽 ⊆ �1,𝐾�,

let 𝑆𝐽 := [𝑠𝑗 ]𝑗∈𝐽 denote the submatrix of 𝑆 of size 𝑁 × ∣𝐽 ∣
obtained by keeping only those columns whose indices are in
𝐽 . Let 𝑃𝐽 := diag ((𝑝𝑘)𝑘∈𝐽 ).

The set of all sequence matrices 𝒮 is the set of all 𝑁 ×𝐾
matrices whose columns have unit norm, i.e.,

𝒮 :=
{
𝑆 ∈ ℝ

𝑁×𝐾 :
(
𝑆𝑡𝑆

)
𝑖𝑖
= 1 for 𝑖 ∈ �1,𝐾�

}
.

The set of all power matrices is

𝒫 :=
{
𝑃 ∈ ℝ

𝐾×𝐾
+ : 𝑃 = diag(𝑝) for some 𝑝 ∈ ℝ

𝐾
+

}
.

For a fixed (𝑆, 𝑃 ) ∈ 𝒮×𝒫 and a fixed pd covariance matrix
Σ, the capacity region for the Gaussian MAC in (1) is

𝐶 (𝑆, 𝑃,Σ) =
∩

𝐽⊆�1,𝐾�

{
𝑟 ∈ ℝ

𝐾
+ :

∑
𝑘∈𝐽

𝑟𝑘

≤ 1

2
log

∣∣𝐼𝑁 +Σ−1𝑆𝐽𝑃𝐽𝑆
𝑡
𝐽

∣∣} . (2)

Here 𝑟 denotes a rate vector whose 𝑘th component 𝑟𝑘 is the
rate achieved by user 𝑘. 𝑆𝑃𝑆𝑡 is the signal covariance matrix
and Σ+𝑆𝑃𝑆𝑡 is the covariance matrix of the channel output.

Definition 1: Fix 𝑟 ∈ ℝ
𝐾
+ and a pd Σ of size 𝑁 ×𝑁 . We

use the following terminology.

(a) (𝑆, 𝑃 ) is a design if and only if (iff) (𝑆, 𝑃 ) ∈ 𝒮 × 𝒫 .
(b) (𝑆, 𝑃 ) is a design for 𝑟 on Σ iff (𝑆, 𝑃 ) is a design and

𝑟 ∈ 𝐶(𝑆, 𝑃,Σ).
(c) (𝑆, 𝑃 ) is a tight design for 𝑟 on Σ iff (𝑆, 𝑃 ) is a design

for 𝑟 on Σ and
∑𝐾

𝑘=1 𝑟𝑘 = 1
2 log ∣𝐼𝑁 +Σ−1𝑆𝑃𝑆𝑡∣, i.e.,

the upper bound in (2) is achieved when 𝐽 = �1,𝐾�.
(d) (𝑆, 𝑃 ) is a commuting design for 𝑟 on Σ iff (𝑆, 𝑃 ) is a

design for 𝑟 on Σ, and 𝑆𝑃𝑆𝑡 and Σ commute.
(e) (𝑆, 𝑃 ) is a tight commuting design for 𝑟 on Σ iff (𝑆, 𝑃 )

is both a tight design and a commuting design for 𝑟 on
Σ.

We now reformulate PMIN.

PMIN : Given 𝑟 ∈ ℝ
𝐾
+ and a pd Σ of size 𝑁 ×𝑁 , find

𝑃min = min {tr(𝑃 ) : (𝑆, 𝑃 ) is a design for 𝑟 on Σ} .

Using the facts that 𝑃 is diagonal, the diagonal entries of 𝑆𝑡𝑆
are 1, and tr(𝐴𝐵) = tr(𝐵𝐴) when the matrix products 𝐴𝐵

Authorized licensed use limited to: INDIAN INSTITUTE OF SCIENCE. Downloaded on October 24, 2009 at 01:30 from IEEE Xplore.  Restrictions apply. 



PADAKANDLA and SUNDARESAN: POWER MINIMIZATION FOR CDMA UNDER COLORED NOISE 3105

and 𝐵𝐴 are both well-defined, we see that

tr(𝑃 ) = tr
(
𝑃𝑆𝑡𝑆

)
= tr

(
𝑆𝑃𝑆𝑡

)
= tr

(
Σ + 𝑆𝑃𝑆𝑡

)− tr(Σ). (3)

Since tr(Σ) is a constant, PMIN is solved if we can identify
the vector with the minimum sum of components in the set

{eig(Σ + 𝑆𝑃𝑆𝑡) : (𝑆, 𝑃 ) is a design for 𝑟 on Σ}. (4)

B. Sufficiency of tight commuting designs

The following lemma provides simple and useful observa-
tions on orthonormal transformations.

Lemma 2: Let 𝑄 be a given 𝑁 × 𝑁 orthonormal matrix.
Let (𝑆, 𝑃 ) be a design and let 𝑈 be an orthonormal matrix
that diagonalizes 𝑆𝑃𝑆𝑡. Define 𝑆 := 𝑄𝑈 𝑡𝑆. The following
are true.

(i) 𝑆 ∈ 𝒮, and therefore (𝑆, 𝑃 ) is a design.
(ii) 𝑄 diagonalizes 𝑆𝑃𝑆𝑡, and 𝑄𝑡𝑆𝑃𝑆𝑡𝑄 = 𝑈 𝑡𝑆𝑃𝑆𝑡𝑈 . In

particular, eig(𝑆𝑃𝑆𝑡) = eig(𝑆𝑃𝑆𝑡).

(iii) 𝐶
(
𝑆, 𝑃 , 𝐼𝑁

)
= 𝐶

(
𝑆, 𝑃 , 𝐼𝑁

)
, i.e., the capacity region

is unaffected.

Proof: This is obvious and hence omitted.
We now map a design on 𝐼𝑁 to a design on a pd Σ and vice

versa. Given a pd Σ, define the function 𝑓Σ : 𝒮 ×𝒫 → 𝒮×𝒫
in the following fashion. For each (𝑆, 𝑃 ), set 𝐴 := Σ− 1

2𝑆𝑃
1
2

and let (𝑆, 𝑃 )
𝑓Σ�→ (𝑆, 𝑃 ) where

𝑃 := diag
(∥𝑎1∥2, ∥𝑎2∥2, ⋅ ⋅ ⋅ , ∥𝑎𝐾∥2)

𝑆 := 𝐴𝑃− 1
2

with 𝑎𝑘 the columns of 𝐴. Clearly, Σ− 1
2𝑆𝑃

1
2 = 𝑆𝑃

1
2 and

therefore
𝑆𝑃𝑆𝑡 = Σ− 1

2𝑆𝑃𝑆𝑡Σ− 1
2 . (5)

It is also straightforward to verify that (𝑆, 𝑃 ) = 𝑓Σ(𝑆, 𝑃 ) is
a design, and that 𝑓Σ is invertible with inverse 𝑓Σ−1 .

Lemma 3: For a pd Σ, the design (𝑆, 𝑃 ) on Σ and the
design 𝑓Σ(𝑆, 𝑃 ) on 𝐼𝑁 have identical capacity regions, i.e.,
𝐶(𝑆, 𝑃,Σ) = 𝐶 (𝑓Σ(𝑆, 𝑃 ), 𝐼𝑁 ).

Proof: Let (𝑆, 𝑃 ) = 𝑓Σ(𝑆, 𝑃 ). Fix arbitrary 𝐽 ⊆ �1,𝐾�.
We first observe that by the diagonal nature of 𝑃 and 𝑃 , we
have

Σ− 1
2𝑆𝐽𝑃

1
2

𝐽 = Σ− 1
2

(
𝑆𝑃

1
2

)
𝐽
=

(
Σ− 1

2𝑆𝑃
1
2

)
𝐽

=
(
𝑆𝑃

1
2

)
𝐽
= 𝑆𝐽𝑃

1
2

𝐽 . (6)

This can be verified, for example, by setting 𝑒𝑗 to be the
unit vector with 1 in the 𝑗th location and 0 elsewhere, 𝑒𝐽 :=
[𝑒𝑗 ]𝑗∈𝐽 , the matrix whose columns are unit vectors 𝑒𝑗 with
𝑗 ∈ 𝐽 . Then 𝑆𝐽 = 𝑆𝑒𝐽 , 𝑃𝐽 = 𝑒𝑡𝐽𝑃𝑒𝐽 , 𝑒𝑡𝐽𝑒𝐽 = 𝐼∣𝐽∣, and
𝑒𝐽𝑒

𝑡
𝐽 is a diagonal matrix with 1 in positions (𝑗, 𝑗), 𝑗 ∈ 𝐽 ,

and 0 elsewhere. Clearly then 𝑆𝐽𝑃
1
2

𝐽 = (𝑆𝑒𝐽)(𝑒
𝑡
𝐽𝑃

1
2 𝑒𝐽) =

(𝑆)(𝑒𝐽𝑒
𝑡
𝐽𝑃

1
2 )(𝑒𝐽) = 𝑆𝑃

1
2 𝑒𝐽 = (𝑆𝑃

1
2 )𝐽 . Similarly 𝑆𝐽𝑃

1
2

𝐽 =
(𝑆𝑃

1
2 )𝐽 , and (6) follows. Consequently,∣∣𝐼𝑁 +Σ−1𝑆𝐽𝑃𝐽𝑆

𝑡
𝐽

∣∣ =
∣∣∣𝐼𝑁 +Σ− 1

2𝑆𝐽𝑃𝐽𝑆
𝑡
𝐽Σ

− 1
2

∣∣∣
=

∣∣𝐼𝑁 + 𝑆𝐽𝑃𝐽𝑆
𝑡
𝐽

∣∣ .

Since 𝐽 was arbitrary, the equality of the capacity regions now
follows from (2).

Remark 1: Thus, (𝑆, 𝑃 ) is a design (respectively tight
design) for 𝑟 on Σ iff (𝑆, 𝑃 ) = 𝑓Σ(𝑆, 𝑃 ) is a design
(respectively tight design) for 𝑟 on 𝐼𝑁 .

Remark 2: If (𝑆, 𝑃 ) is a design for 𝑟 on 𝐼𝑁 and 𝑆𝑃𝑆𝑡

commutes with Σ, then (𝑆, 𝑃 ) = 𝑓Σ−1(𝑆, 𝑃 ) is a commuting
design for 𝑟 on Σ. This is because (5) applied to 𝑓Σ−1 yields
𝑆𝑃𝑆𝑡 =

(
Σ

1
2

) (
𝑆𝑃𝑆𝑡

) (
Σ

1
2

)
and the parenthesized matrices

on the right side commute. Moreover, if 𝑈 diagonalizes Σ, i.e.,
𝑈 𝑡Σ𝑈 = ΛΣ, then 𝑈 diagonalizes both 𝑆𝑃𝑆𝑡 and 𝑆𝑃𝑆𝑡 into
Λ𝑆𝑃𝑆𝑡 and Λ𝑆𝑃𝑆𝑡 , respectively, with the additional property

Λ𝑆𝑃𝑆𝑡 = Λ𝑆𝑃𝑆𝑡 ⋅ ΛΣ. (7)

As for Σ = 𝐼𝑁 (Guess [1, Lem. 1]), we only need to focus
on tight designs.

Lemma 4: Fix 𝑟 ∈ ℝ
𝐾
+ and a pd Σ. If (𝑆, 𝑃 ) is a design

for 𝑟 on Σ, there exists a tight design (𝑆, 𝑃 ) for 𝑟 on Σ with
tr(𝑃 ) ≤ tr(𝑃 ).

Proof: The proof of [1, Lem. 1] uses continuity of the
mapping 𝑃 �→ 𝐶(𝑆, 𝑃,Σ) in 𝑃 , and extends verbatim to any
pd Σ.

Furthermore, it is sufficient to restrict our search to tight
commuting designs:

Theorem 5: If (𝑆, 𝑃 ) is a tight design for 𝑟 on Σ, there
exists a tight commuting design (𝑆, 𝑃 ) for 𝑟 on Σ that satisfies
tr(𝑃 ) ≤ tr(𝑃 ).

Proof: Let the orthonormal matrix 𝑄 diagonalize Σ in
the increasing order of eigenvalues, i.e.,

𝑄𝑡Σ𝑄 = ΛΣ = diag
(
𝜎2
1 , ⋅ ⋅ ⋅ , 𝜎2

𝑁

)
, (8)

where 𝜎2
𝑛 ≤ 𝜎2

𝑛+1 for 𝑛 ∈ �1, 𝑁 − 1�. Let (𝑆, 𝑃 ) = 𝑓Σ(𝑆, 𝑃 )
and let the orthonormal matrix 𝑈 diagonalize 𝑆𝑃𝑆𝑡 in de-
creasing order. Consider the following design transformations:

(𝑆, 𝑃 )
𝑓Σ�−→ (𝑆, 𝑃 ) �−→ (𝑆, 𝑃 )

𝑓Σ−1�−→ (𝑆, 𝑃 )
Σ 𝐼𝑁 𝐼𝑁 Σ

where (𝑆, 𝑃 ) and (𝑆, 𝑃 ) are designs on Σ, (𝑆, 𝑃 ) and (𝑆, 𝑃 )
are designs on 𝐼𝑁 , as indicated in the second row above,
and 𝑆 := 𝑄𝑈 𝑡𝑆 as in Lemma 2. Then Lemmas 2 and 3
assure us that the capacity regions are preserved across the
above transformations, and so all these designs are tight on
the respective channels. Also from Lemma 2(ii), 𝑆𝑃𝑆𝑡 and Σ
are both diagonalized by 𝑄 and therefore commute. Remark
2 then shows that (𝑆, 𝑃 ) is a commuting design for 𝑟 on Σ.

We now show that tr(𝑃 ) ≤ tr(𝑃 ). From the definition of
𝑓Σ, observe that

tr(𝑃 ) = tr(𝑆𝑃𝑆𝑡) = tr(Σ
1
2𝑆𝑃𝑆𝑡Σ

1
2 ) = tr(Σ𝑆𝑃𝑆𝑡).

Lemma 2(ii) shows Λ𝑆𝑃𝑆𝑡 = Λ𝑆𝑃𝑆𝑡 with diagonalizing
matrices 𝑈 and 𝑄, respectively. To complete the proof we
use a result from Marshall & Olkin [17, Lemma 9.H.1.h]: for
any pair of 𝑁 ×𝑁 pd matrices 𝐴 and 𝐵,

tr(𝐴𝐵) ≥
𝑁∑
𝑖=1

eig(𝐴)𝑁−𝑖+1eig(𝐵)𝑖, (9)
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where eig(𝐴)𝑖 is the 𝑖th component of the ordered set of
eigenvalues of 𝐴. Using these facts, we get

tr(𝑃 ) = tr
(
Σ𝑆𝑃𝑆𝑡

) ≥
𝑁∑
𝑖=1

eig(Σ)𝑁−𝑖+1eig(𝑆𝑃𝑆𝑡)𝑖

=

𝑁∑
𝑖=1

eig(Σ)𝑁−𝑖+1eig(𝑆𝑃𝑆𝑡)𝑖

(since Λ𝑆𝑃𝑆𝑡 = Λ𝑆𝑃𝑆𝑡)

= tr
(
ΛΣΛ𝑆𝑃𝑆𝑡

)
(10)

= tr (Λ𝑆𝑃𝑆𝑡) (11)

= tr
(
𝑆𝑃𝑆𝑡

)
= tr(𝑃 )

where (10) follows because 𝑄 diagonalizes Σ and 𝑆𝑃𝑆𝑡 in
increasing and decreasing orders, respectively, and (11) is
obtained by applying (7) to

(
𝑆, 𝑃

)
= 𝑓Σ−1

(
𝑆, 𝑃

)
. This

completes the proof.

C. Characterization of Tight Commuting Designs

To solve PMIN, we saw in Section II-B that it is sufficient
to focus on tight commuting designs, and in particular on{

eig(Σ + 𝑆𝑃𝑆𝑡) :

(𝑆, 𝑃 ) is a tight commuting design for 𝑟 on Σ
}
. (12)

Guess [1, Th. 1] characterized this set when Σ = 𝐼𝑁 as fol-
lows. Observe that when Σ = 𝐼𝑁 , all designs are commuting
designs. One could then simply focus on eig(𝑆𝑃𝑆𝑡).

Lemma 6: (Guess [1, Th. 1]) For 𝑟 ∈ ℝ
𝐾
+ , let

𝕃𝐼(𝑟) :=

⎧⎨
⎩
𝜆 ∈ ℝ

𝑁
+ :

𝜆1 ≥ 𝜆2 ≥ ⋅ ⋅ ⋅ ≥ 𝜆𝑁 ,
𝑛∏

𝑖=1

(𝜆𝑖 + 1) ≥
𝑛∏

𝑖=1

exp
{
2𝑟[𝑖]

}
for 𝑛 ∈ �1, 𝑁 − 1�,

𝑁∏
𝑖=1

(𝜆𝑖 + 1) =

𝐾∏
𝑖=1

exp
{
2𝑟[𝑖]

}

⎫⎬
⎭

.

Then

𝕃𝐼(𝑟)=
{
eig(𝑆𝑃𝑆𝑡) : (𝑆, 𝑃 ) is a tight design for 𝑟 on 𝐼𝑁

}
.

Based on the connection between designs on Σ and on 𝐼𝑁
given in Lemma 3, we may anticipate that a characterization
of (12) is related to 𝕃𝐼 . This is indeed the case.

Theorem 7: Let 𝑟 ∈ ℝ
𝐾
+ . For a pd Σ, let 𝑄 diagonalize

Σ in the increasing order of eigenvalues as in (8). Let 𝜎2 =(
𝜎2
1 , 𝜎

2
2 , ⋅ ⋅ ⋅ , 𝜎2

𝑁

)
, and let

𝕃𝐶(𝑟, 𝜎
2):=

⎧⎨
⎩
𝜇 ∈ ℝ

𝑁
+ :

(
𝜇𝑖

𝜎2
𝑖

)
≥ 1, 𝑖 ∈ �1, 𝑁�,

𝑛∏
𝑖=1

( 𝜇

𝜎2

)
[𝑖]
≥

𝑛∏
𝑖=1

exp
{
2𝑟[𝑖]

}
for 𝑛 ∈ �1, 𝑁 − 1�,

𝑁∏
𝑖=1

( 𝜇

𝜎2

)
[𝑖]

=

𝐾∏
𝑖=1

exp
{
2𝑟[𝑖]

}

⎫⎬
⎭

.

Then

𝕃𝐶(𝑟, 𝜎
2) =

⎧⎨
⎩𝜎2 + 𝑙 ∈ ℝ

𝑁
+ :

(𝑆, 𝑃 ) is a tight
commuting design
for 𝑟 on Σ, and
𝑄𝑡𝑆𝑃𝑆𝑡𝑄 = diag(𝑙)

⎫⎬
⎭ .

Proof: Let (𝑆, 𝑃 ) be a tight commuting design for 𝑟
on Σ so that 𝑆𝑃𝑆𝑡 is diagonalized by 𝑄. Define 𝑙 so that
𝑄𝑡𝑆𝑃𝑆𝑡𝑄 = diag(𝑙) and set 𝜇 := 𝜎2 + 𝑙. We now show
𝜇 ∈ 𝕃𝐶(𝑟, 𝜎

2). The design (𝑆, 𝑃 ) = 𝑓Σ(𝑆, 𝑃 ) satisfies
𝑆𝑃𝑆𝑡 = Σ− 1

2𝑆𝑃𝑆𝑡Σ− 1
2 which, along with the commutativity

of Σ and 𝑆𝑃𝑆𝑡 implies that 𝑄𝑡𝑆𝑃𝑆𝑡𝑄 = diag(𝑙/𝜎2) (see
(7)). Furthermore, from Lemma 3, (𝑆, 𝑃 ) is a tight design
for 𝑟 on 𝐼𝑁 . Lemma 6 implies that the ordered eigenvalues
belong to 𝕃𝐼(𝑟), i.e.,((

𝑙

𝜎2

)
[1]

,

(
𝑙

𝜎2

)
[2]

, ⋅ ⋅ ⋅ ,
(

𝑙

𝜎2

)
[𝑁 ]

)
∈ 𝕃𝐼(𝑟),

and it immediately follows from the definitions of 𝕃𝐶

(
𝑟, 𝜎2

)
and 𝜇 that 𝜇 ∈ 𝕃𝐶(𝑟, 𝜎

2).
Conversely, let 𝜇 ∈ 𝕃𝐶(𝑟, 𝜎

2). Define 𝜆 := 𝜇/𝜎2−1 where
1 ∈ ℝ

𝑁
+ is the all 1 vector. Observe that (𝜆[1], ⋅ ⋅ ⋅ , 𝜆[𝑁 ]) ∈

𝕃𝐼(𝑟). Since 𝜇 = 𝜆 ⋅ 𝜎2 + 𝜎2, it is sufficient to demonstrate
the existence of a tight commuting design (𝑆, 𝑃 ) for 𝑟 on Σ
that satisfies 𝑄𝑡𝑆𝑃𝑆𝑡𝑄 = diag(𝜆 ⋅ 𝜎2).

Since
(
𝜆[1], 𝜆[2], ⋅ ⋅ ⋅ , 𝜆[𝑁 ]

) ∈ 𝕃𝐼(𝑟), Lemma 6 guarantees
the existence of a tight design

(
𝑆, 𝑃

)
for 𝑟 on 𝐼𝑁 that

satisfies eig(𝑆𝑃𝑆𝑡) =
(
𝜆[1], 𝜆[2], ⋅ ⋅ ⋅ , 𝜆[𝑁 ]

)
. Pick 𝑈 so that

𝑈 𝑡𝑆𝑃𝑆𝑡𝑈 = diag(𝜆). As in the proof of Theorem 5, we set
𝑆 = 𝑄𝑈 𝑡𝑆 to yield a tight design (𝑆, 𝑃 ) for 𝑟 on 𝐼𝑁 with
𝑄𝑡𝑆𝑃𝑆𝑡𝑄 = diag(𝜆). Consequently, (𝑆, 𝑃 ) = 𝑓Σ−1(𝑆, 𝑃 )
is a tight commuting design for 𝑟 on Σ. Since 𝑆𝑃𝑆𝑡 =
Σ

1
2𝑆𝑃𝑆𝑡Σ

1
2 , and because Σ and 𝑆𝑃𝑆𝑡 commute, we have

𝑄𝑡𝑆𝑃𝑆𝑡𝑄 = diag(𝜆 ⋅ 𝜎2), and the proof of the theorem is
complete.

Because of commutativity, the eigenvectors of Σ and the
signal correlation matrix match. A further efficiency (in terms
of power) is possible if the higher energy directions of the
signal correlation matrix align with the less noisy directions.
This is summarized below.

Theorem 8: Let 𝑟,Σ, 𝑄, 𝜎2 be as in Theorem 7. Define

𝕃(𝑟, 𝜎2) :=

⎧⎨
⎩
𝜇 ∈ ℝ

𝑁
+ :

(
𝜇𝑖

𝜎2
𝑖

)
≥ 1, 𝑖 ∈ �1, 𝑁�,

𝑛∏
𝑖=1

𝜇𝑖

𝜎2
𝑖

≥
𝑛∏

𝑖=1

exp
{
2𝑟[𝑖]

}
for 𝑛 ∈ �1, 𝑁 − 1�,

𝑁∏
𝑖=1

𝜇𝑖

𝜎2
𝑖

=

𝐾∏
𝑖=1

exp
{
2𝑟[𝑖]

}
.

⎫⎬
⎭

.

(13)

(i) For every 𝜇 ∈ 𝕃(𝑟, 𝜎2), there exists a tight commuting
design (𝑆, 𝑃 ) for 𝑟 on Σ that satisfies(

𝜇[1], 𝜇[2], ⋅ ⋅ ⋅ , 𝜇[𝑁 ]

)
= eig(Σ + 𝑆𝑃𝑆𝑡).

(ii) If (𝑆, 𝑃 ) is a design for 𝑟 on Σ, then there exists
𝜇 ∈ 𝕃(𝑟, 𝜎2) that satisfies

∑𝑁
𝑖=1

(
𝜇𝑖 − 𝜎2

𝑖

) ≤ tr(𝑃 ).
On account of (i), this 𝜇 will lead to a tight commuting
design with a lesser or equal sum power.
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Remark 3: 𝕃𝐶(𝑟, 𝜎
2) completely characterizes eig(Σ +

𝑆𝑃𝑆𝑡) for all tight commuting designs for 𝑟 on Σ. However,
the smaller set 𝕃(𝑟, 𝜎2) is sufficient for purposes of solving
PMIN.

Proof of Theorem 8: To prove (i), observe that
𝑛∏

𝑖=1

(
𝜇/𝜎2

)
[𝑖]
≥

𝑛∏
𝑖=1

(
𝜇𝑖/𝜎

2
𝑖

)
, 𝑛 ∈ �1, 𝑁 − 1�.

Consequently, 𝕃(𝑟, 𝜎2) ⊆ 𝕃𝐶(𝑟, 𝜎
2), and the existence of a

design for 𝑟 on Σ with the desired output covariance matrix
follows from Theorem 7.

To prove (ii), we may assume that (𝑆, 𝑃 ) is a commuting
design on account of Theorem 5. Let 𝑄𝑡𝑆𝑃𝑆𝑡𝑄 = diag(𝑙).
Then (𝑆, 𝑃 ) = 𝑓Σ(𝑆, 𝑃 ) is a design for 𝑟 on 𝐼𝑁 that satisfies
𝑄𝑡𝑆𝑃𝑆𝑡𝑄 = diag(𝑙/𝜎2) (from (7)). From Lemma 6,

𝜆 :=
(
(𝑙/𝜎2)[1], ⋅ ⋅ ⋅ , (𝑙/𝜎2)[𝑁 ]

) ∈ 𝕃𝐼(𝑟),

and therefore

𝜇 := (𝜆 ⋅ 𝜎2 + 𝜎2) ∈ 𝕃(𝑟, 𝜎2).

The vector 𝜇 is the desired vector because

tr(𝑃 ) =

𝑁∑
𝑛=1

𝑙𝑛 =

𝑁∑
𝑛=1

(
𝑙𝑛
𝜎2
𝑛

)
𝜎2
𝑛

≥
𝑁∑

𝑛=1

(
𝑙

𝜎2

)
[𝑛]

𝜎2
𝑛 (14)

=

𝑁∑
𝑛=1

𝜆𝑛𝜎
2
𝑛 =

𝑁∑
𝑛=1

(
𝜇𝑛 − 𝜎2

𝑛

)
where (14) follows from (9) applied to the diagonal matrices
diag(𝜎2) and diag(𝑙/𝜎2).

D. Separable convex optimization and RMAX-PMIN Duality

We saw that PMIN can be solved by focusing on tight
commuting designs (Section II-B). We also obtained a char-
acterization of such designs (Section II-C). We now reduce
PMIN to a separable convex optimization problem with linear
ascending inequality and equality constraints. Subsequently,
we briefly discuss the duality between RMAX and PMIN.

Theorem 9: PMIN can be stated as

min

{
𝑁∑

𝑛=1

𝜎2
𝑛 exp {2𝑥𝑛}

}
− tr(Σ) (15)

subject to

𝑥𝑖 ≥ 0, 𝑖 ∈ �1, 𝑁�,
𝑛∑

𝑖=1

𝑥𝑖 ≥
𝑛∑

𝑖=1

𝛾[𝑖], 𝑛 ∈ �1, 𝑁 − 1�,

𝑁∑
𝑖=1

𝑥𝑖 =
𝐾∑
𝑖=1

𝛾[𝑖]. (16)

Proof: We already reduced PMIN to

min

{
𝑁∑

𝑛=1

𝜇𝑛 : 𝜇 ∈ 𝕃(𝑟, 𝜎2)

}
− tr(Σ).

The bijective transformation 𝑥 = 1
2 log(𝜇/𝜎

2) and 𝛾 = 𝑟
transform the constraints in 𝕃(𝑟, 𝜎2) to the linear constraints
in (16).

Such separable convex optimization problems with linear
ascending inequality constraints were solved in [4]. The
objective function is separable because

∑𝑁
𝑛=1 𝜎

2
𝑛 exp {2𝑥𝑛}

separates into a sum of 𝑁 functions, each of one variable.
Algorithm 1 of [4] solves the problem.

As a final remark, we observe that with the mapping
𝜎̃2 = 1

2 log 𝜎
2, [4, Algorithm 1] is identical to [2, Algorithm

𝒜] (with 𝜎̃2 input to algorithm instead of 𝜎2). The objective
functions are different, but the steps to put out the optimum
vector are identical. The algorithm [2, Algorithm 𝒜] max-
imises

𝑁∑
𝑛=1

1

2
log

(
1 +

𝑥𝑛

𝜎2
𝑛

)
(17)

under the positivity, inequality and equality constraints in (16).
The objective function in (15) is minimized and (17) maxi-
mized simultaneously by the same so-called Schur-minimal
element [2, p.1299], i.e., an element 𝑥∗ that satisfies the
constraints in (16) and is such that if an 𝑥 satisfies the
constraints in (16), then

∑𝑛
𝑖=1 𝑥[𝑖] ≥

∑𝑛
𝑖=1 𝑥

∗
[𝑖] for each

𝑛 ∈ �1, 𝑁�. The bijective transformation given in the proof of
Theorem 9 enables us to go from a solution for RMAX to a
solution for PMIN, and vice-versa.

III. SEQUENCE DESIGN ALGORITHMS

A. PMIN

In this section we present an algorithm to output se-
quences and powers that solve PMIN. One reason for this
new algorithm is that it provides a bound on the number of
distinct sequences used (Section III-C). We would like to keep
the number of distinct sequences small to reduce downlink
signaling in a dynamic environment. Indeed, in our centralized
framework, the uplink receiver should compute the sequences
and powers to be employed by users for uplink transmission,
and should signal these to the users on the opposite link
(downlink). If the number of distinct sequences is small, and
Theorem 16 later shows we need at most 2𝑁 − 1 regardless
of the number of users 𝐾 , then the uplink receiver may
broadcast these 2𝑁 − 1 sequences and simply indicate which
of these each user should employ. Each such index requires
⌈log2 (2𝑁 − 1)⌉ bits. In a dynamic environment, where users
may enter and leave the system, the new sequences and powers
may need to be re-signaled often. If the number of distinct
sequences is small, then our suggested sequence-broadcast
method provides savings in signaling when 𝐾 is large. This
motivates the need for as few distinct sequences as possible.
Our work may also be useful in some signal processing
applications where tight frames [18] with fewest vectors are
desired.

We now discuss how to generate the sequences. Our first
observation is that we may restrict attention to diagonal Σ,
i.e., Σ = diag(𝜎2). The noise components are independent
Gaussians but not necessarily of equal variance. A simple or-
thonormal transformation can then take a design on diag(𝜎2)
to a design on an arbitrary Σ with the same set of eigenvalues.

Authorized licensed use limited to: INDIAN INSTITUTE OF SCIENCE. Downloaded on October 24, 2009 at 01:30 from IEEE Xplore.  Restrictions apply. 



3108 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 57, NO. 10, OCTOBER 2009

Our second observation is that if the 𝑁 -length all-equal
vector 𝜇̄ = (𝜇max, 𝜇max, ⋅ ⋅ ⋅ , 𝜇max) belongs to 𝕃

(
𝑟, 𝜎2

)
,

where

𝜇max:=

(
exp

{
2

𝐾∑
𝑘=1

𝑟𝑘

}
𝑁∏
𝑖=1

𝜎2
𝑖

) 1
𝑁

, (18)

then it has minimum sum by arithmetic-mean geometric-mean
inequality. It is therefore the desired Schur-minimal element
in 𝕃

(
𝑟, 𝜎2

)
[2, Section II-B].

In general, the all-equal vector may not lie in 𝕃
(
𝑟, 𝜎2

)
.

However, our third observation on a feature of [2, Algorithm
𝒜] and [4, Algorithm 1] enables us restrict attention to such
vectors. Indeed, let 𝜇∗ ∈ 𝕃

(
𝑟, 𝜎2

)
solve PMIN. Then the

above algorithms partition the user space {1, 2, ⋅ ⋅ ⋅ ,𝐾}, and
the available dimensions {1, 2, ⋅ ⋅ ⋅ , 𝑁} with noise variances
𝜎2
1 , 𝜎

2
2 , ⋅ ⋅ ⋅ , 𝜎2

𝑁 , into 𝑀 user subsets 𝐽1, 𝐽2, ⋅ ⋅ ⋅ , 𝐽𝑀 and 𝑀
dimension subsets 𝐷1, 𝐷2, ⋅ ⋅ ⋅ , 𝐷𝑀 respectively. We refer to
a user subset 𝐽𝑚 and it’s associated dimension subset 𝐷𝑚 as a
subsystem. Users in group 𝐽𝑚 are associated with the subspace
span{𝑒𝑖 : 𝑖 ∈ 𝐷𝑚} and will signal only within this subspace.
The additional property of these partitions is that (𝜇∗)𝑖 = 𝜈𝑚
for all 𝑖 ∈ 𝐷𝑚. This desired feature enables us to interpret
𝜈𝑚 as a common water-level for users in 𝐽𝑚. We then restrict
attention to users in a subsystem, and assign sequences and
powers subsystem-by-subsystem. The assignment problem for
a group 𝑚 is a similar but smaller problem with 𝐾 replaced
by ∣𝐽𝑚∣ and 𝑁 replaced by ∣𝐷𝑚∣, with the desired feature
that the constant vector 𝜈(𝑚):= (𝜈𝑚 : 𝑖 ∈ 𝐷𝑚) is the Schur-
minimal element of 𝕃

(
(𝑟𝑘 : 𝑘 ∈ 𝐽𝑚) ,

(
𝜎2
𝑖 : 𝑖 ∈ 𝐷𝑚

))
.

We thus arrive at the useful conclusion that we may
restrict attention to sequence and power allocations to those
(sub)systems with 𝐾 users, 𝑁 dimensions, and 𝜇̄ ∈ 𝕃

(
𝑟, 𝜎2

)
,

where 𝜇̄ is given by (18).
We next assign sequence and power to users, one after

another2. Assume 𝑘−1 users are already added. To add the 𝑘th
user, a desired set of eigenvalues 𝜆(𝑘) ∈ ℝ

𝑁 of the 𝑘-user sig-
nal and noise matrix 𝐴(𝑘):= Σ+

∑𝑘
𝑖=1 𝑝𝑘𝑠𝑘𝑠

𝑡
𝑘 is first found.

(We define 𝐴(0):= Σ). To meet the rate requirement 𝑟𝑘, the set
of eigenvalues 𝜆(𝑘) = eig

(
𝐴(𝑘)

)
= eig

(
𝐴(𝑘−1) + 𝑝𝑘𝑠𝑘𝑠

𝑡
𝑘

)
should satisfy

𝑟𝑘 =
1

2
log

∣∣𝐴(𝑘−1) + 𝑝𝑘𝑠𝑘𝑠
𝑡
𝑘

∣∣∣∣𝐴(𝑘−1)
∣∣ =

1

2
log

∏𝑁
𝑛=1 𝜆

(𝑘)
𝑛∏𝑁

𝑛=1 𝜆
(𝑘−1)
𝑛

. (19)

Such an assignment will put us on the vertex of a particular
capacity region. (See proof of Theorem 13 later). To solve for
𝑝𝑘 and 𝑠𝑘, we could assign 𝜆(𝑘) such that 𝜆(𝑘) and 𝜆(𝑘−1)

satisfy an interlacing property, as given in the following
sufficiency lemma.

Lemma 10: [16, Proposition 1] Let 𝐴 be an 𝑁 × 𝑁 real
symmetric matrix with eig(𝐴) = 𝜆. Let 𝜆̂ ∈ ℝ

𝑁 and 𝜆
interlace, i.e.,

𝜆̂1 ≥ 𝜆1 ≥ 𝜆̂2 ≥ 𝜆2 ≥ ⋅ ⋅ ⋅ ≥ 𝜆̂𝑁 ≥ 𝜆𝑁 . (20)

Then, there exists a 𝑣 = 𝑓
(
𝐴, 𝜆̂

)
, an element of ℝ

𝑁 , such

that eig (𝐴+ 𝑣𝑣𝑡) = 𝜆̂.

2Within the subsystem, the ordering of the users does not matter.

See [16, Appendix I] for a proof. A preliminary version of this
result appeared in [19]. Chu & Chu provide a similar result
for singular values [20, Thm 2.3].

We now provide an algorithm that satisfies (19) and (20)
for every user index.

Algorithm 11: Identifies (𝑆, 𝑃 ) that solves PMIN:

(𝑆,𝑃 ) = SolvePMIN
(
𝑟, 𝜎2,𝐾,𝑁

) {(
𝜆(𝑘) : 𝑘 = 1, ⋅ ⋅ ⋅ ,𝐾)← InterlaceEigenValues(𝑟, 𝜎2,𝐾,𝑁 )
(𝑆, 𝑃 )← AssignSequencesPowers(𝜆(𝑘) : 𝑘 = 1, ⋅ ⋅ ⋅ ,𝐾)
}

Subroutine to identify intermediate eigenvalues :(
𝜆(𝑘) : 𝑘 = 1, ⋅ ⋅ ⋅ ,𝐾) =InterlaceEigenValues(𝑟, 𝜎2,𝐾,𝑁) {

𝜇max ←
(
exp

{
2
∑𝐾

𝑘=1 𝑟𝑘

}∏𝑁
𝑖=1 𝜎

2
𝑖

) 1
𝑁

𝑑← 1
for (𝑛 ∈ �1, 𝑁�)

𝜆
(0)
𝑛 ← 𝜎2

𝑁−𝑛+1

for (𝑘 = 1, ⋅ ⋅ ⋅ ,𝐾) {
𝑛∗ (𝑘)← minℱ(𝑘):=

{
𝑛 ∈ �𝑑,𝑁� :

𝜆
(𝑘−1)
𝑛 exp {2𝑟𝑘} ≤ 𝜇max

}
(a)

if (𝑛∗ (𝑘) = 𝑑) {
𝜆
(𝑘)
𝑛∗(𝑘) ← 𝜆

(𝑘−1)
𝑛∗(𝑘) ⋅ exp {2𝑟𝑘} (b)

for (𝑛 ∈ �1, 𝑁� ∖ {𝑛∗ (𝑘)})
𝜆
(𝑘)
𝑛 ← 𝜆

(𝑘−1)
𝑛 (c)

if
(
𝜆
(𝑘−1)
𝑛∗(𝑘) ⋅ exp {2𝑟𝑘} = 𝜇max)

𝑑← 𝑑+ 1 (d)
}
else {

𝜆
(𝑘)
𝑛∗(𝑘)−1 ← 𝜇max (e)

𝜆
(𝑘)
𝑛∗(𝑘) ← 𝜆

(𝑘−1)
𝑛∗(𝑘)−1 ⋅

𝜆
(𝑘−1)

𝑛∗(𝑘)
⋅exp{2𝑟𝑘}
𝜇max

(f)
for (𝑛 ∈ �1, 𝑁� ∖ {𝑛∗ (𝑘)− 1, 𝑛∗ (𝑘)})

𝜆
(𝑘)
𝑛 ← 𝜆

(𝑘−1)
𝑛 (g)

𝜆(𝑘) ← SortDescending
(
𝜆(𝑘)

)
(h)

𝑑← 𝑑+ 1 (i)
}

}
RETURN

(
𝜆(𝑘) : 𝑘 = 1, ⋅ ⋅ ⋅ ,𝐾)

}

Subroutine to identify sequences and powers :
(𝑆 , 𝑃 ) = AssignSequencesPowers

(
𝜆(𝑘) : 𝑘 = 1, ⋅ ⋅ ⋅ ,𝐾) {

𝐴(0) ← Σ
for (𝑘 = 1, 2, ⋅ ⋅ ⋅ ,𝐾) {

𝑐𝑘 ← 𝑓
(
𝐴(𝑘−1), 𝜆(𝑘)

)
𝑠𝑘 ← 𝑐𝑘/∥𝑐𝑘∥
𝑝𝑘 ← ∥𝑐𝑘∥
𝐴(𝑘) ← 𝐴(𝑘−1) + 𝑝𝑘𝑠𝑘𝑠

𝑡
𝑘

}
RETURN (𝑆, 𝑃 )

}

Subroutine SortDescending(𝑐) returns a vector with com-
ponents in descending order.
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We now provide a discussion on subroutine InterlaceEigen-
Values. The set of eigenvalues 𝜆(0) is initialized to the noise
variances in decreasing order. We then compute a vector se-
quence of eigenvalues using this subroutine, one after another.
To compute 𝜆(𝑘), we identify the largest component of 𝜆(𝑘−1)

that can accommodate user 𝑘’s rate requirement 𝑟𝑘 without
exceeding 𝜇max. Since 𝜆(𝑘−1) is in descending order, it is the
smallest index 𝑛 such that 𝜆

(𝑘−1)
𝑛 exp {2𝑟𝑘} ≤ 𝜇max and is

denoted 𝑛∗ (𝑘) (see (a)). The parameter 𝑑 indexes the largest
component of 𝜆(𝑘−1) that is lesser than 𝜇max, and so the
search for 𝑛∗ (𝑘) maybe restricted to indices in �𝑑,𝑁�.

If it so happens that index 𝑑 itself can accommodate user 𝑘,
i.e., 𝑛∗ (𝑘) equals 𝑑, just this component of 𝜆(𝑘) is raised as
per (19) to meet user 𝑘’s requirement 𝑟𝑘 (see (b)). All other
components of 𝜆(𝑘) remain the same as that of 𝜆(𝑘−1) (see (c)).
It is possible that the updated component has already reached
its maximum value 𝜇max in which case 𝑑 is incremented (see
(d)).

If the 𝑑th component cannot accommodate user 𝑘’s rate
𝑟𝑘, we raise component 𝑛∗ (𝑘) − 1 to 𝜇max (see (e)) and
component 𝑛∗ (𝑘) to an appropriate value (see (f)) so that
user 𝑘’s rate is indeed accommodated (see (19)). At this
stage, only two eigenvalues are updated. The subsequent
SortDescending takes the component at 𝑛∗ (𝑘)− 1 to location
𝑑, and components in 𝑑, 𝑑+1, ⋅ ⋅ ⋅ , 𝑛∗ (𝑘)− 2 one step to the
right. Exactly one component is raised to its maximum value
𝜇max and so 𝑑 is incremented (see (i)).

The vector obtained after application of SortDescending
has an interesting water-filling interpretation. 1

2 log 𝜇̄ could be
thought of as a common “water-level” in all dimensions. Each
user comes with a volume 𝑟𝑘 which gets poured in columns
with existing heights 1

2 log 𝜆
(𝑘−1) to get new heights 1

2 log 𝜆
(𝑘)

as follows : pour it to raise the tallest column not already
at level 1

2 log𝜇max to this maximum level; then raise others
to levels equaling the respectively previous column’s initial
height, until all 𝑟𝑘 is poured. Such a filling ensures interlacing
property of 𝜆(𝑘) and 𝜆(𝑘−1) is preserved, and rate 𝑟𝑘 for user
𝑘 can be supported.

While AssignSequencesPowers(⋅) makes repeated use of
Lemma 10, some further remarks on the correctness of the
subroutine InterlaceEigenValues(⋅) are needed. These are sum-
marized in the following.

Lemma 12: If 𝜇̄ defined via (18) belongs to 𝕃
(
𝑟, 𝜎2

)
, then

the following hold for the subroutine
InterlaceEigenValues(⋅) and its output

(
𝜆(𝑘) : 𝑘 ∈ �1,𝐾�

)
:

(1) In every iteration, the set

ℱ(𝑘) :=
{
𝑛 ∈ �1, 𝑁� : 𝜆(𝑘−1)

𝑛 exp {2𝑟𝑘} ≤ 𝜇max

}
is nonempty;

(2) 𝜆(𝑘) and 𝜆(𝑘−1) interlace;
(3) 𝜆(𝑘) and 𝜆(𝑘−1) satisfy (19); and
(4) 𝜆(𝐾) = 𝜇̄.

Proof: See Appendix A.

The following theorem guarantees the correctness of Algo-
rithm 11.

Theorem 13: If 𝜇̄ defined via (18) belongs to 𝕃
(
𝑟, 𝜎2

)
,

then SolvePMIN puts out the sequences and powers that solve
PMIN.

Proof: It is clear that 𝜇̄ is the desired vector in 𝕃
(
𝑟, 𝜎2

)
.

Lemma 12 shows that the subroutine InterlaceEigenVal-
ues runs to completion and puts out a vector sequence(
𝜆(𝑘) : 𝑘 ∈ �1,𝐾�

)
whose consecutive vectors interlace and

𝜆(𝐾) = 𝜇̄. AssignSequencesPowers, thanks to Lemma 10, then
puts out a design (𝑆, 𝑃 ). Finally 𝑟 = (𝑟1, 𝑟2, ⋅ ⋅ ⋅ , 𝑟𝐾) satisfies
(19) and is a vertex of a polymatroidal polyhedron𝐶 (𝑆, 𝑃,Σ).
Such polyhedra contain all their vertices, i.e., 𝑟 ∈ 𝐶 (𝑆, 𝑃,Σ),
and (𝑆, 𝑃 ) is a design for 𝑟 on Σ.

Remark 4: The more general case when 𝜇̄ /∈ 𝕃
(
𝑟, 𝜎2

)
is

solved by reducing the problem to smaller ones that satisfy
the hypothesis of Theorem 13, as outlined in the beginning of
the section.

B. RMAX

The dual problem considered by Viswanath & Anantharam
[2] is :

RMAX : Given 𝑝 ∈ ℝ
𝐾
+ and a pd Σ of size 𝑁 × 𝑁 , let

𝑃 = diag(𝑝). Find

𝑅max = max
𝑆∈𝒮

{
𝐾∑

𝑘=1

𝑟𝑘 : 𝑟 ∈ 𝐶 (𝑆, 𝑃,Σ)

}
.

Viswanath & Anantharam [2] show that

𝑅max = max

{
1

2

𝑁∑
𝑛=1

log
𝜇𝑛

𝜎2
𝑛

: 𝜇 ∈ ℒ(𝑝, 𝜎2)

}
.

where

ℒ(𝑝, 𝜎2) =

⎧⎨
⎩
𝜇 ∈ ℝ

𝑁
+ :

𝜇𝑖 − 𝜎2
𝑖 ≥ 0, 𝑖 ∈ �1, 𝑁�

𝑛∑
𝑖=1

𝜇𝑖 − 𝜎2
𝑖 ≥

𝑛∑
𝑖=1

𝑝[𝑖],

for 𝑛 ∈ �1, 𝑁 − 1�,
𝑁∑
𝑖=1

𝜇𝑖 − 𝜎2
𝑖 =

𝐾∑
𝑖=1

𝑝[𝑖].

⎫⎬
⎭

. (21)

The following algorithm solves RMAX when 𝜇̄ ∈ ℒ(𝑝, 𝜎2),
where 𝜇̄ = (𝜇max, 𝜇max, ⋅ ⋅ ⋅ , 𝜇max), and

𝜇max =

∑𝐾
𝑘=1 𝑝𝑘 +

∑𝑁
𝑛=1 𝜎

2
𝑛

𝑁
. (22)

This is a consequence of the tight duality that reduces one
problem to the other. The proof is easy and follows the
arguments of the previous section. Indeed, the constraints in
(13) and (21) are identical and both search for Schur-minimal
elements in the set, as indicated in the previous section.

Algorithm 14: Identifies (𝑆, 𝑟) that solves RMAX :

(𝑆 , 𝑃 ) = SolveRMAX
(
𝑝, 𝜎2,𝐾,𝑁

) {(
exp

{
2𝜆(𝑘)

}
: 𝑘 = 1, ⋅ ⋅ ⋅ ,𝐾)

← InterlaceEigenValues(𝑝, exp
{
2𝜎2

}
,𝐾,𝑁)

(𝑆, 𝑟)← AssignSequencesRates
((
𝜆(𝑘) : 𝑘 = 1, ⋅ ⋅ ⋅ ,𝐾)

, 𝑝
)

}
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Subroutine to identify sequences and rates :
(𝑆 , 𝑟) = AssignSequencesRates

(
𝜆(𝑘) : 𝑘 = 1, ⋅ ⋅ ⋅ ,𝐾, 𝑝

) {
𝐴(0) ← Σ
for (𝑘= 1, 2, ⋅ ⋅ ⋅ ,𝐾 ) {

𝑐𝑘 ← 𝑓
(
𝐴(𝑘−1), 𝜆(𝑘)

)
𝑠𝑘 ← 𝑐𝑘/∥𝑐𝑘∥
𝐴(𝑘) ← 𝐴(𝑘−1) + 𝑝𝑘𝑠𝑘𝑠

𝑡
𝑘

𝑟𝑘 ← 1
2 log

∣∣𝐴(𝑘)
∣∣− 1

2 log
∣∣𝐴(𝑘−1)

∣∣
}
RETURN (𝑆, 𝑟)

}

C. Bounds on number of sequences and sufficiency of 𝑁
orthogonal sequences

We study the size of optimal sequence sets output by
SolvePMIN and SolveRMAX. We begin by a simple character-
ization of rank-1 perturbations that result in the change of a
single eigenvalue.

Proposition 15: Let A be an 𝑁 ×𝑁 real symmetric matrix
with eig(𝐴) = 𝜆 = (𝜆1, ⋅ ⋅ ⋅ , 𝜆𝑁 ). Let 𝑈 be an orthonor-
mal matrix that diagonalizes 𝐴, i.e., 𝐴 = 𝑈Λ𝑈 𝑡, where
Λ = diag{𝜆}. Fix 𝑙 satisfying 1 ≤ 𝑙 ≤ 𝑁 . Let 𝜆̂ be 𝑁
real numbers such that 𝜆̂𝑗 = 𝜆𝑗 for all 𝑗 except when 𝑗 = 𝑙,
and 𝜆̂𝑙 ≥ 𝜆𝑙. Furthermore, let 𝜆̂ and 𝜆 satisfy the interlacing
property (20). Then

(i) with 𝑣 =
(√

𝜆̂𝑙 − 𝜆𝑙

)
𝑢𝑙, where 𝑢𝑙 is the 𝑙th column of

𝑈 , we have eig(𝐴+ 𝑣𝑣𝑡) = 𝜆̂;
(ii) for the choice of 𝑣 in (i), 𝐴 and (𝐴 + 𝑣𝑣𝑡) are

simultaneously diagonalized by 𝑈 .
Proof: Let 𝑈 = [𝑢1 ⋅ ⋅ ⋅ 𝑢𝑁 ], where 𝑢𝑖 ∈ ℝ

𝑁 . Then
𝐴𝑢𝑙 = 𝜆𝑙𝑢𝑙, and 𝑢𝑡

𝑙𝑢𝑖 = 0 if 𝑖 ∕= 𝑙. Hence for every 𝑖 ∕= 𝑙,(
𝐴+ 𝑣𝑣𝑡

)
𝑢𝑖 = 𝐴𝑢𝑖 + 𝑣

(
𝑣𝑡𝑢𝑖

)
= 𝐴𝑢𝑖 + 0 = 𝜆𝑖𝑢𝑖,

and thus 𝜆𝑖, 𝑖 ∕= 𝑙, are 𝑁 − 1 eigenvalues of 𝐴 + 𝑣𝑣𝑡.
Furthermore,(

𝐴+ 𝑣𝑣𝑡
)
𝑢𝑙 = 𝜆𝑙𝑢𝑙 +

(
𝜆̂𝑙 − 𝜆𝑙

)
𝑢𝑙(𝑢

𝑡
𝑙𝑢𝑙) = 𝜆̂𝑙𝑢𝑙,

and thus 𝜆̂𝑙 is an eigenvalue of 𝐴+ 𝑣𝑣𝑡. This proves the first
statement.

The set of eigenvectors for the two real symmetric matrices
are identical and therefore the orthonormal matrix composed
of these eigenvectors simultaneously diagonalizes them.
As a consequence of Proposition 15, we infer the following.

Theorem 16: SolvePMIN and SolveRMAX put out sequence
sets with at most 2𝑁 − 1 distinct sequences.

Proof: Let users be assigned sequences in increasing
order of user indices. Let 𝑗1 < 𝑗2 < ⋅ ⋅ ⋅ < 𝑗𝑁 be user
indices such that rate requirement of user 𝑗𝑛 necessitates one
component of 𝜆(𝑗𝑛−1) to be raised to 𝜇max. In other words,
𝑑 in InterlaceEigenValues is incremented in the iteration
corresponding to users 𝑗𝑛 : 𝑛 ∈ �1, 𝑁�. The addition of users
in �𝑗𝑛−1 + 1, 𝑗𝑛 − 1� for 𝑛 ∈ �1, 𝑁 − 1� (𝑗0:= 1) result in
raising just one eigenvalue, and indeed the one with index
𝑑. This is the component with the largest eigenvalue strictly
below 𝜇max. From Proposition 15 all these users are assigned
the same sequence. This gives at most 𝑁−1 distinct sequences

for all such users. Each user 𝑗𝑛 : 𝑛 ∈ �1, 𝑁 − 1� is assigned a
possibly distinct sequence, thus contributing at most another
𝑁 − 1 distinct sequences. Finally, users in �𝑗𝑁−1 + 1, 𝑁�
raise just one eigenvalue (there is just one eigenvalue now
that is less than 𝜇max). From Proposition 15, they contribute
at most another distinct sequence. Summing over the number
of possible distinct sequences, the upper bound is proved.

The proof of Theorem 16 suggests a technique to restrict
the number of distinct sequences to 𝑁 if multi-dimensional
signaling is allowed. Suppose each user 𝑗𝑛 : 𝑛 ∈ �1, 𝑁�
raises exactly one eigenvalue to 𝜇max. This happens when
𝑛∗ (𝑗𝑛) = 𝑑 and 𝜆

(𝑗𝑛−1)
𝑛∗(𝑗𝑛) exp {2𝑟𝑗𝑛} = 𝜇max. Then each user

in �𝑗𝑛−1+1, 𝑗𝑛� for 𝑛 ∈ �1, 𝑁� (𝑗0:= 1 as before) raises just
one eigenvalue; indeed, the eigenvalue with index 𝑑. From
Proposition 15 these users are assigned the same sequence
resulting in just 𝑁 distinct sequences. Furthermore, it can be
inferred from Proposition 15(ii), that the assigned sequences
are columns of the orthonormal matrix that diagonalizes 𝐴(0).

In general, each user 𝑗𝑛 : 𝑛 ∈ �1, 𝑁� raises two eigenvalues
prior to the execution of the SortDescending subroutine. A
simple rate-splitting technique enables us to cast the rate
requirement vector 𝑟 as 𝑟′ where the above property holds.
It is easy to see that at most 𝑁 components of 𝑟 are split.
Users corresponding to components that are split are assigned
multiple sequences. The following theorem bounds the number
of components into which a component is split. We state the
theorem for PMIN. An analogous result holds for RMAX. We
refer the reader to [21] for a proof.

Theorem 17: Let the all-constant vector 𝜇̄ given via (18)
belong to 𝕃

(
𝑟, 𝜎2

)
. The rate requirement vector 𝑟 ∈ ℝ

𝐾
+ can

be cast into a rate requirement vector 𝑟′ ∈ ℝ
𝐾′
+ , 𝐾 ≤ 𝐾 ′ ≤

𝐾 +𝑁 − 1, by splitting at most 𝑁 − 1 components into two
components each such that the output sequence assignment of
SolveRMAX to 𝑟′ forms an orthonormal set.

Observe that when the all-constant vector does not belong
to 𝕃

(
𝑟, 𝜎2

)
, then (as observed in Section III-A), the problem

can be broken down into 𝑀 subproblems each with process-
ing gain ∣𝐷𝑚∣ such that the all-constant vector belongs to
the constraint set for each of these subproblems. Repeated
application of Theorem 17 to each of these subproblems
implies that the rate requirement 𝑟 ∈ ℝ

𝐾
+ can be cast into

𝑟′ ∈ ℝ
𝐾′
+ , 𝐾 ≤ 𝐾 ′ ≤ 𝐾 + 𝑁 − 𝑀 , by splitting at most

𝑁 −𝑀 components into two components each such that the
output sequence assignment of SolveRMAX to 𝑟′ forms an
orthonormal set.

As a final remark, employing a rate splitting technique based
on Theorem 17 results in the optimality of any orthonormal
sequence set. In particular, we may employ the standard basis
vectors. This restricts the sequences to take values in a finite
alphabet.

APPENDIX A
PROOF OF LEMMA 12

We begin by stating the hypothesis of the lemma. From the
decreasing order of 𝜆(0), we have

𝑛∏
𝑖=1

𝜇max

𝜆
(0)
𝑁−𝑖+1

≥
𝑛∏

𝑖=1

exp
{
2𝑟[𝑖]

}
(23)
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for each 𝑛 ∈ �1, 𝑁 − 1�, and

𝑁∏
𝑖=1

𝜇max

𝜆
(0)
𝑁−𝑖+1

=

𝐾∏
𝑖=1

exp
{
2𝑟[𝑖]

}
. (24)

(1) Our proof is by induction on 𝑁 .
Case 𝑁 = 1 : Since 𝜇̄ ∈ 𝕃

(
𝑟, 𝜎2

)
, we have 𝜇max =

𝜆
(0)
1

∏𝐾
𝑘=1 exp {2𝑟𝑘}. As a consequence,

𝜆
(0)
1 exp {2

𝑗−1∑
𝑘=1

𝑟𝑘}︸ ︷︷ ︸
𝜆
(𝑗−1)
1

exp {2𝑟𝑗} ≤ 𝜇max

holds for all 𝑗 ∈ �1,𝐾�, i.e., ℱ(𝑘) = {1} for all 𝑘 ∈ �1,𝐾�.
From (23) with 𝑛 = 1, we have 𝑁 ∈ ℱ (1). Let

𝑗 be the first user who when added makes 1 /∈ ℱ (𝑗),
i.e., 𝜆

(𝑘−1)
1 exp {2𝑟𝑘} ≤ 𝜇max for 𝑘 ∈ �1, 𝑗 − 1�, and

𝜆
(𝑗−1)
1 exp {2𝑟𝑗} > 𝜇max. Then for the first 𝑗 − 1 users,

𝜆
(𝑘)
𝑁 = 𝜎2

1 , 𝑘 ∈ �1, 𝑗 − 1�. Applying (23) again with 𝑛 = 1,
we have 𝑁 ∈ ℱ (𝑘) , 𝑘 ∈ �1, 𝑗�. So ℱ (𝑗) is nonempty, and
𝑛∗ (𝑗) is well defined.

User 𝑗 is the first user for whom a SortDescending call
may return an output different from the input. Indeed, let 𝑙 =
𝑛∗ (𝑗). Then SortDescending

(
𝜆(𝑗)

)
returns

𝜆(𝑗) =
(
𝜇max, 𝛽, 𝜆

(𝑗−1)
2 , 𝜆

(𝑗−1)
3 , ⋅ ⋅ ⋅

⋅ ⋅ ⋅ , 𝜆(𝑗−1)
𝑙−2 , 𝛼, 𝜆

(𝑗−1)
𝑙+1 , ⋅ ⋅ ⋅ , 𝜆(𝑗−1)

𝑁

)
(25)

=
(
𝜇max, 𝛽, 𝜆

(0)
2 , 𝜆

(0)
3 , ⋅ ⋅ ⋅ , 𝜆(0)

𝑙−2, 𝛼, 𝜆
(0)
𝑙+1, ⋅ ⋅ ⋅ , 𝜆(0)

𝑁

)
,

where

𝛽 = 𝜆
(0)
1 exp

{
2

𝑗−1∑
𝑘=1

𝑟𝑘

}
= 𝜎2

𝑁 exp

{
2

𝑗−1∑
𝑘=1

𝑟𝑘

}
(26)

and

𝛼 =
𝜆
(𝑗−1)
𝑙−1 𝜆

(𝑗−1)
𝑙 exp {2𝑟𝑗}
𝜇max

. (27)

The ordering is as indicated because 𝜆
(𝑗)
𝑙 is set to 𝜇max and

is returned as the maximum. Moreover,

𝜆
(𝑗−1)
𝑙−2 ≥ 𝜆

(𝑗−1)
𝑙−1 𝜆

(𝑗−1)
𝑙 exp {2𝑟𝑗}
𝜇max

= 𝛼 ≥ 𝜆
(𝑗−1)
𝑙+1

on account of 𝑙 = 𝑛∗ (𝑗), being the least index in the
nonempty ℱ (𝑗) and the descending order of the components
of 𝜆(𝑗−1). This justifies the position of 𝛼. We next prove
𝜇̄′:= (𝜇max, 𝜇max, ⋅ ⋅ ⋅ , 𝜇max) ∈ ℝ

𝑁−1
+ lies in 𝕃

(
𝑣, 𝜂2

)
,

where 𝑣 = (𝑟𝑘 : 𝑘 ∈ �𝑗 + 1,𝐾�) and

𝜂2 =
(
𝛽, 𝜆

(𝑗−1)
2 , 𝜆

(𝑗−1)
3 , ⋅ ⋅ ⋅ , 𝜆(𝑗−1)

𝑙−2 , 𝛼, 𝜆
(𝑗−1)
𝑙+1 , ⋅ ⋅ ⋅ , 𝜆(𝑗−1)

𝑁

)
is the 𝑁 − 1-length vector with components of 𝜆(𝑗) (25) less
than 𝜇max. This will prove the inductive step and validate
statement (1).

The components of 𝜂2 are in decreasing order. To prove
𝜇̄′ ∈ 𝕃

(
𝑣, 𝜂2

)
, we need to show

𝑛∏
𝑖=1

𝜇max

𝜂2𝑁−𝑖

≥
𝑛∏

𝑖=1

exp
{
2𝑣[𝑖]

}
(28)

holds for 𝑛 ∈ �1, 𝑁 − 2� and

𝑁−1∏
𝑖=1

𝜇max

𝜂2𝑁−𝑖

=

𝐾−𝑗∏
𝑖=1

exp
{
2𝑣[𝑖]

}
. (29)

Equations (25), (26), and (27) imply (29). For 𝑛 ∈ �1, 𝑁 − 𝑙�,
𝜂2𝑁−𝑛 = 𝜆

(0)
𝑁−𝑛+1 and thus

𝑛∏
𝑖=1

𝜇max

𝜂2𝑁−𝑖

=

𝑛∏
𝑖=1

𝜇max

𝜆
(0)
𝑁−𝑖+1

≥
𝑛∏

𝑖=1

exp
{
2𝑟[𝑖]

}
≥

𝑛∏
𝑖=1

exp
{
2𝑣[𝑖]

}
.

For 𝑛 ∈ �𝑁 − 𝑙 + 1, 𝑁 − 2�, (28) is given by

𝑛∏
𝑖=1

𝜇max

𝜂2𝑁−𝑖

=

𝑁−𝑙∏
𝑖=1

𝜇max

𝜆
(0)
𝑁−𝑖+1

⋅ 𝜇max

𝛼
⋅

𝑛+1∏
𝑖=𝑁−𝑙+3

𝜇max

𝜆
(0)
𝑁−𝑖+1

(𝑎)
=

1

exp {2𝑟𝑗}
𝑛+1∏
𝑖=1

𝜇max

𝜆
(0)
𝑁−𝑖+1

(𝑏)

≥ 1

exp {2𝑟𝑗}
𝑛+1∏
𝑖=1

exp
{
2𝑟[𝑖]

}
(𝑐)

≥
𝑛∏

𝑖=1

exp
{
2𝑣[𝑖]

}
where (a) follows from substitution of (27), (b) from (23),
and (c) because 𝑟𝑗 is not a component of 𝑣. This proves 𝜇̄′ ∈
𝕃
(
𝜂2, 𝑣

)
, statement (1) of Lemma holds from induction.

(2) If 𝑛∗ (𝑘) = 𝑑, then 𝜆(𝑘) and 𝜆(𝑘−1) clearly interlace. It
remains to verify the interlacing inequality when 𝑛∗ (𝑘) > 𝑑.
In this case one of the eigenvalues is set to 𝜇max, the largest,
and therefore it is sufficient to verify

𝜆
(𝑘−1)
𝑛∗(𝑘)−1 ≥ 𝜆

(𝑘)
𝑛∗(𝑘) ≥ 𝜆

(𝑘−1)
𝑛∗(𝑘) .

Both of these follow from the assignment for 𝜆
(𝑘)
𝑛∗(𝑘) and the

facts 𝜆
(𝑘−1)
𝑛∗(𝑘) exp {2𝑟𝑘} ≤ 𝜇max and 𝜆

(𝑘−1)
𝑛∗(𝑘)−1 exp {2𝑟𝑘} >

𝜇max.
(3) Follows immediately from the assignment.
(4) Clearly, 𝜆(0)

𝑛 ≤ 𝜇max for each 𝑛 ∈ �1, 𝑁�. If 𝜆
(𝑘−1)
𝑛 ≤

𝜇max for each 𝑛 ∈ �1, 𝑁�, by the assignment in the algorithm
and statement (2), 𝜆

(𝑘)
𝑛 ≤ 𝜇max for each 𝑛 ∈ �1, 𝑁�. A

repeated use of statement (3) for 𝑘 = 1, 2, ⋅ ⋅ ⋅ ,𝐾 , yields

𝑁∏
𝑛=1

𝜆
(𝐾)
𝑛

𝜆
(0)
𝑛

=

𝐾∏
𝑘=1

exp {2𝑟𝑘} .

Using this, (24), and (18), we get
∏𝑁

𝑛=1 𝜆
(𝐾)
𝑛 ≥ 𝜇𝑁

max whence
𝜆(𝐾) = 𝜇̄.
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